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PR1'  FACE 


As  a  consequence  of  the  national  space  pro-am  not  only  have  many  new  areas  of 
technology  developed  rapidly  but  an  ever  Increasing  emphasis  la  being  placed  on  new, 
or  hitherto  neglected,  facets  of  long  established  fields  of  research.  Thus,  under¬ 
lying  the  highly  visible  technological  successes  at  today  Is  an  ever  growing  body  of 
knowledge  on  the  behavior  of  liquids  under  aero  or  low  gravity  conditions. 

As  is  so  often  the  esse  In  sn  era  of  lutense  technological  activity,  the  scientific  work 
has  been  performed  by  a  small  number  of  relatively  isolated  people  or  groups  and  their 
results  diffusely  spread  throughout  sundry  publications  directed  primarily  at  profes¬ 
sionals  In  the  various  scientific  disciplines  Involved.  As  s  means  of  Improving  the  dis¬ 
semination  and  correlation  of  available  information  and  thereby  prcnridli^  source 
material  for  further  work  in  the  field,  the  Air  Force  Office  of  Scientific  Research  and 
Lockheed  Missiles  k  Space  Company  Joined  In  sponsoring  a  Symposium  on  Fluid  Me¬ 
chanics  and  Heat  Transfer  Under  Low  Gravitational  Conditions.  The  symposium  was 
held  In  Palo  Alto,  California  June  24  and  25,  1M5.  This  volume  contains  the  proceed¬ 
ings  of  the  Symposium. 

The  emphasis  of  the  Symposium  was  on  research  sad  fundamental  knowledge.  While  our 
motivation  In  organising  the  conference  was  to  further  the  understanding  of  the  problems 
involved  In  fluid  containment,  transfer,  and  control  under  low  gravity  conditions,  it  wa» 
not  our  objective  to  cover  In  a  detailed  way  every  complexion  of  these  topics.  Rather  we 
hoped  that  In  choosing  special  Items  of  basic  Interest  and  traatlng  them  In  some  detail 
that  the  Symposium  would  better  serve  to  acquaint  specialists  In  a  given  discipline  with 
the  foundations,  concepts,  and  techniques  of  other  disciplines  concerned  with  the  problem 
area.  Thus,  althou^i  man  In  orbital  flight  Is  not  of  explicit  concern  to  the  material  selec¬ 
ted  for  this  Symposium,  the  technological  problems  Introduced  by  the  requirement  to 
maintain  and  employ  a  use’ll  man  under  a  perpetual  low  gravity  environment  underlie  many 
of  the  papers  selected. 


Many  of  the  problem*  of  fluid  behavior  under  low  gravity  conditions  hnvo  become  apparent 
only  recently.  Much  of  the  work  In  the  field  has  b'.*en  of  a  pragmatic  nature,  all)ett  most 
analytical  rather  than  experimental.  Experimentation  Is  difficult  and  often  unsatisfactory 
with  the  present  state  of  the  art.  Supplementing  one  g  experiments  oxtrapolntod  by 
theory  to  low  gravity,  only  two  techniques  exist  today  for  earthbound  fluid  mechanical 
experiments  at  aero  or  low  gravity.  The  first  is  the  use  of  the  free  fall  drop  tower  with, 
or  with<xit,ancillary  means  for  applying  small  accelerations.  The  other  technique  in 
present  use  is  that  of  zero-g  trajectories  in  aircraft  or  sounding  rockets. 

Drop  towers  are  limited  in  the  time  for  experiment  to  the  order  of  1  to  3  seconds  at  present. 
The  size  of  experiments  which  can  be  accommodated  by  current  drop  towers  also  is  sever¬ 
ely  limited.  Thus  scaling  of  low  gravity  experiments  (a  topic  which  is  almost  unexplored) 
become*  of  paramount  Importance.  Also,  with  such  short  time*  available  in  drop  tower 
tests,  heat  transfer  experiment*  involving  boiling  or  thermal  stratification  become  very 
difficult  or  Impracticable.  The  use  of  aircraft  allows  times  in  the  neighborhood  of  15  to 
20  seconds  in  zero-g  flight  but  presents  other  problems  from  (he  standpoint  of  the  large 
accelerations  experienced  by  the  models  Just  prior  to  the  zero-g  condition,  as  well  as 
the  unpredictable  drag  forces  created  by  random  air  currents  in  the  cabin,  i^t  is  also 
very  difficult  to  provide  small  directed  acceleration  forces  to  a  model  In  free  fall  in  an 
aircraft  cabin.  Many  of  the  same  limitations  apply  to  sounding  rockets,  complicated  by 
the  difficulties  of  retrieving  data  and  the  severe  limitation  on  experiment  sixe. 

In  a  sense  then  we  are  confronted  by  a  chicken  and  egg  situation  with  regard  to  fluid 
mechanical  experiments  at  low-g.  As  In  so  many  fields  of  endeavor,  it  is  necessary  to 
combine  analytical  techniques  v«th  experiments  designed  to  test  the  validity  of  theory 
or  to  prove,  or  Improve,  computational  methods.  These  may  then  be  used,  when  con¬ 
fidence  in  their  applicability  has  been  gained,  to  make  predictions  of  fluid  behavior 
under  conditions  Impossible  to  test  today  until  a  space  vehicle  has  been  designed,  con¬ 
structed  and  flown,  yet  It  is  the  very  integrity  of  the  space  vehicle  and  its  subsystems 
that  one  would  wish  to  verify  before  a  design  has  been  frozen  and  hardware  produced. 

It  may  very  well  be  that  the  evontual  hope  for  workers  in  the  field  will  be  to  design  ex¬ 
periments  for  orbital  evaluation  in  a  space  vehicle.  However,  very  little  has  been  ac¬ 
complished  to  this  end  thus  tar. 


\ 


A s  will  be  seen  In  the  following  pages, the  16  papers  comprising  the  Symposium  represent 
a  mixture  of  analytical  and  experimental  work  covering  a  wide  spectrum  of  the  present 
state  of  the  art.  Sufficient  time  was  allowed  for  each  presentation  to  make  attendance 
at  the  Symposium  meaningful  to  the  participants.  The  speakers  were  able  to  .discuss 
their  work  and  elaborate  on  those  areas  they  wished  to  high-light.  Sufficient  time  was  also 
allocate!  for  discussion  from  the  floor  so  that  any  attendee  with  a  specific  Interest 
could  satisfy  his  curiosity  and  obtain  additional  information  and  references.  These  lively 
discussions  were  recorded,  edited,  and  are  included  in  this  volume,  each  Immediately 
after  the  pertinent  paper.  To  aid  in  the  discussions,  the  evening  before  the  first  session, 
each  registrant  was  given  preprints  of  all  die  papers  to  be  presented  at  the  four  sessions 
which  made  up  the  Symposium. 

We  are  indebted  tojpanyjnembers  of  the  staff  of  Lockheed  Missiles  &  Space  Company 
who  helped  to  make  the  meeting  a  success.  Among  the  many  who  assisted  the  editors, 
special  mention  must  be  given  to  Myron  P.  Hollister,  James  G.  Seebold,  and  Hugh  M. 
Satterlee  who  carried  out  the  formidable  task  of  reading  and  evaluating  the  submitted 
papers.  We  wish  to  express  our  appreciation  to  Marian  Staupp  and  Linda  De  Moss  for 
their  intelligent  and  cheerful  attention  to  the  numerous  small  details  of  greeting  and 
registering  the  attendees  smoothly  and  with  a  minimum  of  confusion.  We  also  wish  to 
thank  Roy  Drelsbach  for  his  assistance  in  processing  the  manuscripts  and  illustrations, 
and  for  his  careful  planning  and  execution  of  the  many  tasks  that  contributed  so  heavily 
to  the  success  of  the  symposium. 

It  is  the  hope  of  the  editors  that  these  proceedings  will  prove  to  be  a  usefttl  tool  in 
charting  the  paths  for  future  research  and  development  in  the  field  of  Fluid  Mechanics 
and  Heat  Transfer  Under  Low  Gravitational  Conditions. 


M.  Rogers 
H.  Cohan 
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WELCOMING  ADDRESS 

I 

by 

Elmer  P.  Wheaton 

Vice  President  and  General  Manager 
Research  and  Development  Division 
Lockheed  Missiles  6  Space  Company 

The  engineering  of  vehicles  for  space  travel  has  introduced  many  new  problems  in  all 
technical  fields.  New  materials  and  processes  have  been  developed  and  it  has  become 
necessary  to  develop  new  theories  for  use  in  our  engineering  sciences  and  to  greatly 
refine  old  ones.  In  short,  engineering  for  space  travel  requires  us  to  continually  re¬ 
examine  all  of  our  techniques  and  methods  in  a  continual  attempt  to  improve  the  excel¬ 
lence  of  our  products,. _ 

One  of  the  most  crucial  parts  of  a  space  vehicle  is  its  propulsion  system.  The  excel¬ 
lence  of  the  propulsion  systems  we  use  will  determine  the  extent  of  our  eventual  suc¬ 
cess  In  conquering  space.  Currently,  liquid  rocket  engines  can  use  higher  energy  pro¬ 
pellants  and  the  vehicles  employing  these  engines  can  achieve  higher  velocities  and 
carry  higher  payloads.  There  are  other  advantages  too.  However,  among  the  disad¬ 
vantages  associated  with  liquid  propellant  rockets  is  the  uncertain  behavior  of  the 
liquid  propellants  when  gravitational  forces  are  reduced  by  a  million  or  more.  The 
behavior  of  liquids  under  such  conditions  is  quite  strange  to  our  ordinary  experience. 
Greater  knowledge  of  the  behavior  of  liquids  under  such  conditions  will  be  essential 
to  the  design  of  optimum  propulsion  systems.  Further,  the  collection  and  control  of 
liquids  in  smaller'de  vices  such  as  boilers,  condensers,  and  life  support  equipment 
in  the  absence  of  gravitational  forces  is  an  uncertain  task  at  best.  Our  ability  to  obtain 
the  necessary  information  about  low  gravity  liquid  behavior  in  all  such  devices,  or  to 
design  around  potential  problem  areas  is  very  important. 

Conventionally,  we  carry  out  analyses  in  an  attempt  to  predict  the  behavior  of  a  design 
or  concept.  We  may  then  carry  out  verifying  experiments  to  determine  how  accurate 
our  predictions  are,  and  to  modify  them  for  later  use,  as  necessary.  Analysis  relative 


xiil 


to  low-g  liquid  behavior  can,  for  many  problems,  be  couched  in  simple  terms;  that  is, 
ideal  fluid  behavior  may  be  assumed  to  describe  liquid  motion.  The  boundary  conditions 
for  such  analysis  as  applied  to  problems  of  practical  analysis,  however,  injects  consid¬ 
erable  difficulty.  Numerical  solution  of  these  problems  is  difficult  and,  at  this  point,  Is 
providing  considerable  challenge  to  workers  in  the  field. 

Experiments  are  greatly  limited  at  this  time  by  our  lack  of  ability  to  reduce  body  forces 
acting  on  liquids  for  satisfactory  periods  of  time  in  experiments  of  reasonable  scale. 

Drop  tower  test  facilities,  for  instance,  give  typically  1  to  3  or  4  seconds.  The  aircraft 
test  facilities  now  being  used  allow  5  to  20  seconds.  Each  has  its  advantages  and  dis¬ 
advantages  and,  therefore,  its  own  place  in  our  current  spectrum  of  experimental  facili¬ 
ties.  Orbital  experiments  will  eventually  answer  many  of  the  questions  that  are  now 
being  asked,  and  will  be  essential  in  some  cases.  Such  experiments  will  be  difficult 
because  of  the  complex  Instrumentation  required.  If  care  is  not  taken  we  may  be  assured 
that  the  "instrumentation  tail  will  wag  the  zero-g  dog".  Instrumentation  for  these  experi¬ 
ments  will  cost  far  more  than  the  experiments  themselves. 

At  this  point  engineers  are  being  asked  to  extrapolate  2  orders  in  size  and  6  orders  or 
more  in  g  level  from  small  scale  model  experiments.  This  points  up  the  usefulness  of 
analytical  techniques  in  this  field.  Robert  McNamara,  our  Secretary  of  Defense,  has 
pointed  out  in  a  different  connection  that  we  need  the  right  mix  of  weapons.  For  several 
years  to  come  we  will  Increasingly  rely  on  mathematical  analysis  in  this  field.  The 
purpose  of  this  meeting  Is  to  disseminate  current  Information.  Just  as  importantly, 
however,  we  hope  to  bring  together  those  currently  Involved  in  ai  lys.  v’th  *hose 
doing  experiments  and  both  together  with  the  eventual  user  of  the  lnfor»j&..  so  that  all 
may  share  the  others'  points  of  view.  If  this  is  achieved  by  tomorrow  afternoon,  the 
symposium  will  be  a  success  to  those  speaking  and  to  those  who  have  come  to  listen. 

I  would  now  like  to  introduce  Brig.  Gen.  Ernest  A.  Pinson,  Deputy  Commander  of  the 
Air  Force  Office  of  Aerospace  Research.  General  Pinson's  previous  assignments  have 
given  him  a  wide  variety  of  research  work  and  technical  direction  responsibility.  He 
holds  an  A.B.  degree  In  physics  from  De  Pauw  University  in  Indiana  and  a  Ph.D.  in  •' 
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Medical'  Physiology  from  the  University  of  Rochester.  He  also  has  considerable 
graduate  training  In  Nuclear  Physics  at  the  University  of  California.  He  has  been 
decorated  many  times.  He  is  a  member  of  9  technical  societies  and  has  written  over 
80  technical  articles.  In  short,  he  has  managed  to  pack  into  his  military  career  more 
significant  scientific  experience  than  many  engineers  and  scientists  working  full  time 
in  our  industry.  General  Pinson  will  conclude  our  welcoming  ceremonies  this  morning. 


\, 


WELCOMING  ADDRESS 
by 

Brigadier  General  Ernest  A.  Pinson 

Deputy  Commander* 

USAF  Office  of  Aerospace  Research 

During  the  next  several  days  you  gentlemen  are  going  to  discuss  the  Btate  of  the  art 
of  fluld'mechanlcs  and  heat  transfer  under  low  gravity  conditions.  This  Is  noteworthy 
because  this  Is  the  first  sizeable  gathering  of  the  leading  research  scientists  and 
engineers  concerned  with  these  particular  phenomena.  A  coalescence  of  thinking  and 
outlook  on  the  subject  will  take  place  here,  and  undoubtedly  trends  will  be  Identified 
that  will  determine  to  a  considerable  extent  the  directions  In  which  progress  will  be 
made  In  this  field  for  some  time  to  come. 

I  need  not  point  out  the  Importance  of  this  field  as  the  basil  for  the  technological 
developments  of  space  accomplishments.  I  do  want  to  indicate,  however,  that  sym¬ 
posia  of  this  kind  are  one  important  aspect  of  a  large-scale  effort  by  the  Air  Force 
to  ensure  not  only  the  timely  development  of  critical  aspects  of  science,  but  also 
their  timely  transfer  into  the  kinds  of  technology  that  it  appears  this  nation  is  going 
to  need  In  the  future. 

As  you  know,  this  symposium  is  sponsored  by  the  Air  Force  Office  of  Scientific 
Research,  AFOSR,  and  by  the  Lockheed  Missiles  &  Space  Company,  to  which  we  are 
greatly  indebted  for  being  our  hosts  here,  and  for  making  these  very  fine  arrangements 
for  the  sessions.  AFOSR’s  parent  command  is  the  Office  of  Aerospace  Research,  the 
research  agency  of  the  Air  Force.  I  am  most  pleased  that  our  keynote  speaker  repre¬ 
sents  the  Air  Force  Systems  Command,  one  of  the  major  "blue  suit "  users  of  the 
research  produced  by  OAR.  The  mission  of  OAR  is  both  to  conduct  and  support  re¬ 
search  in  those  areas  of  science  that  offer  the  greatest  potential  for  providing  new 

♦Now  Cmdr. .  Office  of  Aerospace  Research. 
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knowledge  essential  to  the  continued  superiority  of  the  Air  Force  operational  capability. 
Within  this  framework,  AFOSR  operates  in  the  general  spectrum  of  science,  supporting 
the  best  In  research  performed  at  colleges,  universities  and  industrial  research 
organizations. 

A  great  many  AFOSR  conferences  and  symposia  are  geared  to  bringing  research  results 
directly  to  the  attention  of  the  users;  others  are  designed  primarily  to  provide  timely 
c  ommunication  between  active  researchers  pioneering  in  various  phases  of  a  particular 
research  field.  This  symposium  appears  to  be  serving  a  large  portion  of  both  functions. 

i 

I’m  sure  it  is  of  interest  to  you  to  note  that  within  OAR  we  recognize  that  for  an  in-house 
research  laboratory  to  be  successful  a  large  amount  of  effort  must  be  directed  to  identi¬ 
fying  central  problems  of  the  Air  Force  that  will  depend  for  their  solution  upon  increased 
fundamental  scientific  knowledge.  Further,  we  are  currently  intensifying  our  efforts 
to  ensure  that  not  only  are  our  programs  planned  with  these  problems  in  mind,  but  that 
the  research  results  of  these  programs  are  rapidly  disseminated. 

I 

To  this  end,  scientists  in  OAR  research  laboratories  are  encouraged  to  devote  as  much 
as  a  fifth  of  their  time  to  developing  an  awareness  of  Air  Force  problems  within  their 
technical  areas,  and  consulting  with  the  other  Air  Force  elements  and  users  of  Air 
Force  research. 

In  turn,  the  OAR  headquarters  plays  an  Important  role  in  this  research  process  through 
better  definition  of  Air  Force  objectives,  the  interpretation  of  Air  Force  objectives  into 
sclentlffo  terms,  and  liaison  activities  with  other  elements  of  the  Air  Force  and  users 
of  Air  Force  research.  The  active  participation  of  the  headquarters  staff  in  these 
activities  has  been  found  to  be  highly  beneficial.  AFOSR  conferences  and  symposia 
such  as  this  are  In  every  sense  a  parallel  effort  to  that  being  carried  out  In  our  in-bouse 
laboratories. 

Thus,  it  is  with  the  greatest  pleasure  that  I  welcome  so  many  of  you  here  today,  and 
wish  you  great  success.  I  am  confident  that  the  real  rewards  of  what  we  do  here  will 
be  measured  in  terms  of-edentifrc  accomplishment  In  the  years  to  come. 

*  *  * 
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KEYNOTE  ADDRESS 

by 

Major  Edward  Westlake,  USAF 
Chief,  Environmental  Control  and 
Life  Support,  MOL  Program  Office 

Good  Morning -{Ladles)  and  Gentlemen. 

I  feel  somewhat  strange  keynoting  such  a  highly  technical  and  as  yet  largely  theoreti¬ 
cal  subject.  I  am  a  bioengineer  primarily  concerned  with  man's  Integration  into  space 
systems.  Myjask.ln  the  Manned  Orbiting  Laboratory  Program  Is  to  assure  the  opti¬ 
mum  living  environment  in  the  space  capsule  and  to  measure  the  impact  of  the  space 
environment  on  man's  physiological  and  psychological  performance  capability.  Zero 
or  low-g  Is  one  of  the  primary  factors  affecting  all  aspects  of  this  manned  systems 
application.  The  latest  Gemini-4  flight  may  cause  the  space  planners  to  reconsider 
some  of  their  earlier,  possibly  overly  pessimistic,  prognostications  of  these  weightless 
effects,  but  we  have  a  long  way  to  go  before  we  can  write  them  off. 

It  was  suggested  In  early  discussions  of  this  "keynote"  rationale  that  1  stress  the  Air 
Force  as  a  "user"  of  your  research  specialty.  It  occurred  to  me  at  that  point  -  In 
fact,  I  was  tempted  to  paraphrase  my  subject  as,  "The  Low  Gravity  State  -  or  How  I 
Became  a  User. "  You  might  also  carry  this  humorous  aside  one  step  further  to 
recognize  us  as  "pushers. "  This  might  be  Interpreted  to  show  that  we  are  not  addicted 
yet. 

We,  "Pushers"  In  Manned  Space  Systems  Development  are  highly  dependent  on  you 
research  specialists  in  this  new  field  of  weightlessness.  We  look  to  you  to  assure 
that  in  our  technologtcial  systems  application  we  develop  systems  which  will  operate 
reliably  in  the  low  gravity  or  weightless  environment  of  space.  Ideally,  we  would 
like  to  have  gravity  Independent  systems;  however,  the  present  state  of  the  art  has 
developed  very  few  such  components  so  there  is  plenty  of  room  for  your  science  and 
art.  "Zero  Gravity"  or  "Weightlessness”  Is  a  space  technology  torm  often  referred 
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to  by  most  of  those  working  space  technology  today.  However  used,  it  is  usually 
only  vaguely  recognized  as  the  dynamic  balance  of  gravitational  vs.  acceleration  forces 
set  up  in  space  systems  in  orbit  around  the  earth  or  in  extended  planetary  space  flight. 

In  actuality,  "zero  gravity"  or  possibly  more  accurately  "100%  Gravity"  (as  Berenson 
suggested  at  the  2nd  AAS  Symposium  in  1963)  seldom  occurs  in  near-Earth  orbit.  I 
will  loosely  define  "near-Earth  orbit"  as  space  flight  altitudes  between  90  and  300  nm 
where  the  present  manned  systems  have  been  orbited.  The  true  force  balance  is 
dynamically  established  somewhere  above  the  prefect  balance  or  in  a  "Low  Gravity 
State. "  This  point  is  brought  out  by  the  theme  of  this  symposium  "Fluid  Mechanics 
and  Heat  Transfer  Under  Low-g. " 

At  the  risk  of  sounding  pedantic,  I  would  like  to  briefly  review  the  relationship  of  the 
significant  forces  creating  this  low  gravity  state  of  near-Earh  orbital  mechanics.  In 
order  to  assess  the  relative  importance  of  these  forces,  the  value  of  one  or  more  of 
the  dimensionless  force  ratios,  e.g. ,  Bond,  Froude,  Weber,  or  Reynolds  numbers 
should  be  determined. 

One  force  may  not  be  considered  dominant  over  another  unless  the  value  of  the 
pertinent  number  is  considerably  above  or  below  the  critical  value  at  which  both  forces 
are  equal  (see  Fig.  I).  Estimates  of  these  numbers  can  be  made  from  data  on  fluid 
properties  and  from  a  knowledge  of  the  quivalent  "gravity"  produced  by  the  force  under 
consideration.  For  apace  systems  at  low  to  moderate  altitudes,  aerodynamic  drag 
due  to  free-molecular  flow  will  yield  values  of  about  10  to  10  g .  Solar  radiation 

_ _  n 

pressure  on  a  one-foot  diameter  sphere  ot  density  10  lb/ ft  in  orbit  around  the  Earth 
results  in  an  estimated  10  g .  The  gravitational  gradient  in  the  vicinity  of  the  Earth 
is  of  the  order  of  10  g  per  foot.  It  is  obvious  that  for  large  systems  in  low  Earth  orbits, 
drag  forces  are  large  enough  to  have  a  substantial  effect  on  the  equilibrium  conflgur- 
tkm  of  the  fluid  in  the  system. 

This  effect  is  important  particularly  in  the  case  of  cryogenic  fluids  for  which  the  surface 
tension  is  in  the  range  of  2  to  20  dynes/cm  (see  Fig.  U). 
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It  has  been  estimated  that  for  an  orbiting  20-ft-diameter  tank  containing  liquid  hydrogen 
the  inertial  force  due  to  aerodynamic  drag  at  a  90-nm  orbit  is  60  times  larger  than  the 
capillary  force  in  view  of  the  low  surface  tension  of  hydrogen  (about  2  dynes/cm).  The 
capillary  force  becomes  13  times  larger  than  the  aerodynamic  drag  at  a  300-nm  orbit. 

For  water  with  a  surface  tension  of  about  70  dynes/cm,  the  capillary  ft^rce  would  be 
appreciable.  It  to  obvious  from  what  I  have  just  said  that  a  zero-g  analysis  cannot  be 
properly  used  in  establishing  the  final  configuration  of  the  fluid  unless  the  force  due  to 
surface  tension  is  larger  than  the  gravitational  force  by  an  order  of  magnitude,  in  other 
words,  with  a  Bond  number  substantially  smaller  than  one.  In  addition  to  the  above 
forces,  the  effect  of  mechanical  disturbances  (such  as  man  hlmBelf)  and  heat  transfer 
from  solar  radiation  or  other  sources  should  be  considered  in  determining  this 
configuration. 

You  have  a  most  difficult  task  since  low  gravity  experimental  conditions  essential  to 
test  your  theoretical  calculations  are  (for  extended  duration  studies)  difficult  and  costly 
to  acquire  or  utilize.  I  will  explore  this  more  at  length  a  little  later.  Let  us  look  at 
Manned  System  Environmental  Control  and  Life  Support  for  low  gravity  problem  areas 
with  which  I  am  familiar.  Using  it  as  an  example,  I  will  highlight  a  few  systems  com¬ 
ponents  whose  operation  is  or  may  be  adversely  affected  by  low  gravity  conditions.  In 
this  way,  I  hope  to  give  you  a  better  appreciation  of  where  we  in  applied  technology  need 
your  basie-T@SeSrch  help.  Let  us  fi^st  consider  components  utilizing  fluid  mechanics 
principles. 

The  atmosphere  control  system  has  one  of  the  most  critical  gravity- sensitive  com¬ 
ponents  in  the  ECS,  wher.  liquid  cryogenic  gases  are  used  to  supply  the  breathing  atmos¬ 
phere.  With  such  a  liquid-gas  interface,  the  system  must  assure  that  only  gas  is  carried 
to  the  cabin.  Present  technology  uses  "supercritical"  temperatures  and  pressures  in 
a  special  chamber  within  the  storage  tank  to  create  a  vapor  that  is  neither  liquid  nor  gas 
but  is  relatively  gravity-insensitive  and  readily  evolves  to  gas  with  increasing  tempera¬ 
ture.  Capillary  action  oxygen  converters  have  also  been  built  in  prototype  at  Aeronautical 
Systems  Division,  Wright  Patterson  AFB,  Ohio,  to  show  feasibility  of  this  alternate 
approach  to  supplying  gas  in  a  weightless  environment. 
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For  space  missions  of  a  year  or  more  a  closed  cyck  biological  " regene rablc"  gas 
subsystem  is  being  stotnecTUy  many  researchers.  This  subsystem  utilizes  single 
celled  algae  plants  living  in  a  water  medium  to  absorb  carbon  dioxide  produced  by 
the  men  and  then  give  off  oxygen.  The  present  engineering  approach  to  this  gas-liquid 
transfer  is  by  way  of  semipermeable  membranes.  This  gas  transfer  mechanism  may 
be  gravity  independent  but  the  effect  of  weightlessness  must  be  verified.  A  prototype 
of  such  a  system  was  successfully  tested  for  20  min.  in  an  Atlas  ballistic  piggyback 
capsule  at  the  Eastern  Test  Range  in  the  summer  of  1962.  Wherever  fluids  are  stored 
for  use,  such  as  drinking  water,  a  positive  expulsion  system  is  utilised  such  as  an 
inner  bladder  which  can  be  compressed  by  gas  pressure  forced  into  the  tank  around 
the  bladder.  Atmospheric  humidity  control  has  been  a  problem  in  the  Mercury  manned 
space  system  as  a  result  of  the  low  gravity  environment.  !i  appears  to  have  been 
licked  in  the  Gemini.  Humidity  control,  classically,  is  by  condensation  on  a  cold  plate 
with  gravity  playing  a  very  important  role  in  collecting  the  condensate.  In  weightlessness 
one  approach  to  this  condensate  collection  is  by  differential  gas  pressure  across  a 
porous  cold  plate  where  capillary  action  and  reduced  pressure  results  in  the  undirec- 
tional  movement  of  the  water  into  a  collection  reservoir  where  it  is  available  for  reuse. 
As  space  missions  become  longer  than  about  a  month,  water  reclamation  techniques  must 
be  utilized.  Membrane  dialysis  is  a  technique  for  purification  which  is  being  studied  for 
space  application.  It  will  require  testing  In  a  weightless  environment. 

Now  let  us  look  briefly  at  heat  transfer  in  ihe  weightless  state  in  manned  space 
systems  environmental  control.  Thermal  transier  for  man's  comfort  and  the  removal 
of  electronic  equipment  heat  loads  is  primarily  performed  by  forced  air  convection, 
radiation  and  conduction  while  natural,  gravity-oriented  convection  is  reduced  to 
Insignificance  in  the  weightless  state. 

Fire  hazard  is  a  safety  problem  which  we  are  carefully  studying.  Ignition  and  com- 
bustior)  of  spacecraft  materials  in  pure  oxygen  and  various  two  gas  atmospheric  mix¬ 
tures  of  oxygen- nitrogen  and  oxygen-helium  are  being  studied  intensivley  to  determine 
the  effect  of  the  low  gravity  environment  of  such  phenomena.  Thermal  energy  transfer 
without  free  connection,  may  become  a  most  interesting  problem  of  flame  propogation 
to  investigate  the  oxidative-process  and  determine  whether  molecular  gas  diffusion 
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Is  sufficient,  depending  on  the  oxygen  concentration  to  support  combu5tion.  The  effect 
of  the  diluent  gas  may  also  be  quite  significant  since  the  thermal  conductive  efficiency 
of  helium  is  about  7  times  that  of  nitrogen. 

Now,  to  recapitulate,  I  have  summarized  my  view  of  the  existing  low  gravity  state 
in  near  earth  orbit  (or  less  than  300  nm)  in  which  our  systems  may  normally  function. 

I  have  also  surveyed  some  of  the  environmental  control  system  components  where 
help  is  needed  in  establishing  a  clear  understanding  of  the  effect  of  the  low  gravity 
environment  to  assure  reliable  operation.  As  you  may  recall,  I  previously  alluded 
to  the  difficult  and  expensive  task  of  experimentally  simulating  low  gravity  conditions. 
This  area  of  zero-g  and  low  gravity  test  methodology  is  expanding  rapidly  both  in 
size  of  facilities  and  in  complexity  of  techniques.  Various  methods  are  available 
at  the  present  for  conducting  experiments  in  zero  or  near  z*.ro  gravity.  Naturally, 
the  best  (and  incidentally  a  most  expensive)  method  of  carrying  such  ^experiments  for 
extended  periods  of  time  is  in  orbiting  satellites  or  laboratories.  So  far,  few  such 
experiments  have  been  conducted  for  obvious  reasons.  However,  it  is  expected  that 
the  number  will  increase  appreciably  in  the  future.  At  the  present  time,  the  most 
useful  techniques  of  achieving  zero-g  conditions  for  brief  periods  of  time  have  con¬ 
sisted  of  drop  towers,  aircraft,  and  missiles  flying  zero-g  trajectories,  and  sounding 
rockets.  The  drag  forces  acting  on  the  test  package  in  drop  tower  experiments  can 
be  reduced  or  eliminated  by  evacuating  the  tower,  or  by  the  use  of  an  evacuated 
capsule  in  which  the  test  packet  falls  freely.  Zero-g  test  time  achieved  in  such 
towers  is  a  function  of  the  tower  height  and  length  of  cylinder.  Times  up  to 
10  seconds  are  now  considered  possible  (see  Fig.  IH). 

NASA  at  their  Lewis  Research  Center  in  Cleveland,  Ohio  is  presently  constructing 
a  500  foot  zero  gravity  facility  with  an  estimated  totai  weightless  period  of  about 
ten  seconds  (see  Fig.  TV).  The  basic  structure  is  a  below  ground  shaft  510  feet  deep 
and  about  28  feet  in  diameter.  This  shaft  will  contain  a  20  foot  diameter  vacuum 
chamberUomewhat  shorter  than  the  total  shaft  length.  As  a  free  fall  facility  it  has 
a  weightless  period  of  5  seconds.  This  period  can  be  essentially  doubled  by  accelerating 
the  experiment  upward  from  near  the  bottom  and  allowing  it  to  free  fall  thereafter. 
Experiments  up  to  48  inches  in  diameter  with  lengths  of  4  to  20  feet  and  weight*  to 
6000  lbs  can  be  accommodated.  The  facility  should  be  operational  in  the  spring,  1966. 
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Aircraft  testa  have  been  used  extensively  to  obtain  useful  information  on  biological 
effects  of  weightlessness  and  on  liquid  behavior  and  heat  transfer  under  zero-g 
conditions.  The  problem  in  this  latter  set  of  experiments  has  been  the  development  of 
a  technique  of  mounting  the  test  capsule  within  the  aircraft  so  that  a  free-floating 
condition  could  be  achieved.  Usable  time  of  9  to  15  seconds  have  been  attained  out 
of  a  possible  30  second  zero-g  duration  of  flight  utilizing  C-131  and  KC-135  aircraft 
at  W-PAFB.  At  Brooks  AFB,  Texas  an  F-100  modified  fighter  can  achieve  about 
45  seconds  of  weightlessness  carrying  about  a  3  cubic  foot  experimental  payload. 

As  you  are  well  aware,  propulsion,  power  generation,  and  life  support  systems  are 
often  strongly  dependent  on  the  action  of  gravity  for  proper  functioning.  As  I  have 
already  noted,  in  a  zero  or  near  zero  gravity  environment  such  systems  may  function 
poorly  since  the  fluid  flow  and  heat  transfer  processes  occurlng  in  these  systems  may 
be  controlled  by  forces  other  than  gravity  such  as  surface  tension,  inertia,  or  viscous 
forces.  Such  considerations  pertinent  to  the  design  of  fluid  Bystems  for  orbital  appli¬ 
cations,  apply  also  to  the  design  of  terrestlal  experiments  on  zero-g  liquid  behavior 
and  convective  heat  transfer.  In  the  latter  case  additional  dimensionless  parameters, 
among  them  the  Grashof  number,  are  required  for  a  complete  simulation.  With  a 
knowledge  of  the  exir.tlng  forces  and  of  the  pertinent  parameters,  it  is  possible  to 
achieve  terrestlal  experiments  in  heat  transfer  and  liquid  settling  and  sloshing  to 
be  carried  out  under  a  one -g condition  to  gain  Information  on  the  operation  of  the 
system  in  a  near  zero-g  environment.  Full  simulation  of  all  dimensionless  parameters 
involved  is  not  always  possible.  Moreover,  for  complex  phenomena,  the  force  ratios 
cannot  always  be  estimated  accurately.  In  these  cases  such  experiments  may  not  be 
conclusive  but  could  be  used  to  define  the  guidelines  for  further  zero-g  testing. 

Recognizing  the  ambitious  nature  of  the  new  NASA  Zero-g  Facility,  grounu  simulation 
of  zero  and  low-g  environments  may  be  considered  to  have  great  potential  for  experimental 
research.  As  your  keynoter,  let  me  leave  you  with  these  thoughts  -  Search  for  new 
and  novel  approaches  to  extending  the  duration  of  ground  simulation  of  the  weightless 
space  environment.  Don't  overlook  limited  one-g  studies  where  they  may  assist  in 
developing  guidelines  for  further  zero-g  testing.  Consider  the  more  expensive  and 
less  available  zero-g  vehicles  such  as  aircraft  and  satellites  only  after  you  have 
Lully  explored  all  feasible  ground  techniques. 
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SATURN  V  LOW  GRAVITY  FLUID  MECHANICS  PROBLEMS 
AND  THEIR  INVESTIGATION  BY  FULL-SCALE  ORBITAL  EXPERIMENT 

By  Frank  E.  Swaltiy,  Girloi  K.  Platt,  ail  Laaa  J.  Hastiiys 
NATIONAL  AERONAUTICS  AND  SPACE  ADMINISTRATION 
GE0R6E  C.  MARSHALL  SPACE  FLIGHT  CENTER 


ABSTRACT 

This  paper  describes  the  low-gravity  fluid  mechanics  problems  of  the  Saturn  V/S-IVB 
stage,  which  must  coast  for  an  extended  period  In  earth  orbit  and  then  restart  to  place 
the  Apollo  into  tranalunar  coast.  Also  described  is  the  Saturn  IB  liquid  hydrogen 
orbital  experiment  planned  to  verify  the  Saturn  V/S-IVB  propellant  ullaging  and  orbital 
venting  system. 

The  anticipated  ’ow-gravity  fluid  mechanics  problems  of  the  S-IVB  arise  primarily  from 
the  need  to  vent  the  liquid  hydrogen  tank  due  to  boilotf.  It  was  felt  that  it  is  better  to 
maintain  constant  control  of  the  propellant  than  to  resettle  it  each  time  venting  is  required. 
Therefore,  a  system  was  designed  such  that  the  S-IVB  vehicle  is  always  accelerated 
positively.  In  orbit,  the  vented  hydrogen  gas  is  utilized  to  provide  a  minimum  accelera¬ 
tion  of  2  x  10~5g,  With  ti;e  continuous  venting  system  a  problem  of  propellant  settling 


1-1 


I 


for  restart  is  not  anticipated,  because  the  propellants  should  be  bottomed  throughout 
the  coast  phase. 

At  injection  into  orbit,  severe  dynamic  effects  are  expected  due  to  fluid  motions  estab¬ 
lished  during  ascent  flight  -  e.g. ,  sloshing  and  formation  of  thermal  convective  bound¬ 
ary  layers.  It  is  believed  that  unless  baffles  or  other  control  devices  are  installed  in 
the  tanks,  these  disturbances  will  result  in  fluid  covering  the  vent  exits  for  an  extended 
period.  Confirmation  of  these  suspicions  was  obtained  recently  on  the  Centaur  flight, 
AC-4,  where  liquid  dynamic  effects  dominated  the  behavior  of  the  propellants  and  caused 
most  of  the  liquid  hydrogen  to  be  vented  overboard.  The  disturbances  during  orbital 
coast,  which  are  slight  as  compared  with  those  at  injection,  are  caused  by  the  operation 
of  the  attitude  control  system  and  the  dynamic  effects  associated  with  venting. 

Since  data  on  fluid  behavior  in  a  low-gravity  environment  are  meager  and  previous 
vehicle  experience  is  limited,  a  full-scale  orbital  experiment  is  mandatory  to  insure 
successful  operation  of  the  Saturn  V/S-IVB.  Such  an  experiment,  using  the  Saturn  IB 
launch  vehicle,  has  been  approved.  To  monitor  the  behavior  of  the  propellants,  a  TV 
system  and  additional  instrumentation  have  been  added. 
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SATURN  V  LOW-GRAVITY  FLUID  MECHANICS  PROBLEMS 
AND  THEIR  INVESTIGATION  BY  FULL-SCALE  ORBITAL  EXPERIMENT 

1  INTRODUCTION 

■\ 

\ 

The  S-IVB  stage  of  the  Saturn  V  launch  vehicle  must  coast  for  a  maximum  of  4-1/2  hr 
In  a  100-nm  earth  orbit,  then  restart  to  place  the  Apollo  Into  translunar  coast.  During 
this  orbital  coast  period,  the  liquid  hydrogen  (LHg)  propellant  will  absorb  sufficient 
thermal  energy  to  evaporate  a  maximum  of  3, 000  lb  of  hydrogen.  To  keep  the  hydrogen 
tank  structural  weight  within  reasonable  limits,  the  tank  pressure  must  be  relieved. 
This  requirement  is  the  major  source  of  the  S-IVB  low-gravity  fluid  mechanics  prob¬ 
lems.  The  possibility  of  liquid  oxygen  (IXDX)  tank  pressure  relief  also  exists,  but  is 
not  thought  to  be  as  critical.  Therefore,  the  emphasis  in  this  paper  will  be  placed  on 
the  hydrogen  tank. 

Since  data  on  fluid  behavior  in  a  low-gravity  environment  were  meager  and  previous 
vehicle  experience  was  limited,  it  was  desirable  to  find  a  pressure  relief  system  which 
would  be  independent  of  the  fluid  motions  inside  the  tank  (Refs,  1  and  2).  No  system  of 
this  type  appears  feasible  at  present.  The  problem,  then,  becomes  one  of  designing  a 
vent  system  which  willjremove  only  vapor  from  the  tank.  For  such  a  system  to  operate 
efficiently,  the  ullage  gases  must  be  located  over  the  entrance  to  the  vent  line  and  the 
propellant  must  be  kept  quiescent  to  insure  that  no  liquid  will  be  vented. 

It  appears  more  logical  to  maintain  constant  control  of  the  propellant  than  to  resettle  it 
each  time  venting  is  required.  Therefore,  a  system  was  designed  such  that  the  S-IVB 
vehicle  is  accelerated  positively  from  first  ignition  through  orbital  coast,  hopefully 
keeping  the  liquid  in  the  bottom  of  the  tank  and  the  vapor  in  the  top.  Prior  to  first  igni¬ 
tion  of  the  S-IVB  stage,  the  acceleration  is  provided  by  solid-propellant  ullage  rockets 
whose  firing  time  overlaps  thrust  tailoff  on  the  previous  stage  and  thrust  buildup  on  the 
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S-IVB  stage  Considering  performance ,  cost,  schedule,  and  reliability,  the  best 

system  to  supply  continuous  acceleration  in  orbit  is  one  in  which  the  thrust  from 

the  vented_bydrogen  gas  is  utilized.  Neutrally,  the  highest  possible  acceleration  is 

-5 

desirable,  but  only  enough  gas  is  available  to  provide  an  acceleration  of  2  x  10  g. 

This  acceleration  gives  a  Bond  number  f  ratio  of  acceleration  to  surface-tension  forces) 
of  approximately  70  in  the  hydrogen  tar'  and  200  in  the  LOX  tank,  which  according  to 
equilibrium  theory  should  be  adequate.  With  such  Bond  number  values,  the  interest  is 
in  low-gravity  fluid  mechanics  rather  than  zero-gravity  fluid  mechanics. 

Obviously,  if  no  other  disturbances  were  present,  the  propellants  would  be  settled  and 

venting  could  be  accomplished  without  loan  of  liquid.  Unfortunately,  many  disturbances 

or  dynamic  effects  will  exist  which,  it  was  suspected,  would  cause  venting  of  substantial 

amounts  of  liquid.  Confirmation  of  these  suspicions  was  obtained  recently  on  the  Centaur 

flight,  AC -4,  where  liquid  dynamic  effects  dominated  the  behavior  of  the  propellants  in 

the  tank  and  caused  most  of  the  propellants  to  be  vented  overboard.  On  the  S-IVB  the 

dynamic  effects  would  be  caused  primarily  by  fluid  motions  established  during  ascent 

flight  -  e.g. ,  sloshing  and  formation  of  thermal  convective  boundary  layers.  Such 

motions  will  be  in  a  controlled  state  during  boost,  but  when  the  acceleration  is  suddenly 

reduced  at  injection  into  orbit  the  kinetic  energy  of  these  motions  will  be  great  enough 

to  create  severe  propellant  agitation.  At  injection,  as  a  safety  factor,  an  additional 
-4 

acceleration  of  5  x  10  g  for  100  sec  will  be  provided,  by  auxiliary  propulsion,  to  help 
gain  initial  propellant  control.  After  injection  into  orbit  the  restoring  forces  will  be 
very  weak  and  will  consist  of  the  5  x  10-4  g  acceleration,  and  the  propellant  viscosity 
and/or  eddy  viscosity.  With  only  these  restraining  forces  the  fluid  motions  would  con¬ 
tinue  for  an  extended  period  of  time  (on  the  order  of  1,000  sec).  However,  once  these 
disturbances  have  been  damped  no  other  major  problems  are  anticipated.  The  disturb¬ 
ances  during  orbital  coast  are  slight  compared  with  those  at  injection  and  are  caused 
by  the  operation  of  the  attitude  control  system  and  the  dynamic  effects  associated  with 
venting.  To  minimize  venting  problems,  rapid  depressurizations  of  a  saturated  liquid 
have  been  avoided  by  utilizing  a  system  designed  to  maintain  an  almost  bonstant  tank 
pressure. 
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At  6ome  time  during  the  4-1/2  hr,  the  engine  will  be  restarted  to  accelerate  the  Apollo 
to  earth-escape  velocity.  With  the  continuous  venting  system  a  problem  of  propellant 
settling  for  restart  is  not  anticipated  because  the  propellant  should  be  bottomed  through¬ 
out  the  coast  phase  and  thus  in  its  desired  location  for  engine  restart. 

l 

Existing  knowledge  does  not  permit  analyses  and/or  analytical  scaling  of  small-model 
tests  to  be  used  as  a  means  of  verifying  the  adequacy  of  the  Saturn  V/S-IVB  orbital 
propellant  settling  and  venting  system.  Small-scale  tests  can  be  used  to  study  the 
initial  behavior  of  individual  transient  phenomena,  but  it  is  not  possible  to  duplicate 
simultaneously  all  the  parameters  necessary  to  study  the  interactions  of  the  various 
phenomena,  nor  is  the  available  testing  time  sufficient  to  observe  the  full  duration  . 
of  the  motions.  Available  theory  and  experimental  results  in  zero-g  and  low-g  fluid 
mechanics  are  concerned  primarily  with  static -equilibrium  liquid-vapor  Interface  con¬ 
figurations  in  small  containers  of  simple  shape  (Ref.  3).  Recently,  some  information 
has  become  available  concerning  dynamic  effects  such  as  draining,  propellant  settling, 
and  small -amplitude  slosh  disturbances.  However,  it  is  evident  that  even  using  these 
data,  a  rather  severe  extrapolation  in  size  is  required.  While  the  Btatic-equilibrlum 
data  will  assist  in  predicting  conditions  during  orbital  coast,  they  will  not  aid  in  the 
solution  of  critical  dynamics  problems  at  injection  into  orbit.  Obviously,  a  full-scale 
low-g  orbital  experiment  is  mandatory  to  insure  successful  operation  of  the  Saturn  V/S- 
IVB.  Such  an  experiment  has  been  approved  using  the  Saturn  IB  launch  vehicle. 

2  GENERAL  DESCRIPTION  OF  SATURN  V/S-IVB  STAGE  AND  LH2  ORBITAL 
EXPERIMENT  VEHICLE 

The  S-IVB  is  a  multipurpose  stage  which  will  be  used  both  on  the  Saturn  IB  and  Saturn 
V  launch  vehicles.  RTirpropelled  by  one  J-2  engine  of  200, 000  lb  thrust,  employing 
LH2  and  LDX.  Fig-ire  1  shows  the  overall  configuration  and  pertinent  dimensions  of 
the  S-IVB.  The  LH2  tank  is  insulated  internally  with  a  reinforced,  sealed,  polyurethane 
foam,  while  the  LOX  tank  is  not  insulated.  The  LH2  and  LOX  tanks  are  separated  by  an 
insulating  common  bulkhead.  Attitude  control  is  effected  by  six  150-lb-thrust,  storable 
propellant  motors  arranged  three  to  a  module.  Solid-propellant  ullage  motors  are 
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prov'.Jed  for  propellant  settling  prior  to 
first  burn  of  the  J-2.  The  LOX  and  LH2 
engine  feed  lines  and  propellant  pumps 
are  chilled  prior  to  start  by  propellant 
recirculation  Bystems;  the  propellant, 
after  chilling  the  hardware,  is  returned 
to  the  main  propellant  tanks. 

As  applied  to  the  Saturn  IB,  the  stage 
does  not  restart,  and  the  propellant 
tanks  will  be  essentially  depleted  at  in¬ 
jection  into  orbit.  A  nominally  nonpro- 
pulsive  vent  system  is  provided  for  the 
hydrogen  tank,  and  the  oxygen  tank  is  vented  through  a  line  directed  through  the  center 
of  mass  of  the  stage.  Residual  propellants  and  pressurants  are  blown  down  through 
these  vent  systems  to  prevent  venting  during  docking  maneuvers. 

In  the  Saturn  V,  the  S-IVB  will  burn  into  orbit,  with  approximately  66  percent  of  its 
propellant  remaining  aboard  for  the  second  burn.  It  must  be  capable  of  coasting  for  up 
to  4-1/2  hr  In  orbit  between  burns.  To  provide  for  hydrogen  venting  during  coast,  a 
longitudinally  directed,  continuous  venting  system  has  been  added.  Also,  one  70-lb- 
thrust  auxiliary  propulsion  system  (APS)  motor  has  been  added  to  each  APS  module  to 
settle  propellants  during  damping  of  propellant  motion  at  injection  into  orbit,  and  during 
engine  chill  preceding  the  second  burn  of  the  J-2  engine.  The  S-IVIW  blowdown  vents 
are  identical  to  those  on  the  S-IVE/IB  and  serve  the  same  purpose. 

The  S-IVB  for  the  LH2  orbital  experiment  is  essentially  an  S-IVBTB  modified  to  simu¬ 
late  the  S-IVBAr  during  orbital  coaBt.  Since  the  70-lb,  longitudinal-firing  ullage  engines 
are  not  available  in  the  S-IViyiB,  the  LOX  tank  will  be  vented  through  longitudinally 
directed  lines  to  simulate  this  thrust.  To  obtain  the  maximum  amount  of  LH2  in  orbit, 
the  LOX  tank  will  be  offloaded  and  the  payload  will  be  replaced  by  a  lightweight  shroud. 


Fig.  1  S-IVB  Stage  Configuration 
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The  continuous-vent  system  will  be  added  to  the  S-IVB,  modified  to  give  the  same 
longitudinal  acceleration  as  it  does  to  the  S-rVB/V.  The  LH2  tank  will  be  instrumented 
with  two  television  cameras.  Numerous  temperature  and  liquid-vapor  sensors  will  be 
added  to  the  LH2  tank  and  the  propellant  feed  and  vent  systems.  Vent  gas  quality  also 
will  be  measured  by  a  specially  developed  quality  meter. 

3  PROPELLANT  DYNAMICS  AT  INJECTION  INTO  ORBIT 

I 

Fluid  motions  established  during  ascent  are  expected  to  produce  severe  dyaamic  effects 
at  injection  into  orbit.  It  is  believed  that  these  disturbances  will  result  in  fluid  cover¬ 
ing  the  vent  exits  for  an  extended  period  unless  baffles  or  other  control  devices  are 
installed  in  the  tanks,  fn  the  hydrogen  tank,  the  fluid  Impingement  on  previously  dry 
surfaces  would  result  in  a  high  rate  of  tank  pressure  rise,  since  the  internal  insulation 
surface  will  have  been  heated  by  pressurization  gas  during  the  first  firing  of  the  main 
engine.  "Worst  case”  calculations  predict  that  the  LHg  tank  pressure  would  rise  to  the 
nonpropulsive  vent  band  limits  in  a  minimum  of  100  sec  (Ref.  4).  Therefore,  it  appears 
that  LH2  tank  venting  will  occur  long  before  the  motions  have  damped  out  naturally,  and 
a  means  must  be  found  to  gain  control  earlier. 

To  help  suppress  the  fluid  motions  and  gain  initial  control,  two  70-lb  ullage  engines  will 
be  fired  during  J-2  engine  thrust  decay,  and  this  firing  will  continue  approximately 
100  sec.  However,  the  total  thrust  of  140  lb  produces  an  acceleration  of  only  5  x  10"^g. 
This  thrust  was  added  early  in  the  design  as  a  Bafety  factor;  now  it  is  believed  that  the 
thrust  levels  required  to  control  the  propellant  motions  by  means  of  acceleration  alone 
would  be  excessive  and  that  the  associated  weight  penalties  would  be  prohibitive.  There¬ 
fore,  other  means  must  be  found  for  propellant  control. 

The  individual  phenomena  causing  the  propellant  motions  at  injection  into  orbit  and  the 
control  of  these  motions  will  now  be  discussed. 


4  BOOST  SLOSH 


One  of  the  major  sources  of  energy  in  the  liquid  hydrogen  propellant  at  Injection  into 
orbit  is  sloshing  incurred  during  the  ascent  flight.  An  idea  of  the  sloshing  to  be  expected 
in  the  LH2  tank  of  the  Saturn  V/S-IVB  may  be  gained  by  examining  the  S-IV  flight  data 
( Ref.  5 >.  From  data  on  flight  SA-5  there  is  evidence  of  LH2  sloshing  at  both  the  flrst- 
and  second-mode  natural  frequencies  of  approximately  0.4  cps  and  0.7  cps.  The  maxi¬ 
mum  LH2  slosh  amplitude  of  about  0.6  ft  occurred  about  50  sec  after  S-IV  ignition  and 
decayed  to  about  0. 13  ft  in  approximately  300  sec.  Similar  results  were  obtained  on  the 
Saturn  I  flights.  Since  these  values  agree  well  with  analytical  predictions,  confidence  in 
the  ability  to  predict  the  sloshing  on  S-IVB  was  obtained. 

An  analyshTwas  performed  ( Ref.  6 )  to  predict  the  sloshing  in  the  S-IVB  LH2  tank  just 
prior  to  injection  into  orbit.  An  amplitude  of  0.42  ft  was  predicted  with  a  maximum 


wall  velocity  of  1. 83  ft/sec.  Assuming  that 
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Fig.  2  Potential  Liquid  Jump  Heights 
at  Injection  Into  Orbit 


the  kinetic  energy  associated  with  the  wall 
velocity  is  converted  to  potential  energy, 
it  is  found  that  the  liquid  can  jump  100  ft 
in  the  g  field  of  5  x  10-4  g  (Fig.  2). 

Since  this  jump  height  is  much  greater  than 
the  distance  from  the  liquid  surface  to  the 
top  of  the  tank,  it  is  concluded  that  the  vent 
exit  will  be  covered.  If  the  Jump  height 
tolerated  were  set  arbitrarily  at  one- 
quarter  of  a  tank  diameter,  an  accelera¬ 
tion  of  0.01  g,  or  3,000  lb  thrust,  would 
be  required  on  the  Saturn  V.  Obviously, 
the  propulsion  system  required  to  produce 
such  an  acceleration  until  the  motions 
damp  out  would  impose  an  unacceptable 
payload  penalty.  The  simplest  solution 
would  be  to  baffle  the  hydrogen  tank  to 
prevent  these  large  slosh  velocities.  It 
was  calculated  ( Ref.  6 )  that  three  ring 
baffles  10  in.  wide  and  spaced  12  in. 
apart,  with  the  middle  baffle  located  at 
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the  liquid  level  expected  at  injection,  would  damp  the  maximum  slosh  velocity  to 
0. 15  ft/sec-  resulting  in  jump  heights  of  0. 7  ft  at  5  x  10“4  g  and  17  ft  at  2  x  10~5  g. 
However,  the  prediction  of  a  17-ft  jump  is  not  realistic,  since  the  kinetic  energy  dis¬ 
sipated  during  the  100  sec  of  Gemini  engine  firing  and  the  deflection  of  the  flow  by  the 
upper  slosh  baffle  were  nofconsidered.  Therefore,  the  three  slosh  baffles  should 
suppress  the  boost  sloshing  adequately.  In  addition,  the  three  rings  allow  for  some 
error  In  predicting  the  exact  liquid  level.  Efforts  now  are  being  made  to  have  the  baf¬ 
fles  installed  on  the  Saturn  IB  experiment  and  all  the  Saturn  V  vehicles. 

Tests  in  the  Marshall  Space  Flight  Center  (MSCF)  drop  tower  also  are  planned  to  con¬ 
firm  the  existence  of  the  problem  and  to  evaluate  the  performance  of  the  slosh  baffles. 

5  THERMAL  CONVECTIVE  MOTION 

During  ground  hold  and  ascent,  thermal  convective  patterns  will  be  formed  in  the 
liquid  propellants  due  to^hvTro'nmental  heating.  Velocities  and  temperatures  within 
the  liquid  can  be  estimated  by  assuming  that  these  convective  patterns  can  be  described 
as  boundary  layers  on  the  tank  walls.  Using  the  analytical  procedures  of  Refs.  7  and  8, 
and  assuming  an  average  acceleration  and  heat  rate  during  ascent,  it  is  found  that  the 
average  velocity  for  the  entire  boundary  layer  is  0.5  ft/sec  and  the  average  velocity  at 
the  liquid  interface  is  0. 7  ft/sec  for  the  Saturn  V.  On  the  Saturn  IB  the  average  veloc¬ 
ities  are  0. 7  ft/sec  for  the  entire  boundary  layer  and  1  ft/sec  at  the  liquid  interface. 
The  mass  of  fluid  in  this  boundary  layer  is  estimated  to  be  900  lb  on  the  Saturn  IB  and 
1,300  lb  on  the  Saturn  V.  During  ascent  the  hot  fluid  will  rise  to  the  top  of  the  tank 
due  to  buoyancy  forces  and,  under  the  Influence  of  the  gravitational  field,  will  spread 
out  across  the  surface.  However,  when  the  acceleration  is  suddenly  reduced  at  in¬ 
jection,  the  gravitational  forces  no  longer  will  be  strong  enough  to  bend  the  liquid 
streamlines  over  at  the  surface.  Instead,  it  is  believed,  the  liquid  will  continue 
vertically. 

An  indication  of  the  relative  magnitude  of  the  forces  governing  the  fluid  behavior  at 
the  liquid  surface  on  the  Saturn  V  can  be  obtained  by  calculating  the  Weber  number  and 


the  Froude  number  for  the  boundary  layer.  Using  the  thickness  of  the  boundary  layer 
at  the  liquid  surface  as  the  characteristic  length,  and  the  average  velocity  at  the  sur¬ 
face,  the  Weber  number  is  approximately  200.  This  value  indicates  that  inertia  forces 
predominate  over  capillary  forces.  The  value  of  the  Froude  number  for  the  5  x  lv  g 
field  existing  after  injection  into  orbit  is  about  100  -  suggesting  that  Inertia  forces  also 
are  larger  than  gravitational  forces.  Therefore,  it  is  concluded  that  the  interface  will 
be  broken  and  the  liquid  will  jump  vertically. 

If  it  is  assumed  that  the  kinetic  energy  of  the  thermal  boundary  layer  is  converted  into 
potential  energy,  it  can  be  seen  from  Fig.  2  that  the  jump  height  for  the  Saturn  V  would 
be  8  ft  based  on  the  average  velocity  of  the  boundary  layer  mass  and  15  ft  based  on  the 
average  velocity  at  the  surface.  For  the  Saturn  IB  the  distance  would  be  15  ft  and  31  ft* 
based  on  the  average  velocity  of  the  boundary  layer  mass  and  at  the  liquid  surface, 
respectively.  Restricting  this  motion  by  means  of  acceleration  would  be  prohibitive, 
as  it  was  in  the  case  of  boost  slosh.  However,  the  baffles  installed  to  damp  boost 
sloshing  also  would  deflect  the  initial  upward  motion  of  the  convective  boundary  layer 
and  hopefully  would  dissipate  the  kinetic  energy.  Model  tests  in  a  drop  tower  are  plan¬ 
ned  to  confirm  these  predictions. 

6  TERMINATION  OF  DRAINING 

Another  source  of  momentum  in  the  fluid  is  propellant  draining.  As  propellant  is  con¬ 
sumed  during  main-engine  firing,  the  liquid  surface  in  the  hydrogen  tank  is  dropping 
at  the  rate  of  0.05  ft/ sec.  Even  higher  local  velocities  will  exist.  Near  the  engine 
feed  line  the  velocities  will  be  as  high  as  15  ft/sec.  When  the  engine  valve  is  closed, 
this  momentum  will  persist.  Since  the  motion  cannot  continue  downward  any  longer, 
the  liquid  will  turn,  Joeing  some  of  its  energy,  and  move  upward.  However,  it  has 
been  calculated  that  the  velocities  are  not  high  enough  to  be  of  major  conceir . 

Associated  with  valve  closure  is  another  phenomenon,  which  is  of  concern.  During 
static  firings  on  the  S-^VB  Battleship,  engine  feed  line  pressure  surges  on  the  order 
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of  50  psia  have  been  measured.  Such  pressure  surges  could  cause  severe  local 
disturbances  in  the  liquid.  To  avoid  such  a  possibility,  the  entrances  to  the  engine 
feed  lines  (both  LOX  and  LHg)  will  contain  baffles  and/or  diffusers.  The  configurations 
of  these  devices  are  being  determined. 

A, 

7  STRUCTURAL  RELAXATION 

During  the  boost  pliase  of  flight  the  tank  sidewalls  and  lower  bulkheads  will  be  deflected. 
At  injection  into  orbit  the^  structure  w  ill  relax,  or  try  to  return  to  its  undeflected  posi¬ 
tion.  In  the  process,  some  of  the  strain  energy  stored  in  the  structure  will  be  trans¬ 
mitted  to  the  liquid.  To  determine  what  effect  the  structural  relaxation  would  have  on 
the  liquid,  a  simple  spring-mass  analysis  of  the  Saturn  IB  vehicle  at  injection  into 
orbit  has  been  completed  (Ref.  9)  and  a  similar  analysis  will  be  conducted  for  the 
Saturn  V.  In  the  analysis  it  was  assumed  that  the  propellants  act  as  point  masses 
attached  by  springs  to  the  tank.  The  vehicle  structure  also  was  divided  into  compon¬ 
ents  and  connected  by  springs.  The  exciting  force  for  the  spring  mass  system,  of 
course,  is  main  engine  thrust. 

Because  of  the  nature  of  the  assumptions,  the  analyses  predict  an  oscillatory  motion 
of  the  liquid  masses  atjhrjistjerainatlon.  Obviously,  the  liquid  will  not  behave  as 
rigid  masses. '  However,  the  rerults  can  be  used  to  predict  the  initial  average  veloc¬ 
ity;  the  results  Indicate  an  initial,  average,  upward  velocity  of  0.005  ft/sec  in  the  LHg 
tank  at  injection  into  orbit.  This  velocity  should  not  produce  significant  problems,  as 
can  be  seen  from  Fig.  2.  A  prediction  for  the  Saturn  IB  LOX  tank  cannot  be  made 
because  the  LOX  residual  is  small  in  comparison  with  the  mass  of  the  structure.  The 
spring-mass  analysis  leaves  much  to  be  desired,  and  work  is  being  initiated  to  predict 
theoretically,  and  confirm  by  model  tests,  the  interaction  of  a  flexible  tank  and  a  fluid. 

8  LIQUID  COMPRESSION 

Even  though  liquids  are  not  very  compressible,  the  amount  of  energy  stored  in  the 
hydrogen  because  of  the  hydrostatic  head  may  have  a  significant  effect  on  the  propellant 
behavior  at  injection  into  orbit.  The  energy  stored  in  the  liquid  can  be  calculated  by 
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the  methods  of  Ref.  10.  Assuming  an  LH^  compressibility  factor  of  6.25  x  10  ft  Abf , 
the  liquid  energy  will  De  148  ft-lbj  and  13  ft-lbf  for  the  Saturn  IB  and  V,  respectively. 

If  this  stored  energy  is  converted  into  kinetic  energy,  the  average  liquid  velocity  will 
be  0.2  ft/eecfor  the  Saturn  V  and  0.6  ft/sec  for  the  Saturn  IB.  Figure  2  shows  that 
the  liquid  can  Jump  a  maximum  of  11  ft  in  the  Saturn  IB  and  1.4  ft  in  the  Saturn  V,  at 
injection  into  orbit.  Further  investigation  is  required  to  determine  the  amount  of  the 
compression  energy  that  is  converted  into  kinetic  energy. 

9  INSTRUMENTATION  TO  OBSERVE  INJECTION  DYNAMICS  \  v 

In  the  Saturn  IB  orbital  liquid -hydrogen 
experiment  vehicle  and  the  early  Saturn  V 
R6D  vehicles,  additional  instrumentation 
has  been  added  to  the  S-IVB  stage  to  mon¬ 
itor  LHg  behavior.  To  observe  the  pro¬ 
pellant  motions,  two  high-speed  (30 
pictures/sec)  TV  cameras  have  been 
installed  in  the  manhole  cover  of  the  LH2 
tank;  the  viewing  angles  are  shown  in 
Fig.  A  grid  has  been  painted  on  the 
internal  insulation  to  aid  i  l  depth  percep¬ 
tion.  Ground  tests  have  shown  that  any 
disturbances  on  the  liquid  surface  make 
the  interface  in  that  area  visible  and 
that  the  junction  of  the  liquid  and  the  wall 
is  discernible.  However,  if  the  liquid 
is  subcooled  and  quiescent  then  it  is  al¬ 
most  like  looking  into  an  empty  tank. 

Since  liquid  agitation  and  motion  are  ex¬ 
pected,  the  transparency  of  the  hydrogen 
should  not  present  any  problem. 


Fig.  3  Television  Comero 
Viewing  Angles 
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Fig.  4  S-IVB  Hydrogen  Tank  Instru¬ 
mentation  (Applicable  to  Early 
Saturn  V/S-IVB  and  to  Saturn 
IB  Orbital  Hydrogen  Experi¬ 
ment  Vehicle) 


Additional  instrumentation  such  as  liquid- 
level  sensors  and  temperature  probes 
have  been  added  to  the  tank  (Fig.  4).  The 
measurements  which  will  be  of  particular 
value  in  studying  liquid  dynamics  at  in¬ 
jection  into  orbit  are  those  made  with  the 
accelerometers,  thermal  boundary  layer 
survey  rakes,  the  quality  meter,  and  the 
liquid-vapor  sensors.  To  determine  the 
performance  of  the  Saturn  V  and  IB  vent 
system  and  the  Saturn  IB  LOX  thrust  sys¬ 
tem,  pressure  and  temperature  measure¬ 
ments  have  been  located  appropriately  in 
the  lines.  For  system  operation  analysis, 
valve  position  indicators  have  been  in¬ 
cluded.  No  problems  due  to  capillary 
effects  in  the  narrow  openings  of  the  in¬ 
struments  are  expected  following  injection 
into  orbit  since  fluid  dynamics  effects  will 
predominate.  Instrument  response  times 
are  considered  adequate  (Ref.  11). 

Infoimatton  from  all  of  the  instrumenta¬ 
tion  will  be  received  throughout  boost  and 
immediately  after  injection  into  orbit. 

The  ground  receiving  stations  and  times 
of  coverage  are  shown  in  Fig.  5  along 
with  the  sequence  of  events.  It  can  be 
seen  that  the  fluid  motions  after  injection 
into  orbit  can  be  monitored  for  appi*oxi- 
mately  5  min  by  the  tracking  station1  at 
Bermuda.  If  additional  time  is  requited, 
a  ship  may  be  placed  off  Bermuda. 
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10  ORBITAL  COAST 

During  the  orbital  coast  phase  of  the  mission  the  vehicle  will  be  floating  freely  (almost 
undisturbed)  with  no  significant  maneuvers  planned,  except  in  roll  to  permit  astronaut 
navigational  sightings.  Therefore,  the  propellants  should  be  bottomed  due  to  the  ac¬ 
celeration  produced  by  the  continuous  vent  system  and  in  a  quasi-equilibrium  state. 
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Fig.  6  Equilibrium  Liquid- 

Vapor  Interface  Shape 
in  the  LH2  Tank  Dur¬ 
ing  Orbit 


In  such  a  state  the  equilibrium  predictions  should  I  ,^INIWACI| 

apply  and  indicate  what  to  expect.  The  shape  of  the  ^  [~  / 

equilibrium  liquid-vapor  interface  in  the  LH2  tank 

has  been  calculated  using  the  methods  of  Ref.  12,  'V 

and  is  shown  in  Fig.  6.  It  can  be  seen  that  the  inter-  pjg  6  Equ„|br|om  L,quld. 

face  is  flat  over  most  of  the  tank,  rising  at  the  tank  Vapor  Interface  Shape 

walls  to  satisfy  the  0-deg  contact  angle  boundary  con-  In  *  Orblt^  ^Ut” 

dltions.  According  to  drop  tower  experiments  on 

liquid-vaporjbiterface  stability,  the  critical  Bond  number  is  0.  84  —  which  for  the  S-IVB 
would  mean  that  any  acceleration  greater  than  10~7  g  would  be  significant.  Since  such 
low  accelerations  are  of  importance,  even  small  forces  such  as  aerodynamic  orbital 
drag  (which  would  normally  be  neglected)  have  to  be  considered.  An  analysis  was  con¬ 
ducted  to  determine  the  magnitude  of  all  such  forces;  results  are  shown  in  Table  1. 

Since  the  continuous  vent  thrust  is  an  order  of  magnitude  larger,  ro  problem  is  expected. 
The  only  disturbances  expected  would  be  those  associated  with  the  continuous  venting 
and  resulting  from  the  action  of  the  attitude  control  system .  Each  of  these  disturbances 
will  now  be  discussed. 


Table  1 

SUMMARY  OF  IMPORTANT  ACCELERATIONS 


Source 

Aerodynamic  Orbital  Drag 
Gravity  Gradient 
Solar  Pressure 
Ce  .tripetal  Force 

Rotation  about  Vehicle  CG 
Attitude  Control  System 
Crew  Movements 


10'6  (Ref.  13) 
l(f 6  (Ref.  14) 
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11  SLOSH  INDUCED  BY  ATTITUDE  CONTROL 


The  attitude  control  system  on  the  S-IVB  stage  has  a  deadband  of  ±1  deg  and  an  attitude 
rate  of  ±0.2  deg/sec.  When  the  vehicle  exceeds  these  limits,  the  proper  motor  will 
fire  and  correct.  Each  motor  has  a  thrust  of  150  lb  and  produces  a  step  impulse  of 
7.5  lb-sec.  The  stage  will  then  "froe  float"  until  the  limit  is  again  exceeded. 


Until  recently,  no  Information  was  available  on  low-gravity  sloshing.  Satterlee  studied 

the  patural  frequency  of  oscillating  liquid  columns  and  their  liquid-vapor  interface  shape 

I 

in  a  low-gravity  environment  (Ref.  14).  Unfortunately,  the  lowest  contact  angle  studied 
was  15  deg  and  the  amplitudes  of  the 


standing  slosh  waves  at  the  tank  wall  we  re 
not  estimated.  However,  Satter lee's 
work  can  be  used  to  estimate  the  natural 
frequencies  of  the  LH2  tank  and  obtain  an 
idea  of  what  frequencies  to  avoid  in  the 
operation  of  the  attitude  control  system. 
Figure  7  is  a  plot  of  dimensionless  fre¬ 
quency  parameter  versus  Bond  number. 
Since  the  lines  are  equally  spaced  and 
parallel,  It  is  possible  to  draw  in  the  une 
for  a  fluid  of  near  0-deg  contact  angle. 
For  the  S-IVB  stage  at  a  Bond  number  of 
70  the  natural  frequency  is  1.6  x  10 
cycles/sec.  Also,  If  the  values  of  natu¬ 
ral  frequency  as  predicted  by  the  faired 
line  of  Fig.  7  are  compared  with  the  con¬ 
ventional  high-g  theory  of  Ref.  15,  good 
agreement  is  found.  Such  agreement 
suggests  that  conventional  slosh  theory 
can  be  used  to  predict  the  natural  fre¬ 
quency  of  cylindrical  hydrogen  tanks  at 
Bond  numbers  of  «  100  or  larger. 


Fig.  7  Non-Dimensionolized  Natural 
Frequency  of  a  Vibrating  Liquid 
Column  in  a  Cylinder  as  o  Func¬ 
tion  of  Bond  Number  for  Various 
Contact  Angles 
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The  natural  frequency  of  the  LOX  tank  was  not  estimated  in  similar  fashion  because 
the  shape  of  the  tank  is  different,  which  will  have  a  strong  influence  on  the  value. 
However,  the  Bond  number  in  ihe  LOX  tank,  even  at  the  low  continuous  vent  accelera¬ 
tion  levels,  Is  high  -  about  200  If  the  characteristic  length  used  is  the  maximum  radius. 
At  such  Bond  number  levels,  Ref.  14  states,  conventional  high-g  theory  should  be 
applicable  since  the  interface  is  flat.  Therefore,  modified  high-g  spherical  tank  theory 
(Ref.  16)  was  used  to  predict  the  values  of  the  natural  frequencies  in  the  LOX  tank.  It 

is  found  that  the  natural  frequency  of  the  LOX  during  orbital  coast  will  be  approximately 
_2 

1.6  x  10  cps. 

Tests  are  planned  in  the  drop  tower  at  Marshall  Space  Flight  Center  (MSFC)  to  study 
impulsive  low-gravity  sloshing  and  establish  the  usefulness  of  1-g  testing  in  predicting 
low  gravity  sloshing^JJhe  effect  of  multiple  impulses  also  will  be  investigated  to  de¬ 
termine  whether  the  interface  will  be  broken.  Still,  neither  the  tests  nor  the  theory 
accounts  for  the  effects  of  multiple-plane  impulses  which  might  change  the  interface 
shapes.  At  the  present  time,  low-gravity  sloshing  is  not  considered  to  be  a  problem 
on  the  S-IVB  stage.  However,  analyses  are  continuing. 

12  LH0  TANK  BOI  LOVER 

The  continuous  vent  line  contains  a  modulating  valve  which  will  regulate  the  flowrate 
in  response  to  the  tank  pressure.  When  the  valve  is  opened  after  the  fluid  motions  at 
injection  into  orbit  have  been  damped,  it  will  vent  the  hydrogen  tank  slowly  to  approxi¬ 
mately  20  pBla  and  maintain  this  value  thereafter  to  within  ±0.5  psia.  Initially,  the 
liquid  will  be  subcooled  and  no  problems  are  expected.  Toward  the  end  of  the  venting, 
some  of  the  liquid  will  become  saturated  and  bulk  boiling  will  occur,  but  no  significant 
problems  are  anticipated  at  this  time.  However,  once  the  liquid  in  the  tank  has  satur¬ 
ated  at  the  20-psia  level,  nucleate  boiling  should  occur  over  the  tank  walls.  This 
boiling  will  continue  for  at  least  the  first  orbit  until  the  heat  stored  in  the  internal  in¬ 
sulation  during  ascent  is  dissipated.  Then  the  heat  transfer  rates  should  be  so  low 
that  only  natural  convection  will  exist  (Ref.  17). 
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There  was  some  concern  about  the  effect  of  the  loss  of  buoyancy  forces  on  the  bubble 
growth  and  detachment.  Originally,  it  was  thought  that  the  buoyancy  forces  were  re¬ 
sponsible  for  breaking  *he  bubble  away  from  the  wall.  Therefore,  in  a  low-gravity 
field  the  bubbles  would  remain  attached  to  the  wall  and  grow  until  the  tank  walls  were 
vnpor -dominated.  Clodfelter  (Ref.  18)  suggests  that  the  dynamics  of  the  growing 
bubble,  and  not  buoyancy,  cause  bubble  detachment.  For  this  and  other  reasons,  the 
authors  do  not  feel  that  the  wall  will  become  vapor-dominated.  Nonetheless,  this  fact 
is  yet. to  be  proven  conclusively. 

The  reduction  in  the  buoyancy  forces  presents  another  problem.  Once  the  bubbles  have 
detached  from  the  wall,  they  will  rise  very  slowly.  Since  a  given  maBS  of  hydrogen  will 
occupy  about  f>0  times  as  much  space  as  a  vapor  than  as  a  liquid,  the  vapor  interface 
will  rise  as  the  bubbles  are  formed  in  the  liquid.  If  the  ullage  gas  is  vented  too  rapidly, 
the  bubbles  will  not  have  time  to  rise  and  join  the  ullage  before  the  ullage  has  been 
vented  away,  and  the  tank  will  loll  over.  To  determine  the  Interface  rise  rate  for  a 
given  acceleration  and  vent  flowrate  the  bubble  sizes  and  distribution  must  be  known, 
Unfortunately,  there  are  no  theoretical  means  for  predicting  the  needed  information. 
Some  feel  for  the  problem  can  be  obtained  by  postulating  a  simplified  model.  Assume 
that  vapor  is  generated  at  a  rate  equal  to  the  vent  flowrate  and  is  uniformly  distributed 
over  the  tank  walls,  and  that  each  bubble  rises  at  its  terminal  velocity  without  inter¬ 
ference  from  neighboring  bubbles.  The 
bubhle  sizes  are  assumed  to  fit  a  Max¬ 
wellian  distribution  curve  with  the  av¬ 
erage  bubble  size  as  a  jmrametcr. 

Figure  8  shows  the  predicted  interface 
rise  rates  for  the  S-IVB  assuming  av¬ 
erage  bubble  diameters  of  1/2,  1,  and 
2  in.  It  can  be  seen  that  intolerable  in¬ 
terface  rise  heights  are  predicted  for 
the  small-diameter  bubbles.  However, 
low-gravity  experiments  have  shown 
that  hydrogen  bubbles  tend  to  coalesce, 
forming  larger  bubbles.  Therefore,  it 


\ 


Fig.  8  Liquid-Vapor  Interface  Riie  Due 
to  Bubble  Formation  on  the  Tank 
Sidewall 
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is  believed  that  large-diameter  bubbles  will  be  present  in  the  S-IVB  tank.  Also,  the 
analysis  is  conservative  in  that  the  maximum  rate  of  vapor  formation  was  used. 

\s 

Another  possibility  which  may  cause  the  liquid-vapor  interface  to  rise  is  vapor  trapped 
by  th?  slosh  baffles.  If  it  is  assumed  that  each  of  the  two  submerged  baffles  traps  a 
vapor  pocket  having  a  volume  one-fourth  that  of  a  torus  of  radius  equal  to  the  width  of 
the  slosh  baffle,  then  the  interface  would  rise  0.2  ft. 

Considering  all  these  factors,  the  liquid-vapor  interface  in  the  S-IVB  hydrogen  tank 
should  not  rise  more  than  about  2  ft  during  continuous  venting,  and  tank  boilover  is  not 
considered  to  be  a  problem. 

13  ORBITAL  COAST  INSTRUMENTATION 

The  TV  system  and  instrumentation  used  to  observe  fluid  dynamics  at  injection  into 
orbit  also  will  provide  data  on  the  behavior  of  the  propellants  during  orbital  coast. 
Standard  telemetry  information  will  be  available  shortly  after  injection  into  orbit  and 
at  several  times  during  orbit.  However,  the  first  visual  information  on  the  coast-phase 
propellant  behavior  will  not  be  available  until  Carnarvon,  Australia,  is  reached  about 
46  min  after  injection.  After  Carnarvon,  a  large  gap  in  the  const  data  will  occur  as 
the  vehicle  crosses  the  Pacific  on  the  first  pass  (Fig.  r>).  During  the  coast  phase,  the 
data  are  expected  to  show  a  quasi-steady-state  behavior  and  some  problems  are  ex¬ 
pected  with  the  performance  of  the  instrumentation  due  to  capillary  effects  predomi¬ 
nating  in  the  narrow  openings. 

14  MAIN  ENGINE  RESTART 

Befor  t  the  J-?  t.:'gine  can  be  restarted,  the  pumps  and  engine  feed  lines  must  be  con¬ 
ditioned  thenr.aiiy.  To  accomplish  this  chill,  a  closed-loop  recirculation  system  is 
employed  for  both  propellants,  with  the  hot  liquids  and/er  gases  being  returned  to  their 
respective  tanks.  On  the  liquid  hydrogen  experiment,  only  an  LHg  chilldown  will  be 
attempted  because  sufficient  IjOX  will  not  bo  available.  The  fluids  are  circulated  by 
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electric-motor-driven  pumps.  Due  to  NPSH  starting  requirements  of  the  LH2  recircu¬ 
lation  pump,  the  tank  must  be  pressurized  by  about  2  psi.  This  increase  in  pressure 
is  provided  by  helium  gas  stored  in  ambient  bottles  cn  the  main  thrust  structure.  To 
repressurize  the  LH2  tank,  the  continuous  venting  must  be  terminated.  Since  the 
philosophy  has  been  that  an  acceleration  will  be  applied  to  the  vehicle  at  all  times,  the 
Gemini  engines  (the  LOX  thrusting  system  in  the  case  of  the  Saturn  IB  experiment)  are 
started  at  the  termination  of  continuous  venting  and  continue  to  supply  thrust  until  after 
J-2  ignition.  The  low-g  fluid  mechanics  problems  expected  during  this  phase  of  the 
mission  are  concerned  with  the  removal  of  trapped  vapor  pockets  in  the  lines  and  the 
effect  of  the  returning  fluid  in  the  tank . 

15  CHILLDOWN 

A  drawing  of  the  liquid  hydrogen  recirculation  system  is  shown  in  Fig.  9.  The  Bcreen 
over  the  ertranco  to  the  engine  feod  line  serves  as  a  filter  and  anti-vortex  device.  It 
also  helps  damp  out  pressure  surtrrs  associated  with  valve  closure.  However,  once 

the  prevalve  id  closed  the  Bcreen  and  the 
iHj  prevalve  act  as  a  vapor  trap.  Heat  trans¬ 

fer  calculations  show  that  there  is  suffi- 
i 

cient  thermal  energy  to  vaporize  the 
liquid  contained  between  the  prevalve  and 
the  screen.  This  vapor  will  rise  to  the 
screen  due  to  the  buoyancy  forces  created 
by  continuous  venting,  but  will  not  be  able 
to  escape.  Eventually,  the  entire  pocket 
will  be  filled  with  vapor.  During  recir¬ 
culation  the  prevalve  still  will  be  closed 
and  the  pocket  of  vapor  will  remain.  At 
the  end  of  the  recirculation  period  the 

Fig.  9  Liquid  Hydrogen  Chilldown  prevalve  will  be  opened  in  an  effort  to 

System  clear  the  area  by  fluid  flow;  the  adequacy 

of  this  method  will  be  determined  by  1-g 
model  tests  in  the  near  future. 


1-20 


Another  problem  associated  with  the  chilldown  system  Is  the  effect  of  the  momentum  of 
the.  fluid  returning  into  the  tank.  Gas  velocities  as  high  as  150  ft/sec  are  predicted  and 
liquid  return  velocities  may  be  as  high  as  20  ft/sce.  If  this  energy  causes  the  liquid  to 
mix  with  the  ullage  then  a  pressure  decay  will  occur,  resulting  in  loss  of  main  engine 
NPSH.  Therefore,  the  recirculation  return  line  inlets  in  both  the  LOX  and  LH2  tanks 
will  be  diffused  and/or  baffled. 

\ 

\ 

16  INSTRUMENTATION  ' ' 

The  TV  system  and  tatk  instrumentation  again  will  be  used  to  observe  any  significant 
disturbances.  To  monitor  the  performance  of  the  LHg  recirculation  system,  additional 
pressure  and  temperature  measurements  were  added.  On  the  experiment,  the  chill- 
down  sequence  will  be  initiated  on  the  first  pass  ovu*  the  US.  (Fig,  5).  The  overlap  of 
the  receiving  stations  will  permit  complete  coverage  of  the  chilldown. 

17  SECONDARY  OBJECTIVES  OF  SATURN  IB  EXPERIMENT 

After  completing  the  primary  mission  of  verifying  the  adequacy  of  the  Saturn  V/S-IVB 

venting  and  settling  systems,  the  Saturn  IB  experimental  vehicle  will  be  used  to  obtain 

data  on  two  other  low-g  fluid  mechanics  phenomena.  First,  all  axial  thrusting  will  be 

terminated  and  the  liquid  will  be  permitted  to  drift  forward  under  the  influence  of  or- 

-4 

bital  aerodynamic  drag.  Then  the  liquid  will  be  resettled  at  10  g.  Finally,  data  will 
be  obtained  on  h  Igh^speedfve nttng  of  a  saturated  tank  by  blowing  the  hydrogen  tank  down 
through  the  nonpropulslve  vent  system. 

18  CONCLUSIONS 

In  conclusion,  the  interest  is  in  low-gravity  fluid  mechanics,  not  zero-gravity  fluid 
mechanics.  The  problems  on  the  Saturn  V/S-IVB  stage  are  caused  primarily  by  the 
requirement  of  venting,  and  not  propellant  settling  for  engine  restart.  These  problems 
are  dynamic  in  nature  and  are  moat  severe  at  injection  into  orbit.  It  is  believed  that  if 
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the  fluid  motions  at  Injection  can  be  controlled,  particularly  as  related  to  boost  slosh 
and  thermal  boundary  layer,  the  major  problem  will  have  been  overcome.  To  suppress 
these  motions  to  an  acceptable  level,  slosh  baffles  will  be  added  to  the  LH2  tank,  and 
diffusers  and/or  baffles  to  all  propellant  line  inlets.  During  orbital  coast  a  quasi- 
equilibrium  condition  is  expected,  where  small  forces  are  important  and  muBt  be  con¬ 
sidered.  The  equilibrium  liquid-vapor  interfaces  are  essentially  flat.  Small  disturb¬ 
ances  are  expected  due  to  the  attitude  control  system  and  venting,  but  these  are  not 
believed  to  be  serious.  Prior  to  engine  restart  some  problems  are  anticipated  in  the 
removal  of  trapped  vapor  pockets  from  the  engine  feed  lines,  but  these  problems 
appear  to  be  solvable. 

I, 

It  is  not  possible  to  verify  completely  the  design  of  the  ullaging  and  venting  system  by 
analyses  or  model  testing.  Therefore,  a  full-scale  orbital  experiment  will  be  flown 
using  a  Saturn  IB  vehicle. 

It  is  hoped  that  this  paper  supplies  information  helpful  in  planning  further  low-g  fluid 
mechanics  research  programs.  Eventually,  it  must  become  possible  to  design  systems 
for  orbital  venting  and  propellant  settling  which  do  not  require  confirmation  by  full- 
scale  orbital  experiments. 
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Lt.  P.  Bovenkerk,  AFRPL,  Edwards  Air  Force  Base 

When  do  you  plan  to  conduct  the  experiment  on  the  Saturn  IB  launch  vehicle? 

Swaliey 

It  will  be  in  the  3rd  quarter-of  calendar  year  1966. 

Marvin  Adelberg,  Consultant 

Why  does  your  liquid  vapor  interface  rise  height  vary  with  orbit  time  in  Figure  8? 
Swaliey 

The  interface  rises  with  time  because  the  vapor  generation  exceeds  the  amount  of  vapor 
breaking  the  liquid  surface.  This  difference  decreases  with  time  and  the  curve  levels 
off. 

Lidia  Manaon,  Rocketdyne 

2 

Where  did  you  get  the  200  Btu/hr/ft  for  nucleate  boiling?  All  the  liquids  which  I  have 
found  start  boiling  at  250  Btu/hr/ft2. 

Swaliey 

The  only  reference  on  the  initiation  of  nucleate  boiling  is  the  General  Dynamics  work 
which  showed  250  Btu/hr/ft  ,  but  this  was  a  drop  tower  test.  To  be  conservative  we 
assumed  that  boiling  would  begin  at  our  heat  flux  level  of  200  Btu/hr/ft  . 

Gene  Zara.  Wright  Patterson  Air  Force  Base 

Do  you  assume  that  all  heat  transfer  to  the  wall  is  utilized  for  vapor  generation? 

i 

Swaliey 

Yes.  This  was  another  conservative  assumption  as  far  as  liquid  vapor  interface  rise 
was  concernod. 
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AN  EXPERIMENTAL  INVESTIGATION  OF  THE  DYNAMIC 
BEHAVIOR  Of  THE  LIQUID-VAPOR  INTERFACE  UNDER 
ADVERSE  LOW-GRAVITATIONAL  CONDITIONS 


By  William  1.  Masica  and  lack  A.  Salzman 
NATIONAL  AERONAUTICS  ANO  SPACE  ADMINISTRATION 
LEWIS  RESEARCN  CENTER 


ABSTRACT 

The  NASA  Lewis  Research  Center  has  conducted  an  experimental  investigation  of  the 
dynamic  behavior  of  the  liquid-vapor  interface  in  response  to  an  adverse  constant 
translational  acceleration,  positively  directed  from  the  vapor  to  liquid  phase.  The 
results  of  the  investigation  are  divided  into  three  phases:  The  stability  characteristics 
of  the  interface,  the  quantitative  description  of  the  motion  of  the  interface,  and  the 
m'-ohanlsm  of  reorientation  or  collection  of  liquids. 

The  discussion  of  the  stability  characteristics  of  the  interface  is  limited  to  a  brief 
summary  of  the  methods  used  to  acquire  the  data  and  the  results  indicating  the  validity 
of  the  Bond  number  criterion  as  the  scaling  parameter  in  an  Induced  low  gravity 
environment.  In  particular  the  critical  Bond  number  delineating  the  stable  and  un- 
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stable  regions  of  the  Interface  has  been  verified  to  be  0.84  for  solid-liquid-vapor 
systems  possessing  zero-degree  cuulact  angles,  and  is  independent  of  the  applied 
acceleration  field. 


The  motion  of  the  liquid-vapor  interface  in  cylindrical  containers  is  correlated  with 
the  applied  acceleration  and  certain  system  parameters.  The  profile  of  the  interface 
following  its  disruption  by  an  adverse  axial  acceleration  larger  than  critical,  has  been 
noted  to  assume  the  form  predicted  by  the  inviscid  potential  theory  of  G.  1.  Taylor. 

The  rate  at  which  the  vapor  phase  penetrates  the  liquid  phase  can  be  obtained  from  the 
following  derived  empirical  relation: 

VQ  -  0.48  <aR)  1/2  ^1  -  [^]  B°/4,7^  (  Bo>  ! 

where  Vq  is  the  vapor  penetration  rate, 

a  the  imposed  acceleration, 

R  the  cylinder’s  radius,  ‘ 

and  Bo  the  Bond  number. 


The  leading  edge  of  the  interface  was  found  to  accelerate  over  distances  comparable 
to  fineness  ratios  of  two,  the  magnitude  of  which  can  be  estimated  by 


a 


L 


3.8  Vo2 
R 


where 


is  the  acceleration  of  the  leading  edge,  and 
is  the  calculated  vapor  penetration  rate. 


The  mechanism  of  the  reorientation  or  collection  mode  in  Centaur/Saturn  geometrical 
models  has  been  investigated  in  low  acceleration  environments.  The  worst  condition 
of  propellant  location  is  assumed  in  the  experiments,  i.e.  ,  the  liquid  located  at  the 
vent  portion  of  the  tank  model.  Following  a  period  of  weightlessness  to  allow  the 
interface  to  approach  its  zero-gravity  configuration,  an  acceleration  is  imposed  on 


the  system  to  relocate  the  liquid  at  the  desired  pump  Inlet  portion  of  the  models. 

While  Information  to  date  on  the  mode  of  collection  has  been  largely  qualitative, 
significant  results  have  been  obtained.  Despite  the  existence  of  a  prominent  "geyser" 
when  the  leading  edge  impinges  on  the  bottom  of  the  tankage ,  it  has  been  noted  that  a 
large  portion  of  the  liquid  is  being  collected.  Methods  for  alleviating  the  recirculation 
problem  in  collection  have  been  investigated  and  the  results  are  presented  In  the  paper. 


NOMENCLATURE 

2 

system  acceleration,  cm/sec 

2 

interface  leading  edge  acceleration,  cm/sec 
Bond  number 
cylinder  radius,  cm 

instantaneous  velocity  of  leading  edge,  cm/sec 
rate  of  vapor  penetration,  cm/sec 

3 

liquid  density,  gm/cm 
su  r  f ac  ejena  iqn  r-dy  ne  s /c  m 


AN  EXPERIMENTAL  INVESTIGATION  OF  THE  DYNAMIC  BEHAVIOR  OF  THE 
LIQUID- VAPOR  INTERFACE  UNDER  ADVERSE 
LOW-GRAVITATIONAL  CONDITIONS 


1  INTRODUCTION 

l, 

The  demand  for  op* i mum  solutions  to  the  problems  associated  with  space-vehicle 
propellant  systems  has  generated  considerable  interest  In  tho  field  of  liquid-vapov 
interface  dynamics.  However,  while  the  attention  given  to  the  subject  of  propellant 
behavior  during-the  powered  phase  of  the  flight  has  reached  voluminous  proportions, 
only  recently  has  serious  discussion  considered  the  gross  motion  of  the  propellant 
under  conditions  of  low  gravity-induced  environments.  The  control  and  stability  of 
the  flight  of  the  vehicle  are  indeed  dependent  on  a  knowledge  of  the  former  aspects  of 
propellant  behavior,  but  the  further  requirements  of  reliable  restart  capabilities  and 
adequate  venting  characteristics,  following  durations  of  weightlessness  encountered 
in  coast' ng  flight,  have  made  the  latter  as|>cct  of  low  gravPv-induced  hydrodynamics 
equal  in  significance. 

The  NASA  Lewis  Research  Center  is  currently  conducting  experimental  investigations 
of  the  fc  ihavlor  of  the  liquid-vapor  interface  under  the  influence  of  low  acceleration 
cnvironmgflUv-JThe  purpose  of  this  paper  is  to  present  the  results  of  several  phases 
of  these  investigations.  Particularly  discussed  ire  the  stability  characteristics  of 
the  interface,  the  quantitative  description  of  thj  motion  of  the  interface,  and  the 
mechanism  of  reorientation  or  collection  in  rc^oonie  to  adverse  constant  translational 
accelerations. 

2  FACILITY 

To  provide  the  proper  environment  for  the  creation  of  the  low-gravity  fields  with  the 
liquid-vapor  interface  approaching  its  quiescent  iiero-gravity  configuration,  the 
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investigations  were  conducted  in  a  2.  a-sccond  drop-towor  facility.  The  low  accelera¬ 
tions  were  imposed  on  the  experiment  by  means  of  a  fast-response  gaseous  thrust 
system  calibrated  on  the  ground  by  a  combined  load-cell,  r.tr-bearing  stand.  The 
center  of  mass  of  tho  experiment package  was  located  along  the  thrust  axis,  and  the 
experiments  were  carefully  aligned  so  that  the  adverse  low  acceleration  was  parallel 

to  the  longitudinal  axis  of  the  container  and  was  directed  normally  from  the  vapor  to 

-5 

the  liquid  phase.  Air  drag  on  the  experiment  package  is  kept  below  10  g  by  allowing 
the  package  to  fall  inside  a  protective  drag  shield,  designed  with  a  high  welght-to- 
frontal-area  ratio  and  low  drag  coefficient,  and  modified  by  the  use  of  interchangeable 
spacers  to  accommodate  the  added  relative  displacement  of  the  accelerated  package. 
Figure  1  shows  a  schematic  of  the  drag  shield  and  experiment  package  assembly  and 
the  sequence  of  the  test  drop. 

The  magnitudes  of  the  low  accelerations  in  those  programs  ranged  from  approximately 
0. 1  to  0.01  g  and  could  be  determined  by  the  ground  calibration  technique  to  within 
4  percent;  This  value  could  be  substantiated  during  the  test  by  observing  the  net 
accelerated  time  in  the  known  available  distance  in  the  drag  shield.  Limits  to  the 
attainable  acceleration  levels  were  imposed  by  practical  drag-shield  spacer  additions 
and  reasonable  acceleration  time  in  which  to  observe  data.  Further  limitations  on 
tho  maximum  tadial  dimension  of  the  experiment  geometry,  due  not  to  absolute  size 
but  to  zero-gravity  formation  periods  (an  effect  discussed  later),  restricted  attainable 
Bond  numbers  to  less  than  100. 

The  liquids  employed  in  the  investigation  were  analytic  reagent  grade  and  were  re¬ 
stricted  to  zero-degree  contact  angles  on  the  containment  surfaces.  To  ensure  perfect 
wetting,  elaborate  cleaning  procedures  were  adopted,  and  contamination  of  the  liquids 
and  solid  surfaces  was  carefully  avoided.  A  more  detailed  discussion  of  operating 
procedure  is  given  in  Ref,  1. 
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(a)  Posit  lor  prior  to  test  drop. 
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acceleration  field'. 


(W  Free  fall  (formation  of  zero-gravity 
configuration). 
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(d)  Position  after  test  drop. 


Fig.  1  Sequent iol  Position*  of  Experiment  Pockoge  end  Drog 
Shield  Before,  During,  and  After  Test  Drop 


3  CRITICAL  BOND  NUMBER  AND  STABILITY  OF  INTERFACE 

Formulation  of  the  dimensionless  Bond  number  grouping,  consisting  essentially  of  the 
ratio  of  acceleration  to  capillary  forces,  has  led  to  the  successful  correlation  of  the 
magnitude  of  acceleration  required  to  disrupt  the  established  liquid-vapor  interface 
configuration  (Refs.  1  to  3).  The  retentive  property  of  the  capillary  forces  prov'des 
a  region  of  stability  in  which  the  liquid-vapor  interface,  though  deformed,  remains 
static  under  the  influence  of  adverse  gravitational  or  acceleration-induced  forces. 

The  subject  has  attracted  the  academic  interest  of  many  investigators,  but  despite  its 
apparent  popularity,  detailed  studies  of  the  phenomenon  have  been  lacking.  With  per¬ 
haps  two  exceptions  (Refs.  4  and  5),  only  recently  have  the  additional  variables  of 
edge  effects,  contact  angles  and  hysteresis,  geometries  other  than  cylindrical,  and 
conclusive  experi mental  verification  of  the  fundamental  concepts  been  considered. 

The  critical  Bond  number-delineating  the  stable  and  unstable  regions  of  the  interface 
in  cylinders  was  shown  to  be  independent  of  tne  applied  acceleration  field  and  was 
verified  to  be  0. 34  for  solld-llquid-vapor  systems  possessing  7.ero-degree  contact 
angles  exhibiting  no  hysteresis  ( Ref.  1 ): 


Bo  ..  *  0.84  =  £^*3— 
crit  a 


where  the  density  of  the  vapor  phase  has  been  neglected. 

Experimental  evidence  supporting  the  validity  of  these  conclusions  is  shown  in  Fig.  2, 
where  correlation  of  data  obtained  both  in  normal  gravity  and  low  acceleration-induced 
environments  has  been  made  with  the  graph  of  Eq.  ( 1 ).  The  procedure  used  in 
obtaining  the  data  resulted  in  a  range  of  cylinder  radii  in  which  stability  (no  motion 
of  the  interface)  or  instability  was  observed  for  each  combination  of  liquid  and  accel¬ 
eration  field.  As  such,  the  critical  radius  was  bracketed,  with  the  net  deviation  being 
as  small  as  the  physical  observation  of  the  disruption  or  str.bfllty  of  the  Interface 
would  permit. 
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Stable 


Ratio  of  specific  surfxe  tension  to  acceleration,  <j/p a,  cm1 


The  fact  that  the  critical  Bond  number  of  0. 84  is  Independent  of  the  acceleration  field 
(the  other  parameters  must  of  course  change  to  keep  the  relation  constant)  is  not 
really  astonishing  in  view  of  die  nature  of  the  surface-tension  stabilizing  parameter. 
However,  such  statements  areffor  rather  obvious  reasons),  made  only  after  verifica¬ 
tion.  The  fact  is  significant  from  two  viewpoints.  First,  the  scaling  of  Eq.  (1)  to 
actual  spacecraft  tank  dimensions  can  now  be  made  with  certitude.  Second,  the  Bond 
number  itself  gains  stature  as  the  proper  descriptive  Indication  of  environmental 
condition.  It  is  in  this  latter  regard  that  the  phrase  "low -acceleration”  environment 
must  be  used  with  reservation. 

4  ADVERSE  BOND  NUMBERS  GREATER  THAN  CRITICAL:  MOTION  OF  THE 
INTERFACE 

It  can  be  seen  from  Eq.  ( 1 )  that  the  acceleration  required  to  disrupt  the  interface  In 
realistic  spacecraft  tanks  is  quite  small;  however,  spacecraft  will  be  subjected  to  a 
number  of  disturbances  of  magnitude  most  likely  to  exceed  the  critical  level  of  allowed 
acceleration.  Various  schemes,  both  active  and  passive,  have  been  proposed  to  locate 
the  interface  in  the  presence-of  these  perturbations.  One  popular  example  of  active 
locating  methods  is  the  proposed  use  of  small  auxiliary  thrustors,  to  maintain  the 
proper  orientation  of  the  propellant  by  inducing  a  low  body  force  environment.  Ihe 
efficiency  of  the  auxiliary  thrust  method  is  dependent  on  the  ratio  of  induced  Bond 
number  to  the  Bond  number  resulting  from  the  extraneous  disturbances;  an  optimum 
solution  would  demand  that  the  auxiliary  thrustors  should  never  lose  control  of  the 
Interface.  But  for  missions  requiring  long-term  coast  durations ,  the  continual  use 
of  these  thrustors  may  cause  excessive  weight  penalties,  thus  their  operation  may 
have  to  be  reduced  to  inter  mlttont  durations.  Reliable  restart  can  be  ensured  by  a 
combination  of  collection-thrust  and  pump-inlet  baffling;  efficient  venting  character¬ 
istics,  however,  appear  to  be  solely  dependent  on  the  performance  of  these  ullage 
control  thrustors  to  reposition  or  collect  the  propellant  following  interface  disruption. 
“Ihe  dynamic  behavior  of  the  Interface  during  this  collection  mode  is  of  immediate 
interest. 


The  mode  of  liquid  flow  following  the  disruption  of  the  interface  in  a  low  acceleration 
field  has  been  noted  in  the  critical  Bond  number  studies  and  was  observed  to  be  similar 
to  the  gravitational  motion  of  large  (>  one  diameter)  bubbles  in  closed  vertical  tubes. 
An  extensive  program  conducted  under  normal-gravity  conditions  extended  the  existing 
correlation  of  bubhle  rise  velocity  through  a  carefully  documented  region  of  Bond 
numbers  ranging  from  3.49  to  1,870.  The  rate  of  penetration  of  the  vapor  phase  into 
the  liquid  phase  for  low-viscosity  Puids  was  found  to  be  described  bv  the  empirically 
derived  equation 


For  Bond  numbers  greater  than  IS-.  Eq.  (2)  reduces  to 

Vo  (0. 4H)(aK),/2  (3) 

or  the  form  predicted  by  the  inviscid  potential  theory*  of  G.  I.  Taylor  (Bcf.  6),  The 
NASA  experimental  data  for  large  Bond  numbers  at  one  g  and  intermediate  Bond  num¬ 
bers  at  low  gravity  arc  presented  in  Fig.  3  with  the  curve  of  Eq.  (2).  Other  published 
data  is  also  shown,  and  the  agree  ment  with  the  empirical  equation  is  seen  to  be  excel¬ 
lent,  Including  Bond  numbers  approaching  one. 

Extension  cf  the  investigation  to  low  gravity- induced  environments  verified  the  validity 

of  the  above  results  in  terms  of  a  correct  scaling  relation.  The  low-acceleration  data 

in  Fig.  3  arc  satisfactorily  correlate!  by  Eq.  (2).  A  photograph  showing  the  profile 

o\ 

of  the  interface  under  an  imposed  acceleration  of  36.  3  cm/sec  \  is  shown  in  Fig.  4(a) 
and  is  typical  of  the  observed  symmetry  of  the  vapor  penetration  when  adequate  zero- 
gravity  formation  time  and  propei  thrust  alignment  were  provided.  The  observed 
symmetry  of  the  profile,  especially  the  progression  of  the  leading  edge,  was  extremely 
sensitive  to  small  misalignments  in  acceleration  direction. 


F'9'  “  ln,,rf,,“  f’°'"'  -  «»n-  *»«««  on, 
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It  is  to  be  noted  that  the  time  allowed  for  the  formation  of  the  zero-gravity  interface 
configuration  was  generally  not  sufficient  to  ensure  completely  quiescent  conditions 
before  initiation  of  the  imposed  acceleration.  This  fact  is  not  to  be  minimized  because 
the  formation  period  represents  an  initial  perturbation  to  the  mode  of  liquid  flew,  and 
a  transition  region  necessarily  occurs  prior  to  steady-state  regular  flow.  The  mode 
shape  excited  by  the  sudden  transition  from  onc-g  to  zero-g  resembles  a  "hump” 
centered  along  the  major  axis  of  the  cylinder.  If  sufficient  time  is  not  allowed  for 
adequate  decay  of  this  formation  mode,  subsequent  vapor  penetration  rates  will  be 
severely  affected.  In  fact,  if  the  formation  time  is  "properly  chosen,"  the  imposed 
acceleration  will  cause  the  formation  mode  to  grow  exponentially  in  t|bnc  In  the  form 
of  the  classic  Taylor  Instability.  The  competition  between  formation!  transition,  and 
regular  flow  time  in  the  present  2.  3-sec  drop-tower  facility  restricted  the  radii  of  the 
cylinders  to  a  maximum  of  4.  5  cm. 

As  a  result  of  t.nese  investigations,  it  is  now  possible  to  predict  the  vapor  penetration 

or  ullage  velocity  under  an  imposed  collection  acceleration  in  spacecraft  propellant 

tanks.  For  tank  radii  of  the  order  of  150  cm  (5  ft),  a  typically  imposed  collection 
_2 

acceleration  of  10  g  will  result  in  an  ullage  velocity  of  sltghtly  greater  than  18cm/soc 
However,  one  should  not  estimate  the  total  time  required  to  reorient  the  propells-* 

(e.  g. ,  from  the  vent  portion  of  the  tank)  nolely  from  the  above  results  because  the 
situation  presented  is  quite  ideal.  The  ullage  velocity  correlation  given  by  Eq.  (2)  has 
been  obtained  in  unbaffled,  flat-bottomed,  irvlindrical  geometries.  Internal  tank  hard¬ 
ware  could  alter  the  regular  symmetric  stage  of  propellant  flow,  and  the  effect  of  tank 
extremities  may  reduce  the  velocity  magnitjde.  The  latter  aspect  is  somewhat  doubtful 
because  no  observable  effect  on  the  ullage  velocity  due  to  the  flat  bottom  of  right  cir¬ 
cular  cylinders  has  been  noted  in  the  low  acceleration  studies.  The  net  adverse  effect 
of  these  two  aspects  would  be  a  reduction  in  ullage  velocity;  therefore,  Eq.  (2)  repre¬ 
sents  a  reasonable  estimate  of  the  ulkge  velocity  under  a  given  collection  acceleration 
even  when  the  geometry  is  less  than  ideal.  However,  time  estimates  for  complete 
collection  still  cannot  be  inferred  because  of  the  motion  of  the  leading  edge  of  the 
Interface. 
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jThf  Interface  leading  edge  velocity.  VL  In  Fig.  4(a),  unlike  the  ullage  velocity,  is 
’not  constant.  The  result  is  consistent  with  lnviscid  theory:  If  the  profiles  of  the 
|  interface  and  ullage  velocity  in  response  to  both  ir.ertlal  and  gravitational  body  force 
^accelerations  are  identical,  Ihecontinuity  equations  demand  that  the  bounded  leading 
jedge  accelerate  -  a  necessary  converse  of  Taylor's  argument.  An  analysis  of  the 
;  leading  edge  displacement  characteristics  led  to  the  following  equation: 


3.8 


Bo  >  1.7 


Where  aL  Is  the  magnitude  of  the  leading  edge  acceleration  and  VQ  is  the  ullage 
Velocity  given  b>  Eq.  (2).  The  empirical  correlation  of  the  above  equation  was  based 
on  the  actual  ullage  velocity  as  observed  In  each  test  and  is  accurate  to  within  10 
percent,  the  accuracy  Increasing  with  Increasing  Bond  numbers.  For  Bond  numbers 

greater  than  12 

{ 

f 

|  aL  "  0.  87  a  (5) 

J 

Which  Indicates  a  slight  departure  from  the  ideal  free-fall  condition  at  the  walL  The 
leading  edge  displacement  is  undoubtedly  viscosity-dependent,  but  for  low-viscosity 
fluids  of  the  order  of  one  centipoise,  and  available  accelerating  distances  comparable 
to  cylinder  fineness  ratios  of  two.  the  above  relations  are  valid  within  ths  jtated 
accuracy. 

I 

5 

6  PROIELLANT  COLLECTION  BY  LOW  ACCELERATION-INDUCED  FORCES 


The  significance  of  the  leading  edge  displacement  is  that  the  instantaneous  leading  edge 
velocity  may  be  quite  large  when  the  liquid  eventually  converges  at  the  tank  bottom. 

The  resultant  momentum  could  then  cause  the  propellant  to  rebound  or  geyser  back  to 
the  top  of  the  tank,  and  the  attempt  et  collection  would  merely  result  in  circulating  the 
propellant.  The  presence  of  a  promint nt  geyoer  In  flat-bottomed,  convex -bottomed 
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(Apollo),  and  concave -bottom  (Centaur  and  Saturn)  geometries,  and  the  subsequent 
recirculation,  were  determined  quite  early  In  Ihe  drop-tower  Investigations.  It  Is  the 
presence  of  this  geyser  that  currently  makes  total-time  estimates  of  collection  literally 
estimates.  ^ 

The  geyserlng  phenomenon  in  the  Bond  number  region  from  10  to  60  was  quite  ordered 
and  repeatable  with  surprisingly  little  turbulence.  Although  direct  measurements  of 
the  geyser  were  impa^-jd  both  by  refraction  and  capillary  waves  in  the  liquid  film  along 
the  tank  wall,  some  geometric  observations  were  evident.  The  geyser  is  basically  a 
continuous  llcuid  column  with  a  width  of  between  1/4  and  1/2  of  the  tank  diameter. 

Other  than  r.l  its  initial  formation,  the  geycer  maintains  its  sile  relative  to  the  tank, 
exhibiting  only  slight  wave  motion  due  undoubtedly  to  Rayleigh  instability,  ivtpreserta- 
thre  photographs  of  the  geyser  in  a  Centaur  geometry  model  are  shown  in  Fig.  4(b).  In 
all  Instances,  the  geyser  was  observed  to  move  at  a  constant  velocity,  the  magnitude 
being  approximately  twice  the  Instantaneous  leading  edge  vtlocity  calculated  at  tank 
bottom  impingement.  Further  data  is  needed,  however,  to  Lrmly  establish  this  cor¬ 
relation.  Once  the  geyser  reached  the  top  of  the  model  geometry,  the  liquid  was 
recirculated. 

Despite  the  geysering  formation  and  recirculation,  liquid  docs  accumulate  at  the  bottom 
of  the  tank.  Actual  ratios  of  liquid  accumulation  to  geyser  volume  per  unit  time  were 
estimated,  for  example,  in  the  Centaur  models  to  be  as  high  as  1:3.  The  relation, 
however,  describing  the  accumulation  rate  Is  not  apparent  and  sufficient  test  time  Is 
not  presently  available  to  obtain  total  accumulation. 

Obviously,  the  requirements  of  efficient  venting  are  not  compatible  with  severity  of 
Ihe  geyser  in  the  basic  collection  mode.  The  reliance  on  viscous  damping  to  end  the 
- — ■""recifculatlon  more  would  make  collection  time  excessively  long.  Methods  for  eliminat¬ 
ing  or  at  least  alleviating  'J\e  geysering  problem  consist  simply  of  changing  tee  direc¬ 
tion  of  flow  momentum  atd  dissipating  the  kinetic  energy  due  to  the  leading  edge  flow. 
Although  the  latter  results  In  considerable  turbulence  and  small  bubble  formation,  it 
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appears  to  Ik.  the  otJy  feasible  solution.  Deliberate  colic-  Ion  acceleration  misalign¬ 
ment  e-id  suitable  tank  baffles  were  investigated  ac  a  means  of  impeding  and  redirecting 
the  geyser  flow.  While  the  former  method  may  not  be  too  practical,  it  does  merit 
attention  because  of  its  simplicity.  For  example,  a  15  deg  thrust  misalignment  with 
the  major  axis  of  the  geometry  muses  a  large  angle  1c  the  progression  of  the  leading 
edge.  When  the  leading  edge jiawve rges'at  the  tank  bottom,  the  results  geyser  la 
directed  toward  the Wall,  and  the  ensuing  agitation  causes  a  considerable  increase  in 
total  liquid  accumulation  over  symmetrical  collection  for  Identical  time  Intervals.  The 
geyser,  however,  was  noted  to  re-form  parallel  *o  the  collection  acceleration  river 
liquid  had  been  accumulated;  the  applicability  is  only  for  small  residual  percentages  of 
propellant.  Varieties  of  baffles  in  the  forms  of  plates,  rings,  and  shells  were  also 
tried,  to  completely  eliminate  the  geyser! ng  problem  and  to  obtain  total  liquid  collec¬ 
tion.  In  general  it  was  discovered  that  the  approach  was  In  part  feasible,  and  that  any 
baffling  scheme  which  would  impede  and  redirect  the  geyser  flow  direction  to  the  tank 
walls  or  back  to  the  tank  bottom  would  cause  a  substantial  increase  in  collected  liquid. 
Once  these  baffles  were  covered  with 
accumulated  liquid,  however,  their  effec¬ 
tiveness  was  completely  lost,  and  the  gey¬ 
ser  reappeared  almost  immediately.  For 
example,  a  ring-type  baffle,  placed  around 
the  Inverted  hemispherical  bottom  of  a 

Centaur  model,  diverted  the  leading  edgo  kk<)M  mUMhe»s«n»r<wi*«flcs»i«o 

and  caused  a  reservoir  of  liquid  to  accumu¬ 
late  with  no  apparent  geyser.  Shortly  after 
the  collected  liruld  had  covered  the  ring, 
however,  gey  serins  appeared  with  little, 
if  any,  reduction  in  severity. 

Another  baffling  technique,  which  has 
proven  thus  far  to  be  the  moat  successful , 


relies  on  distinct  liquid  levels  and  on  an 
estimate  of  the  residual  propellant  to  be 
collected.  The  method  Is  shown  In  Fig.  5. 


tVttl  anSfurtOai  tttrlrtf  aflteSm  Mb 

Fig,  5  Collection  in  Baffled  Cenfjur  lank 
Geometry 
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Before  collection  is  attempted,  the  liquid  level  is  above  the  angled  ring  baffle.  The 
collection  acceleration  causen  a  typical  geysering  formation,  but  once  the  liquid  level 
drops  below  the  baffle,  the  leading  edge  la  diverted  toward  the  center  of  the  tank. 

The  geyser  flow  and  he  newly  directed  leading  edge  flow  Impinge  on  each  other,  which 
results  In  considerable  turbulence  and  bubble  formation.  The  turbulence,  however, 
is  an  effective  dissipation  factor  and  the  numerous  small  bubbles  settle  out  quite 
rapidly.  The  previously  stated  relations  describing  the  leading  edge  and  geyser 
velocities  were  entirely  adequate  in  determining  the  point  of  flow  impingement.  The 
photograph  in  Fig.  5  of  a  test  run  using  this  baffling  technique  shows  successful  com¬ 
plete  liquid  reorientation  despite  present  experimental  time  limitations. 

6  CONCLUSION 

In  summary,  it  may  be  stated  that  the  motion  of  the  liquid-vapor  interface  in  response 
to  low  acceleration-induced  forces  can  be  predicted;  however,  accurate  time  estimates 
of  complete  propellant  reorientation  or  collection  cannot  presently  be  made  because  of 
the  geyserlng  phenomena.  Baffling  techniques  designed  to  obtain  collection  can  be 
effective,  but  result  in  considerable  propellant  agitation  with  possible  concurrent 
spacecraft  control  problems. 
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DISCUSSION 


P,  B.  Abramson,  Atomics  International 

Is  the  heat  input  by  turbutence  sufficient  to  change  the  temperature  enough  to  cause 
cavitation  of  the  pump? 

! 


Masicn  j 

I 

Our  experimental  studies  In  this  area  were  necessarily  assumed  isothermal  and  the 
lack  of  qualitative  Information  regarding  the  dlsspatlve  process  prevents  s  specific 
answer  to  the  question.  Undoubtedly,  the  thermodynamics  associated  with  this  process 
could  create  problems.  The  increase  in  temperature  due  to  turbulence  will  cei-talnly 
change  the  net  positive  suction  head  and  whether  cavitation  occurs  will  depend  on  the 
original  margin  provided. 

\ 

Paul  ConcuB.  Lockheed  ^  ' 

On  your  first  films  in  which  you  showed  large  to  small  Bend  number  transitions,  what 
was  the  contact  angle  of  the  liquid  which  you  used? 

Masicn 

The  liquid  used  in  my  first  films  was  anhydrous  ethanol  and  the  containers  were  either 
glaas  or  lucite.  Static  contact  angle  measurements  of  these  liquid-solid  combinations 
have  shown  that  the  contact  angle  is  very  small,  approaching  zero  degrees. 
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INVISCID  FLUID  FLOW  IN  AN 
ACCELERATING  AXISYMMETRIC  CONTAINER 


By  P  Corcrs.  6.  E.  Crane.  irA  l.  M.  Peril 
LOCKHEED  MISSILES  t  SPACE  COMPANY 


ABSTRACT 

The  problem  of  fluid  motion  in  an  axisymmetrlc  container  due  to  a  time-varying  axial 
acceleration  arises  in  connection  with  the  study  of  the  dynamics  of  liquid  propellant  in 
a  rocket.  A  numerical  procedure  has  been  developed  for  computer  simulation  of  an 
axially  symmetric,  incompressible,  irrotational  flow  of  ar.  Inviscld  fluid.  The  method 
is  based  on  a  determination  of  the  velocity  potential  throughout  the  fluid  satisfying  the 
free-surface  boundary  condition,  to  determine  the  motion  of  individual  parties  on  the 
surface  via  the  kinematic  equation. 

The  work  to  date  includes  the  surface  tension  as  a  smoothing  term  in  the  computation. 
Some  difficulty  was  experienced  in  this  approach,  and  various  new  methods  for  treat¬ 
ing  the  surface  tension  through  Bernoulli's  equation  are  being  investigated.  For  example, 
instead  of  including  the  surface  tension  only  as  a  smoothing  term  in  Bernoulli's  equation, 
the  equation  itself  can  be  viewed  as  the  differential  equation  which,  with  the  boundary 
conditions,  defines  the  surface  shape.  Such  a  computation  should  enable  the  method 
to  maintain  a  constant  contact  angle,  and  should  increase  stability  of  the  method. 


Stability  is  also  being  viewed  from  a  numerical  standpoint  and  it  is  believed  that  a 
modified  ortbonormalization  routine  will  provide  improved  stability.  An  existing  numer¬ 
ical  program  based  on  a  Fourier  series  representation  for  the  velocity  potential  will  be 
used  in  conjunction  with  a  finite  difference  technique,  in  the  corner  formed  by  the  wall- 
liquid-air  interface,  to  lend  Insight  into  the  finite  difference  scheme.  It  is  hoped  then 
to  extend  the  finite  difference  scheme  over  the  entire  interior  in  order  to  treat  various 
tank  geometries  as  well  as  to  include  the  possibility  of  a  draining  tank. 

The  results  of  this  work  describe  the  fluid  motion  for  various  initial  shapes,  accelera¬ 
tions,  and  surface  tensions.  The  stable  problem  In  which  surface  oscillations  are 
obtained  establishes  a  contact  with  previous  analytical  work,  and  it  is  found  that  the 
period  of  oscillation  is  comparable  to  that  predicted  by  the  linear  theory  for  small 
oscillations.  The  present  object  of  concentration  is  the  unstable  problem  where  the 
liquid  runs  up  the  walls  of  the  container,  and  it  is  hoped  that  satisfactory  results  will 
also  be  obtained  in  this  case.  i 

i 

\ 

NOMENCLATURE 

Acceleration  of  gravity  at  earth's  surface 
Density  of  the  fluid 

Liquid-vapor  surface  tension  \ 

Initial  radius  of  the  intersection  of  the  free  surface  with  the 
tank  wall 

tr/f, r“gQ  ,  a  dimensionless  parameter 

Time-varying  axial  acceleration 

Average  height  of  liquid  (dimensionless) 

Angle  between  surface  outer  normal  and  vertical 

Contact  angle;  angle  between  the  solid  surface  and  the 
limiting  surface  tangent  at  the  wall 
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I NV  ISC  ID  FLUID  FLOW  IN  AN  ACCELERATING  AXISYMMETRlC  CONTAINER 


1  INTRODUCTION 

The  dynamics  of  liquid  propellants  in  rockets  introduced  the  problem  of  fluid  motion  in 
an  axisymmetrlc  container  due  to  a  time-varying  axial  acceleration.  The  motion  is 
approximated  by  the  axisymmetrlc,  incompressible,  irrotational  flow  of  an  lnvlscld 
fluid  in  an  accelerating  symmetrical  container.  The  main  points  involved  hi  making 
this  approximation  are  discussed  in  Ref.  1.  The  free  surface  boundary  value  problem 
describing  such  a  flow  is  analytically  Intractable;  however,  the  following  describes  a 
numerical  approximation  to  the  solution,  which  yields  promising  results.  In  this 
approximation  the  free  surface  is  determined  Sy  following  the  motion  of  individual  par¬ 
ticles  on  the  surface,  by  numerically  integrating  along  the  characteristics  of  the  kine¬ 
matic  boundary  condition.  Simultaneously,  the  velocity  potential  in  the  interior  of  the 
fluid,  which  satisfies  Laplace's  equation  with  the  boundary  condition  on  the  free  surface 
given  by  Bernoulli's  equation,  is  determined  by  finite  difference  methods  or  by  a  Fourier 
series  representation,  as  in  Ref.  2,  or  by  a  combination  of  the  two  methods. 

The  computing  Scheme  wherein  the  velocity  potential  is  represented  by  a  Fourier  series 
works  well  for  problems  in  which  the  fluid  remains  essentially  at  one  end  of  a  cylindri¬ 
cal  tank,  so  that  the  surface  undergoes  sustained  oscillations  (Fig.  3),  or  splashes  if 
the  surface  tension  is  too  small  to  support  oscillations.  However,  this  representation 
is  restricted  In  practice  to  Cat-bottomed  cylindrical  tanks.  Moreover,  various  difficul¬ 
ties  occur  with  problems  in  which  the  fluid  moves  to  the  opposite  end  of  the  tank.  The 
convergence  of  the  series  representing  the  velocity  potential  has  not  been  investigated 
In  detail;  it  is  suspect  at  points  which  lie  significantly  above  the  mean  height  of  the  fluid. 
To  overcome  these  difficulties,  as  well  as  to  allow  for  a  larger  class  of  tank  geometries 
and  for  the  possibility  of  draining  the  tank,  the  velocity  potential  above  a  certain  height, 
or  throughout  the  fluid,  is  represented  as  a  finite  difference  approximation  to  a  solution 
of  Laplace's  equation,  subject  to  the  free  surface  and  fixed  wall  boundary  conditions. 
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In  auuitlon,  certain  "smoothing"  devices  are  incorporated:  The  numerical  integration 
along  the  characteristics  uses  multi-step  methods  (Adams  with  variable  orders);  and 
Bernoulli's  equation  may  be  used  for  a  final  revision  of  the  corrected  shape.  A  descrip¬ 
tion  of  the  methods  and  a  discussion  of  some  details  of  the  solution  follow. 

2  DISCUSSION 

Let  V(r  ,  z  ,  t)  be  the  axially  symmetric  velocity  of  a  point  (r , 0  ,  z)  in  the  fluid  at 
time  t .  Because  the  flow  is  irrotational,  Vx  V  *  0  ,  and  a  velocity  potential 
f  (r,  z  ,  t)  exists  such  that  V  =  V<p  .  Because  the  flow  Is  incompressible,  the  poten¬ 
tial  satisfies  Laplace's  equation 

V2<r  =  «>+i<r+<?=  0  (1) 

rr  r  r  zz 

for  t  x  0  in  the  interior  of  the  fluid  (Fig.  1).  On  the  fixed  boundaries,  i.e. ,  the  walls 
of  the  tank  (and  the  axis  of  symmetry),  the  boundary  condition 


If-* 


holds,  where  n  is  the  outwardly  directed  normal.  The  free  surface  boundary  condi¬ 
tion,  Bernoulli's  equation,  follows  as  a  first  integral  of  Euler's  equation  (Ref.  3).  For 
points  on  the  free  surface,  z  =  f(r  ,  t),  Bernoulli's  equation  takes  the  form 


<p  *  (f  -  H)  -  -(W)2  +  — ^ — -  —  - A — y- 

t  1  *  0'  '  2{  ’  1  +  /Jr3r  ,  ,  '1/2 

(> +  i)  | 
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where  the  coordinates  are  normalized  by  dividing  distances  by  the  initial  radius  r 
of  the  intersection  of  the  tank  and  the  free  surface,  by  dividing  time  by 


and  Ijy  dividing  the  velocity  potential  by 


The  parameter 


2 

pr  g 
o  *o 


is  dimensionless;  it  is  equal  to  ar/B  ,  where  B  is  the  Bond  number.  The  symbols 
appearing  in  Eq.  (3)  and  the  normalization  constants  are  defined  in  the  list  of  nomen¬ 
clature  and  shown  t.i  rig.  1. 


Laplace's  equation,  Eq.  (1),  and  the  boundary  conditions  of  Eq.  (2)  remain  invariant 
under  this  normalization.  For  fixed  t  ,  Bernoulli's  equation,  Eq.  (3),  can  also  be 
viewed  as  a  second  order  differential  equation  for  the  shape  of  the  surface  f  ,  and 
(as  such)  requires  two  boundary  conditions.  From  symmetry  and  physical  considera¬ 
tions  (Ref.  4,  Sec.  145,  and  Ref.  5),  the  appropriate  boundary  conditions  are  that 
for  all  t 

f_  *  0  at  r  *  0,  and  f  *  cot  9  at  the  tank  wall,  (3!) 

r  TO 

where  •  is  the  constant  contact  angle. 


3-5 


-iref  ***  ’ 


The  remaining  equation,  which  together  with  Bernoulli's  equation  defines  the  motion 
of  the  free  surface,  follows  from  the  definition  of  the  velocity  vector  V  of  a  fluid 
particle  with  position  vector  s  ,  namely  V  *  ds/dt.  For  a  particle  on  the  free 
surface,  t  *  f(r  ,  t) ,  the  component  form  of  this  vector  equation  becomes 


dr/dt  =  <t> 


df/dt  =  <P 


when  the  relation  V  =  V<p  la  used. 


Because  the  total  derivative  df/dt  *  f  +  f  dr/dt,  Eq.  (4)  is  equivalent  to  the  usual 
kinematic  equation 


ft  =  *z 


on  7.  *■  f(r  ,t);  In  fact,  the  curves  r  =  r(t)  and  z  =  z  f t >  =  f(r(t),t)  satisfying 
fcq.  (4)  are  characteristic  curves  of  the  first  order  partial  differential  equation,  Eq, 
(4').  (Sec  Ref.  6.  p.  62).  _ 

4 

j 

jThe  initial  conditions  are 


f(r  .0)  =  fQ(r),  0  s  r  s  1. 

*(r,z,0)  =0,0srsi,0sisf  (r), 

o  l 


a  (0~ )  =  0 


t 

fchere  fQ  is  a  prescribed  function  satisfying  Fq .  (3').  Laplace’s  equation,  Eq.  (1), 
and  the  boundary  conditions  of  Eqs.  (2),  (3),  (3’),  and  (4),  and  the  initial  conditions  of 
Eq.  (5)  define  the  free  surface  boundary  value  problem  to  be  solved, 

This  formulation  emphasizes  the  elliptic  aspect  of  the  problem  and  presents  the  diffi- 
tulty  of  a  non-linear  boundary  condition  (of  parabolic  type)  on  the  free  surface.  An 
alternate  point  of  view  is  to  regard  Eqs.  (3)  and  (4)  as  ordinary  differential  equations 
tor  determining  r  ,  f  ,  and  <r  ,  which  are  coupled  through  the  velocity  potential  at 
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time  t .  This  approach  leads  to  determining  the  motion  of  the  free  surface  (the  primary 
practical  goal  of  the  problem)  by  following  Individual  points  on  the  surface.  The  com¬ 
putational  scheme  Is  basically  a  numerical  Integration  of  a  first  order  autonomous 
system  of  ordinary  differential  equations.  For  an  explicit  formulation  of  this  system 
for  a  cylindrical  tank,  with  a  Fourier  series  representation  of  the  potential,  see  Ref. 

2,  Eq.  ie. 

For  more  general  problems  with  the  potential  represented  by  a  finite  difference  approxi¬ 
mation  to  a  solution  of  Laplace's  ecuation  satisfying  the  free  surface  bouhdary  conditions 
finding  the  solution  reduces  to  Integrating  the  equation 


d  9 
dt 


-^<f-H)  +  j(V*)2  + 


1  +  P  r  9r 


rf_ 


(1  +  fp 


1/2 


obtained  from  Bernoulli's  equation,  Eq.  (3),  along  the  characteristics 
determined  by  Integrating 


~  ~i  df 

nnd  dT  = 


(6) 


The  tilde  Indicates  the  value  on  the  free  surface,  z  *  f(r ,  t);  <?r  and  are 
determined  by  an  approximate  solution  of  Laplace's  equation  with  the  boundary  con¬ 
ditions  of  Eq.  (2)  on  the  fixed  surfaces  and  the  •'cundary  condition  on  the  free  surface 
given  by 


9  -  5(t)  *  *(r(t),  f(r(t),  t))  I  (1) 

which  follows  from  Eq.  (6);  (see  also  Fig.  2a).  Approximation  to  the  solution  of 
Laplace's  equation  is  by  a  truncated  Foui  ier  series  or  by  a  finite  difference 
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representation  (Ref.  7)  or  by  a  combination  of  the  two.  The  system  of  Eq.  (6)  la 
Integrated  numerically  by  an  Adams  method  (Ref.  8)  of  variable  order,  using  one 
or  two  corrector  steps  as  lrdleated  in  Fig.  2a.  7'^te  that  each  corrector  step  Involves 
a  solution  of  Laplace's  equation  to  reevaluate  the  derivatives  2>r  and  „ 

Although  It  would  be  desirable  to  have  values  of  a  and  a  which  belong  to  the  rj 
and  f  used  In  the  predictor  step  (as  indicated  by  the  flow  chart  above  the  dashed  line 
in  Fig.  2a).  the  practical  expedient  Is  to  use  the  values  of  V>  and  2>  determined 
In  the  last  correction  of  the  preceding  time  step;  and  to  use  at  most  two  corrector 
iterations. 

Figure  2b  Indicates  an  alternate  second  corrector  step  In  which  the  effect  of  the  sur¬ 
face  tension  and  of  the  fixed  contact  angle  of  Eq.  (3‘)  is  more  strongly  built  into  the 
computation  by  regarding  Bernoulli’s  equation.  Eq.  (3).  as  an  ordinary  non-linear 
differential  equation  for  f(r,t)  ,  t  fixed, 

♦  -i <v*>2!  <®> 


rfr 

,■  ♦  ft  : 


with  the  Neumann  boundary  conditions  of  Eq.  (3').  To  obtain  an  improved  shape  from 
Eq.  (8),  new  information  must  be  Introduced  Into  the  right  side  to  make  Eq.  (8)  differ 
from  Eq.  (6).  As  a  consequence  of  Eq.  (4'). 


g  -  ft  cos  * 


<») 


holds  on  the  free  surface.  Thus  the  velocity  potential  <p  ,  for  t  fixed,  must  satisfy 
Laplace'in  equation  with  Neumann’s  boundary  conditions  of  Eqs.  (2)  and  (9). 


A  ■elution  ofv^if  ■  0 
with  9  -  $(t)  on  the  tree 
■uxfeee  (r,f)(t) 


Afc*). 


■  tv*.)} 


(r,f)(t+At) 


(r,f)(t) 


(I^Xt+At) 


%^t4At)  } 


g{t)  -  *t  ♦  (V?)2  |  by  (3) 

$ 


$(t+At) 


|  l  A  ■olution  of V  9  «  0 
9(t+At)  \  with  9  “  $(t+At)  on  the 
I  (  tree  Burf&ee  (r,f)(t+At) 


(r,f)(t+At) 


»  1  . 

g(t4At)  -  +  (V»)a  >  by  (3) 

I 

(p—  §(t) 


(r,f)(t4At) 


$(t*At) 


Fig.  2o  Diogrom  of  fl»e  Computation  Scheme 
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Fig.  2b  Alternative  to  the  Final  Corrector 

An  approximate  solution  tothis  Neumann  problem  (determined  by  expanding  around 
the  potential  obtained  at  the  last  corrector  step),  with  a  polynomial  Interpolation  for 
d$>/dt  ,  gives  new  values  for  the  right  side  of  Eq.  (8).  Now  the  surface  shape  can  be 
"smoothed"  by  applying  Newton's  method  to  linearize  the  left  side  of  Eq.  (8)  with  the 
shape  of  the  last  corrector  step  as  initial  approximation.  In  principle,  this  second 


alternative  could  be  used  as  the  corrector  step;  in  practice,  however,  it  is  useful  only 
as  a  final  smoothing  step,  because  of  the  difficulty  of  solving  problems  with  Neumann 
boundary  conditions. 

Tl.ere  is  a  singular  point  where  the  free  surface  intersects  the  tank  wall;  the  nature 
of  the  singularity  is  completely  determined  by  the  application  of  the  contact  angle 
boundary  condition  of  Eq.  (3*).  In  the  Fourier  series  approach,  this  boundary  con¬ 
dition  is  handled  in  an  approximate  way  by  including  it  in  the  evaluation  of  the  surface 
tension  term  in  Eq.  (6).  However,  when  the  Neumann  boundary  condition  of  Eq.  (9) 
is  used  on  the  free  surface  to  determine  0  .  the  subsequent  solution  of  Eq.  (8)  it  >n 
allows  the  contact  angle  condition  to  be  applied  in  a  more  accurate  manner  as  an  end 
point  condition  on  f  . 

JL  NUMERICAL  RESULTS 

At  this  time  the  only  numerical  results  available  are  those  obtained  by  using  the 
Fourier  series  solution  to  Laplace's  equation  as  given  in  Ref.  2.  This  procedure 
restricts  the  tank  geometry  to  that  of  a  flat-bottomed  cylindrical  container  and  involves 
the  aforementioned  difficulties  cf  computing  the  fluid  motion  in  the  case  where  the 
fluid  moves  to  the  opposite  end  of  the  tank.  However,  such  problems  serve  to  illus¬ 
trate  the  numerical  results  that  can  be  obtained  from  the  computational  scheme. 

Figures  3  through  6  are  piecewise  linear  plots  made  by  the  SC4020  plotter  directly 
from  the  computer  results.  Typically,  every  third  shape  computed  is  plotted. 

Figure  3  shows  the  effect  of  an  upward  acceleration  of  the  tank,  o  (t)  *  -  1  .  on  a 
fluid  initially  at  rest  with  a  spherical  initial  free  surface  shape  making  a  45  deg 
contact  angle  with  the  wall  and  a  surface  tension  parameter  0  equal  to  that  of  water 
in  an  0.  8-in.  diameter  cylinder.  The  surface  oscillates  (2. 5  complete  oscillations 
were  computed  in  12  min  of  7094  computer  time)  and  the  average  period  of  oscillation, 

T  =  0.485/7^  sec  (rQ  given  in  ft),  is  slightly  larger  than  the  period  obtained  analyt¬ 
ically  for  the  linearized  problem.  T  *■  0,434^  sec.  In  Fig.  4,  the  same  case  with 
zero  surface  tension.  0  *  0  ,  n  crown-shaped  splash  develops  at  the  center  before 
any  oscillation  takes  place. 
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Fig.  3  One  Cycle  of  the  Oscillating  Surface 
a(t)  =  -  1.0  ,  P  -  C.05  ,  H  =  2.0  ,  0o=  <5  deg 


Fig.  4  Development  of  a  Splosh  on  the  Surface 
o(t)  *  -  1.0  ,  P  =  0  ,  H  =  2.0  ,  ©o  «=  45  deg 
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Figure  5  shows  the  effect  of  a  downward  acceleration  of  the  \tenk.  o>  ( t)  =  +  1  ,  on  a 

^  \ 

fluid  with  the  Initial  configuration  described  above  and  a  surface  tension  parameter  0 
equal  to  that  of  water  in  a  2.  5-in.  diameter  cylinder.  As  would  be  expected,  the  liquid 
runs  up  the  walls  of  the  cylinder.  Computational  difficulties  were  encountered  after 
the  last  surface  shape  shown.  It  is  believed  that  these  difficulties  can  be  overcome  by 


Fig.  5  Fluid  Motion  With  »  (t)  =  1.0  ,  |3  =  0.005  ,  H  =  2.0  ,  and  0  =45  dea  *4 

o  * 
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Fig.  7  Development  of  the  Breaker*  in  Fig. 
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I 

DISCUSSION 


P.  O.  Bhuta.  TRW  Systems  Group 

I  have  a  comment  and  a  question.  The  comment  concerns  the  use  of  Fourtor  series 
representation  for  a  nonlinear  problem.  I  don't  see  any  mathematical  objection  whatso¬ 
ever  In  such  a  representation.  Dr.  Rarklnson's  thesis  at  UCLA  under  Professor  Miles 
dealt  with  the  problem  of  nonlinear  rotary  sloshing.  Therein  the  Fourier  series 
representation  was  used  and  the  analysis  was  verified  experimentally. 

If  I  understand  correctly  you  showed  some  trajectories  of  particles.  The  formulation 

- — tibat  you  have  Is  an  Eulerlan  formulation.  If  you're  going  to  switch  over  and  study 

motion  of  Individual  particles  you  have  to  switch  to  a  Lagranglan  formulation  and  I 
would  like  to  know  if  you  did  that  and  what  details  you  use? 

Perko 

Well,  the  motion  of  Individual  surface  particles  Is  determined  by  the  kinematic 
characteristic  equations.  (Eq.  4  and  4'  of  the  symposium  paper.  This  is  the  same 
method  as  that  used  by  Penny  and  Price  In  their  1952  Tnag.  of  Royal  Society  of  London 
paper,  pp.  274-276). 


1 

A 

4 


'it 


Bhuta 


Well,  there  I  would  like  to  discuss  this  point  further  with  you  but  It  seems  to  me  that 
nonlinear  terras  are  not  taken  Into  account  when  you  are  switching  from  the  Eulerlan 
"formulation  to  the  Lagranglan  formulation.  You  solve  the  problem  by  one  formulation 
or  another,  and  every  time  you  make  a  move  from  one  to  another  you've  got  to  take 
that  into  account. 

Paul  Concua,  LMSC 

We  have  taken  all  the  nonlinear  terms  into  consideration.  It  Is  really  a  mixed  Eulerian- 
Lagrangian  formulation  in  a  sense.  If  one  has  to  move  from  one  system  to  the  other 
some  care  must  be  exercised.  We  have  done  this. 
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FVancis  C.  W.  Fung.  Cornell  Aeronautical  Laboratory 

There  haa  been  aome  discussion  about  the  series  representation.  I  would  like  to  know 
if  you  Investigated  the  convergence  of  that  series.  Also  in  your  graphs  the  contact 
angle  is  45  deg.  Does  your  numerical  scheme  work  for  zero  contact  angle  liquids? 

Pierko 

i 

The  convergence  of  the  series  has  been  looked  into  and  found  to  be  a  very  difficult 
'  problem.  Only  token  information  was  obtained  and  it  was  found  that  the  convergence 
|  was  more  rapid  for  points  below  the  average  liquid  height  as  you  can  see  from  the 
nature  of  the  series.  It  contains  hyperbolic  cosine  of  X  times  Z  and  so  as  Z  gets  large 
the  terms  get  large  and  even  though  the  coefficients  decrease  rapidly,  the  series  converges 
slowly.  This  is  why  for  above,  say.  the  average  height,  we  don't  know  whether  the  series 
converges  or  not.  That  is  one  reason  why  we're  resorting  to  finite  differencing  even  though 
though  it  will  take  longer. 

We  tried  some  zero  and  15  deg  contact  angles  but  it  was  found  that  the  series  representa¬ 
tion  did  not  work  well  in  these  cases.  It  did  not  work  at  all  ( in  the  reorientation  problem 
!  with  hemispherical  initial  shape)  for  zero  contact  angles,  worked  for  a  short  Interval  of 
;  time  for  15  deg  angles  and  worked  better  for  large  contact  angles  -  for  example  the  45  deg 
case  represented  here.  Again,  it  is  hoped  that  this  is  mainly  an  inherent  difficulty  in  the 
series  representation.  We  hope  that  the  finite  differencing  will  alleviate  this  difficulty 
also.  (Actually,  some  very  good  results  were  obtained  for  0  deg  contact  angle  with  a 
flit  initial  shape  with  a  meniscus  at  the  wall,  see  Fig.  6  of  Ref.  2.  This  again  points 
out  the  fact  that  the  series  representation  is  inherently  better  for  predicting  motion  which 
remains  in  the  region  where  the  series  converges  most  rapidly ). 

} 

David  Lomen.  Convair 

It  is  very  optimistic  on  your  part  to  hope  to  duplicate  or  predict  the  films  we  saw  before 
where  definitely  rotational  motion  is  involved.  1  also  r.lght  say  that  a  more  realistic 
ndn linear  approach  would  be  to  inolude  rotational  effects  in  the  treatment;  I  would  very 
milch  like  to  see  something  like  tills  done.  I  would  question  any  prediction  based  on 
this  model  as  to  the  rotational  motion  we  saw  in  the  previous  slides. 

“  I 


Perko 

Yes,  I  would  not  expect  this  to  apply  to  rotational  flow.  Again,  it  is  a  preliminary  study 
possibly  to  be  expanded  this  fall  if  the  support  is  available.  However,  It  is  tLe  case 
for  lnvlscid  flow  that  if  die  fluid  motion  is  initially  irrotatlonal,  it  will  remain  so. 


SOME  THERMAE  ASPECTS  OF  A  CONTAINED 
F'.OID  IN  A  REDUCED-GRAVITY  ENVIRONMENT 


By  S.  H  Schwartz  in<  M.  Milltrf' 
-  TlWGiTsfi MICMFT  COMPANY 


ABSTRACT 

In  this  paper  a  survey  of  the  various  factors  affecting  beat  transfer  to  a  liquid  in  a 
container  is  made  with  primary  emphasis  placed  on  their  relationship  to  the  problem 
of  the  prediction  of  the  pressure  buildup  in  cryogenic  propellant  tanks .  The  baaic 
modes  of  heat  transfer  are  first  reviewed  and  criteria  subsequently  developed  for 


determining  the  conditions  under  which  each  of  these  modes  will  exist.  The  various 
heat-transfer  modes  are  also  examined  in  terms  of  the  magnitudes  of  the  acting 
forces.  Critical  values  of  force  ratios,  above  which  one  force  dominates,  are 
developed.  The  prediction  of  the  conditions  under  which  the  inception  of  boiling 
will  occur  is  then  considered.  Estimates  are  presented  based  on  experimental  data. 
Utilizing  laminar  and  turbulent  flow  analyses ,  the  location  on  a  vertical  wall  where 
the  critical  temperature  is  reached  is  defined  as  a  function  of  the  beat  flux  and 
gravity  level.  A  more  precise  method  following  the  approach  of  B orgies  and  R oh* enow 

“Consultant. 
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is  also  presented.  Summary  plots  Indicating  the  heat-transfer  domains  are  included. 
Since  the  transient  time  period  for  the  sudden  heating  of  a  vertical  v'all  is  large  in  the 
tow-heat-flux  low-g  regime,  equations  are  presented  to  estimate  the  transient  periods 
for  non-boiling  turbulent  flow  and  for  boiling  flew.  Also,  other  factors  Involved  in 
the  analysis  of  practical  stratification  problems  are  considered,  including  the  critical 
wall  angle  where  instability  effects  result  and  the  point  where  conduction  Is  of  the  Bame 
magnitude  as  convection.  The  capabilities  and  limitations  of  a  few  of  the  existing  com¬ 
puter  programs  for  handling  stratification  are  reviewed.  Modifications  for  extending 
their  usefulness  are  discussed. 

I 
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\ 
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NOMENCLATURE 


English  Symbols 


A 

CP 

C^  through  C4 

g 

Gr 


V 

k 

L 

Me 

Mo 

M. 

M 

M_ 


M 


o.l 


Area 

Specific  heat  ’ 

Constants  used  in  boundary  layer  equations  \ 

Gravitational  constant 

Earth's  gravitational  constant 

Grashof  number 

Modified  Grashof  number 

Latent  heat  of  vaporization 

Thermal  conductivity  of  fluid 

Length 

Mass  that  has  flowed  into  boundary  layer  in  time  r# 
Mass  which  has  flowed  out  of  boundary  layer  in  time 
Steady -staVj  mass  in  boundary  layer 
Mass  flow  rate 

Mass  flow  rate  entering  sys'em 
Mass  flow  entering  at  r=0 


Mo 

^stored 

M 

@,s 

M 

0,8 

K 


Mass  flow  rate  leaving  system 
Rate  of  mass  stored 

Steady-state  mass  flow  rate  tmering  system 

Steady-state  mass  flow  rate  leaving  system 

Steady- state  mass  flow  rate  (M  =M  _  =  M  _) 

8  0,8  0,8 

Pressure 

Pressure  of  gas  In  bubble 
Pressure  of  liquid 
Prandtl  number  - 
Heat  flux  rate 

Peak  nucleate  boiling  heat  flux 
Heat  flux  rate  at  wall 
Laminar  wall  heat  flux  rate 
Turbulent  wall  heat  flux  rate 
Notch  radius 
Critical  notch  radius 
Gas  constant 
Rayleigh  number 
Modified  Rayleigh  number 
Bulk  temperature 
Temperature  of  gas 

Temperature  of  liquid  in  boundary  layer 
Saturation  temperature 
Wall  temperature 

Critical  wall  temperature  where  boiling  begins 
Temperature  difference ,  T-Tfe 
Temperature  difference  T  -T. 

W  D 

Temperature  difference  Tw*Tg 

Critical  temperature  difference  where  boiling  begins,  T  .  -T 

It  ,C  I 

Fictitious  boundary  layer  velocity 
Velocity 

Steady-state  velocity  in  boundary  layer 
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V-  Maximum  velrcity  in  boundary  layer 

“max 

Vb  Free  stream  velocity 

Velocity  outside  boundary  layer  of  comparable  forced  convection  flow 
Mean  velocity  in  boundary  layer 
Steady-state  mean  velocity  in  boundary  layer 
x  Distance  along  heated  wall 

xc  Critical  distance  along  wall  where  boiling  begins 

x  Mean  distance 

y  Distance  from  wall  in  direction  perpendicular  to  wall 


I 
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\ 

Thermal  diffusivity 

Coefficient  of  expansion 

Boundary  layer  thickness 

Critical  boundary  layer  thickness 

Steady-state  boundary  layer  thickness  at  x  =  L 

Steady-state  boundary  layer  thickness  averaged  over  a  length  L 

Steady-state  boundary  layer  thickness  at  any  station 

Dimensionless  gravity  constant 

Coefficient  of  viscosity 

Kinematic  viscosity 

Convective  Froude  number 

Boiling  Grashof  number 

Density 

Density  of  gas 

Density  of  liquid 

Density  of  vapor 

Surface  tension 

Time 

Reference  time,  system  time  constant 

Time  to  reach  steady-state  (technically,  it  is  that  time  which  is  large 
compared  with  r*  j 


SOME  THERMAL  ASPECTS  OF  A  CONTAINED  FLUID  IN  A 
REDUCED^GRAVITY  ENVIRONMENT 

i  INTRODUCTION 

| 

Pressure  and  thermal  stratification  in  a  propellant  tank  as  a  function  of  time  are  of 
ooncem  for  a  number  of  reasons.  Excess  pressures  require  venting  and  bring  on  the 
problems  associated  with  it,  such  as  phase  separation  and  non-thrust  venting.  On  the 
other  hand,  a  nominal  thrust  level  is  desirable  to  assure  that  the  propellant  is  maintained 
at  one  end  of  the  tank,  and  utilization  of  propellant  bolloff  is  a  logical  approach  to  achieve 
this  desired  thrust.  Minimum  NPSH  must  also  be  satisfied  for  starting  rocket  motors. 
The  prediction  of  tank  pressure  histories  and  thermal  stratification  requires  knowledge 
of  the  heat-transfer  process  or  processes  that  occur  at  the  tank  walls. 

i  ■ 

1 

In  this  paper,  a  survey  is  made  eHTnunSBer  of  factors  affecting  the  heat  transfer  to  a 
liquid  in  a  container.  To  place  these  various  factors  in  proper  perspective,  the  basic 
tnodes  of  heat  transfer  are  first  briefly  reviewed.  Then,  criteria  are  developed  for 
determining  the  conditions  under  which  each  of  these  modes  will  exist,  as  well  as  the 
tihie  it  will  take  to  reach  steady  state  for  each  mode.  An  approximate  guideline  for 
predicting  the  mode  of  heat  transfer  for  a  given  gravity  level -heat- flux  domain  is  pre¬ 
sented. 

Alter  establishing  the  regions  of  domain  of  the  various  modes  of  heat  transfer,  two 
particular  problem  areas  are  analyzed  in  some  detail  -  the  time  required  for  a  boundary 
layer  to  reach  steady  state  and  the  conditions  required  to  initiate  boiling.  These  two 
problems  are  given  lesser  but  proper  emphasis  in  a  1-g  environment.  The  problem  of 
the  time  required  to  reach  steady  state  is  one  example  of  that  class  of  problems  whose 
importance  is  magnified  by  a  reduced -gravity  environment. 

| 

2  ! ESTABLISHMENT  OF  DOMAINS  AND  DISCUSSION  OF  HEAT-TRANSFER  MODES 

l 

Establishment  of  the  domains  of  heat  transfer  requires  an  understanding  of  the  particular 
thermal  energy  mechanism.  La  this  section,  the  heat  transfer  modeu  will  be  considered 

| 

I 
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in  detail  sufficient  to  estimate  the  domains  where  each  mode  dominates.  The  discussion 
emphasizes  application  to  contained  cryogenic  fluids  in  a  reduced-g  environment.  One 
of  the  related  problems  is  stratification.  A  number  of  recent  efforts  have  been  reported 
predicting  stratification  effects  in  closed  containers  (Refs.  1  -1 5)  and  <>pen  containers 
(Refs.  16-18).  Furthermore,  in  Ref.  19,  criteria  are  presented  for  the  various  modes  of  j 
heat  transfer  that  will  occur  on  the  propellant  tank  wall  as  a  function  of  both  heat  flux 
and  gravity.  This  section  will  attempt  to  extend  such  criteria. 


The  determination  of  the  mechanism  of  heat  removal  will  depend  on  many  variables. 
Some  of  the  more  Important  ones  are: 

(1 )  Gravity  vector 

(2)  Magnitude  and  distribution  of  heat  flux 

(3)  Geometric  parameters,  such  as  baffles,  roughness,  and  distance  along  the 
wall 

(4)  Fluid  properties  (thermophysical  as  well  as  mechanical.  An  example  of  the 
latter  is  the  fluid  velocity  Imposed  by  tank  draining) 

(5)  Transient  effects  (boundary  layer  may  be  thin  initially) 


In  developing  the  criteria  for  determining  the  effect  of  the  above  variables  on  the  heat- 
transfer  phenomenon,  one  must  first  discuss  the  possible  mechanisms  that  may  occur. 
Thus,  either  individually  or  in  some  combination,  the  following  mechanisms  of  energy 
transport  may  result: 


(1 )  Conduction  \ , 

(2)  Viscous  flow  throughout  container  (low- velocity  flow) 

(3)  Laminar  or  turbulent  boundary  layer  (thin-boundary  layer) 

(4)  Stable  or  unstable  (horizontal  surface  facing  upwards)  convection  (laminar  or 
turbulent) 

(a)  Horizontal  surface  (gravity  vector  perpendicular  to  wall) 

(l>)  Inclined  surface  (Include  vertical  wall) 

•  critical  angle 

•  vertical  wall 
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(5)  Nucleate  boiling 

•  Horizontal  surface 
e  Inclined  surface 

(6)  Film  boiling 

•  Horizontal  surface 

•  Inclined  surface 


First,  the  domain  where  the  various 
mechanisms  account  for  the  heat  transfer 

I 

will  be  analyzed  to  determine  their  limits. 

For  example,  the  criterion  of  incipient 
boiling  will  be  established.  This  becomes 
Important  when  the  wall  temperature  exc- 

■i  .  .  Fla.  1  Diagram  of  Transient  and  Sfoady-Stofo 

ceeds  some  critical  value  and  boiling  be-  *  lUgUm* 

gins.  Another  critical  point  Is  reached 

when  the  heat  transfer  rate  is  sufficiently 

great  that  nucleate  boiling  or  Individual  bubbles  no  longer  exist  and  a  continuous  vapjr 
film  or  film  boiling  will  occur.  This  domain  and  Its  limits  will  also  be  established.  At 
the  other  extreme,  one  finds  that  a  third  criterion  exists  for  the  domain  where  conduction 

i 

is  an  important  mechanism  of  energy  transport  throughout  the  pnyellant  tank.  This 

i 

region,  as  might  be  expected,  will  occur  for  combinations  of  small  values  of  heat  flux 

I. 

and  very-low-gravity  fields. 

| 

The  distinction  must  also  be  made  between  steady  and  non-steady  boundary  layer  flow. 
Figure  1  Is  a  schematic  drawn  to  orient  the  reader  to  the  various  beat-transfer  regimes 
that  may  exist.  The  following  discussion  will  investigate  more  carefully  the  boundaries 
of  these  domains.  Since  the  time  to  reach  steady  flow  may  be  an  appreciable  fraction  of 
ihe  total  time  for  a  space  mission,  this  phase  will  be  discussed  first. 

I 

i 

2. 1  Non-Steady  Flow 


Analyses  of  times  required  to  reach  steady  state  have  been  found  In  die  literature  for 
the  laminar  case  only  (Refs.  20,  21,  and  22 ).  One  such  good  rtferenoe  Is  Siegel 
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(Ref.  20).  His  solution  was  obtained  from  the  momentum  and  energy  equations  which 
were  placed  integral  form.  Solutions  were  obtained  both  for  the  uniform  wall  temperature 
case  and  the  uniform  wall  heat  flux  case. 

The  solution  for  the  uniform  temperature  problem  in  terms  of  the  time  to  reach 
steady  state  is 


Tg  =  5.24(0.952  +  Pr  )1/2  (gp  ATwfl/2  x1/2 


a> 


which  for  liquid  hydrogen  reduce*  to 


Ts  =  "l*3S*1172  sec 

*  (OAT w)1/2 


(2) 


For  the  case  of  a  uniform  wall  heat  flux,  the  time  to  reach  steady  state  is  expressed 

as 


2/5/rfdqw\'2/5  p_-2/£ 

Ts  "  4.33  (1.68  +  Pr)2/S^— j 


2/5  x2/5 


(3) 


which  for  liquid  hydrogen  reduces  to 


/  \2/5 


(4) 


Transient  effects  are  treated  in  greater  detail  later. 
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2.2  Steady-State  Flow 

| 

The  problem  of  boundary  layer  flow  la  somewhat  reduced  In  difficulty  when  treating 
steady-state  problems.  The  natural  convection  boundary  layer  flow  ver  a  vertical 
wall  has  been  considered  for  both  laminar  and  turbulent  flow.  Sparrow  and  Gregg 
(Raf.  23)  have  solved  the  laminar  case  for  the  uniform  wall  heat  flux.  The  uniform 
wall  temperature  case  has  been  covered  extensively  as,  for  example,  in  Ref.  24. 

The  uniform  wall  temperature  problem  in  turbulent  flow  has  been  treated  by  Eckert  and 
Jackson  (Ref.  M).  Vllet  (Ref.  19)  and  others  have  attacked  the  turbulent  uniform  wall 
heat  Dux  case.  - ■ 

I 

The  Rayleigh  number  Is  the  dimensionless  parameter  used  to  predict  transition  from 
laminar  to  turbulent  flow  in  natural  convection  for  the  constant  wall  temperature  problem. 
When  the  heat  flux  is  uniform,  a  modified  Rayleigh  number  Is  used.  Both  are  defined 
below  along  with  their  respective  critical  values. 

]  (1)  Uniform  surface  temperature  (see  Ref.  29) 

i 

! 

j 

|  3 

g  0  AT  x  nc 


103  <  Ra  <  109  (laminar) 


10  <  Ra  (turbulent) 


Uniform  surface  heat  flux 


Ra  -  Or*  •  Pr 
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__  _  10*  <  Ra*  <  1011  (laminar) 

1011  <  lte*  (turbulent) 

The  lower  limit*  on  the  modified  Rayleigh  number  are  estimated  on  the  bases  of  the 
limits  for  die  unmodified  Rayleigh  number  and  the  fact  that  the  two  have  upper  limits  . 
which  differ  by  two  orders  of  magnitude.  The  same  lirrit  for  the  modified  Rayleigh  num¬ 
ber  laminar  flow  la  suggested  in  Ref.  19  but  the  basis  f:r  this  is  not  mentioned. 

3  5 

For  values  of  the  Rayleigh  number  below  10  (10  for  tin  modified  Rayleigh  number),  a 
gross  viscous  flow  regime  exists  where  the  boundary  In  zer  equations  are  no  longer  valid. 
For  very  small  values  of  tbe  Rayleigh  number  (Ra  «1),  the  limit  where  conduction  is 
the  primary  mode  of  heat  transfer  is  approached. 

However,  in  addition  to  the  critical  Rayleigh  number,  there  is  a  critical  wall  temperature 
above  which  non-boiling  flow  ceases  and  a  boiling  type  flow  begins.  This  conUtton  is 
discussed  below. 

2. 3  Inception  of  Bolling 

Inception  of  boiling  will  be  the  term  used  to  describe  the  condition  under  which  heat¬ 
generated  vapor  bubbles  Just  begin  to  grow  on  a  heated  wall.  This  condition  is  met 
when  the  fluid  near  the  wall  is  hot  enough  to  cause  evaporation  on  a  liquid-vapor  inter¬ 
face  which  in  this  case  is  the  surface  of  the  bubble  (Re'  27).  For  curved  interfaces, 
such  as  a  bubble,  this  evaporation  temperature  exceeds  the  boiling  point  of  the  liquid  in 
die  container.  Hence,  bubbles  can  only  grow  in  a  superheated  layer  of  liquid  which  la 
most  commonly  found  adjacent  to  heating  surfaces.  These  surfaces  must  also  be  super¬ 
heated  with  respect  to  the  boiling  point  of  the  liquid.  Since  the  surface  conditions  must 
be  known  in  order  to  predict  the  wall  temperature  where  boiling  first  begins  (this  is 
discussed  below),  experimental  data  are  needed.  This  data  combined  with  the  analytical 
equations  for  a  uniform  wall  heat  flux  will  predict  the  wall  location  where  the  temperature 
of  the  wall  is  sufficient  to  produce  vapor  bubbles.  \  y 
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Experimental  data  on  the  incipient  boiling  point  for  cryogenics,  such  as  liquid  hydrogen, 

are  limited  and  requires  much  interpretation  and  more  investigation.  Sherley  (Ref.  28), 

Craham  et  al.  (Ref.  29),  Class  (Ref.  30),  Weil  and  Lacare  (Refs.  31  and  32)  found 
1  \ 
Incipient  AT  *s  (T  -  T  )  from  1*  to  3*F.  However,  Drayer  and  Timmerhaua 

,W  t  C  W  a  C  B 

(Ref.  33)  apparently  found  a  much  lower  value  for  the  critical  AT  of  about  0. 1*F. 

w « c 

Data  are  presented  for  a  AT  (T  -  T  )  of  range  0. 06*  to  1. 17*  F  where  the 

W  (8  W  8 

boiling  was  of  the  nucleate  type.  Mulford  et  al.  (Ref.  34)  also  found  that  nucleate 
^oiling  occurred  at  lower  values  of  AT^  than  were  reported  by  most  other  workers. 

One  fine  point  regarding  the  specification  of  temperature  difference  is  that  In  some  reports 
lit  is  not  made  clear  whether  the  bulk  temperature  or  the  saturated  temperature  is  to  be 
Subtracted  from  the  wall  temperature.  Of  course,  in  some  of  these  cases  the  two  tem¬ 
peratures  are  equal.  Nevertheless,  the  comments  made  above  regarding  the  differences 
in  boiling  curves  are  still  valid,  since  distinguishing  between  bulk  and  saturation 
temperatures  cannot  account  for  the  very  large  differences. 

j 

Curves  of  q  versus  ATw  g  are  shown  in  Fig.  2  for  the  above  references  along  with 
those  shown  by  Graham  et  al.  Pressure  definitely  Influences  the  critical  value,  and 
the  data  cited  above  were  selected  for  the 
range  near  1  atm.  Some  additional  data  are 
also  available  for  higher  pressures  where 
ihe  incipient  AT  has  a  lower  value.  The 
data  of  Graham  et.  al.  and  Class  are  pre¬ 
sented  to  Illustrate  the  effects  of  high  pres¬ 
sure.  Factors,  such  as  surface  orientation 
and  nucleatlon  site  characteristics  including 
surface  roughness,  probably  will  account  for 
some,  if  not  much,  of  the  data  scaMerr-'Alt 
of  the  above  described  experiments  were 
performed  at  lg.  Sherley  states  that  a 
large  reduction  of  g  level  has  no  effect  upon 
incipient  AT  .  Merte  and  Clark  (Ref.  35 ) 


Fig.  2  Boiling  Curvet  for  Liquid 
Hydrogen 


found  practically  no  difference  in  the  value  of  (g/A)  incipient  for  boiling  water  over  a 
range  of  acceleration  from  1  to  20  g*s.  Graham  et  al.  imply  that  their  data  suggest 
that  an  increase  in  g  level  will  increase  the  value  of  the  incipient  ATw  ,  but  there 
appears  to  be  insufficient  control  over  the  experiments  to  establish  such  a  trend  with 
confidence.  This  presumably  was  not  the  primary  goal  of  these  experiments  but  was 
'—the  result  of  observations  made  after  reducing  the  data.  Although  there  is  much  uncer 
tainty  regarding  the  value  of  the  point  of  incipient  boiling,  two  values  (1*  and  3*  F)  are 
arbitrarily  selected  in  order  to  illustrate  the  various  domains  of  heat  transfer  such  as 
in  Fig.  3. 


1 

\ 


Fig.  3  Heot-Tronjfer  Mode*  for  Noturol  Convection  Lominar  Fiow  Over  Uniformly  Heated 
Vertical  Wall  — Liquid  Hydrogen  (T^  *  T# ) 
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'2.4  Laminar  Flow  -  Uniform  Wall  Heat  Flux 


In  defining  the  lir  e  in  Fig.  3  which  separates  laminar  non-boiling  flow  from  boiling 
flow,  Sparrow  and  Gregg’s  work  will  be  used.  Both  1'  and  3*F  will  be  used  for  the 
incipient  boiling  wa.,1  temperature  difference  (Tw  c  -  Tg )  for  liquid  hydrogen  at 
fane  atmosphere.  Thus,  the  criterion  used  for  initiation  of  boiling  is  v/hen  the  wall 
temperature  at  a  given  location  exceeds  the  saturation  temperature  by  ATW  . 

To  determine  the  location  of  the  incipient  point  on  the  container  wall ,  the  following 
equation  developed  by  Sparrow  and  Gregg  is  used 


<TW  -  Tb)(Cr*)J 


which  holds  for  Ha*  <  10 


Applying  Eq.  (9)  for  the  case  of  incipient  boiling,  set  (T  - 
and  for  Pr  =  1 


V  *  <Tw.c  -  V 


rc>*)1/5  -  - 


For  the  case  of  liquid  hydrogen,  Eq.  (10)  can  be  expressed  as 


,e 


Here  q  is  the  dimensionless  gravity  constant  g/g  .  The  units  for  q  and  k  ere 
2  0 

Btu/hr-ft  and  ft.  respectively.  Equation  (11),  when  plotted  on  a  graph  of  q  versus 
rf,  yields  a  curve  of  the  critical  wall  temperature  at  a  fixed  location  (Fig.  3).  Points 
lying  below  this  line  fall  in  the  laminar  flow  regime  and  points  above  this  line  lie  in  the 
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boiling  domain.  As  can  be  seen,  the  location  of  incipient  boiling  at  a  fixed  gravity  level 
will  vary  from  1  to  SO  ft  with  less  than  an  order-of-magnltude  change  In  the  wall  heat 
flux.  It  should  be  noted  that  the  constant  modified  Rayleigh  line  of  1011  in  Fig.  3  may 
not  signify  laminar  flow  in  the  boiling  regime.  The  flow  may  become  unstable  at  a 
lower  value  of  the  modified  Rayleigh  number  due  to  disturbances  caused  by  the  bubbles. 
In  any  event,  there  is  a  need  for  developing  boundary  layer  equations  in  the  boiling 
regime. 


2. 5  Turbulent  Flow  —  Uniform  Wall  Heat  Flux 

The  area  to  the  right  of  the  critical  modified  Rayleigh  line  in  Fig.  3  is  one  of  turbulent 
.Jlow.  The  case  of  natural  convection  turbulent  flow  along  a  vertical  wall  was  first  solved 
by  Eckert  and  Jackson  (Ref.  25 ).  This  was  done  for  the  case  of  a  uniform  wall  tempera¬ 
ture  where  the  thermal  and  velocity  boundary  layers  were  assumed  to  be  equal.  Vliet 
(Ref.  19)  derived  the  equations  for  a  uniformly  heated  axisymmctric  vessel.  In  this 
analysis  for  the  case  of  a  constant  bulk  temperature,  the  relationship  between  the  heat 
flux  and  the  wall  shear  was  assumed  to  be 


Vt  ■  -  V  (Jj) 


v  \l/4 


Equations  for  u*  and  6  may  also  be  found  in  Ref.  19,  as  follows 


/  v5/14 

u‘ '  '"Vt 


)5/U  x3/7 


6  =  0.4084 


/  3\l//14  1 

M  fe) 
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Combining  Eqs.  (12),  (12a),  and  (12b) 


i 

: 

l 


(Tw  -  Tb)JGr*)2/7 

V,tx 

k 


Pr 


5.1 

577 


(13) 


This  equation  will  be  used  to  predict  the  point  of  incipient  boiling,  although  one 
interesting  consequence  of  this  is  that  it  predicts  a  decrease  in  the  wall  temperature 
along  the  direction  of  flow.  Since  Vllet's  analysis  used  the  same  heat  flux-shear 
relationship  as  Eckert  and  Jackson,  this  consequence  of  Eq.  (13)  does  not  appear  to  be 
inconsistent  with  the  results  of  Eckert  and  Jackson  who  predict  an  increase  in  the  value 
of  the  film  coefficient  with  an  increase  in  x .  Equation  (13)  will  be  used,  even  though 
there  may  be  some  question  concerning  the  validity  of  the  result  that  the  wall  tempera¬ 
ture  decreases  with  distance  along  the  wall. 

i 

j  Equations  (12),  (12a).  and  (12bjjnaybe  combined  to  yield,  for  the  case  of  incipient 
I  boiling  and  saturated  hydrogen  at  14 . 7  psia 

i  v.  •  “><5."2/5»‘/5  <»• 

i 

I  2 

|  The  units  of  q^  t  and  x  are  Btu/hr-ft  and  ft,  respectively.  Plotting  Eq.  (14) 
j  in  a  manner  similar  to  that  of  Fig.  3  illustrates  the  values  of  q  and  n  where 
I  boiling  occurs  in  turbulent  flow  (see  Fig.  4).  Since  these  results  assume  complete 
j  turbulent  flow,  their  accuracy  will  only  be  acceptable  when  the  laminar  portion  has 
i  a  small  contribution.  Figure  5  is  a  composite  Joining  both  the  laminar  and  turbulent 
j  domains.  However,  the  curves  are  representative  of  a  single  location  on  the  wall, 

]  10  ft  from  the  leading  edge.  An  attempt  to  illustrate  these  domains  as  a  function  of 
wall  length  is  made  in  Fig.  6. 


2. 6  Film  Bolling 


In  Figs.  3,  4,  and  5,  a  curve  locating  the  peak  nucleate  heat  flux  is  also  presented. 
The  theoretical  equation  supporting  this  curve  is  presented  »n  Ref.  36.  For 
heat  fluxes  exceeding  these  values,  film  boiling  is  to  be  expected.  Film  boiling 
may  also  take  place  at  lower  heat  fluxes  providing  the  required  larger  temperature 
difference  is  attained.  This  critical  line  presumably  applies  for  all  values  of  x  , 
and  this  x  Independence  is  Justified  by  the  fact  that  most  theoretical  analyses  do 
nothave  a  length  term  in  their  final  result.  Furthermore,  size  effects  appear  to  be 
of  second  order  In  reported  experiments.  On  the  other  hand,  no  experiments  have 
been  reported  for  large  vertical  walls.  All  experiments  have  been  for  short  vertical 
walls  or  other  geometries,  such  as  wires  or  spheres.  Thus,  it  may  be  that  the  boil¬ 
ing  curve  is  a  function  of  some  significant  length  as  well  as  the  driving  temperature. 


Flo.  4  Heot-Tromfer  Mode*  for  Natural  Convection  Turbulent  Flow  Over  Uniformly 
Heated  Vertical  Wall  — Liquid  Hydrogen  (T^  *  T  ) 


4-16 


Fig.  5  laminar  and  Turbulent  Flow  Over  Uniformly  Heated  Vertical  Woll  ot  x  ■  10  ft- 
Liquid  Hydrogen  (T^  =  T$) 

Pursuing  this  point  further,  it  may  be  that  the  experiments  performed  to  date 
explored  so  limited  a  sire  range  that  this  effect  is  yet  to  be  detected.  Hence,  the 
critical  curve  in  Figs.  3.  4,  and  5  may  be  different  for  sires  exceeding  the  maximum 
size  of  the  heater  currently  investigated, which  is  on  the  order  of  10  In.  The  film 
boiling  curve  is  based  on  a  paper  by  Zuber  (Ref.  36)  whose  equation  Is  in  good  agree¬ 
ment  with  many  experimental  data,  including  liquid  hydrogen. 

3  TIME  TO  REACH  STEADY  STATE 

The  time  required  for  a  fluid  to  reach  steady  state  when  heat  is  being  transferred  by 
natural  convection  must  be  known  before  the  results  of  the  previous  steadv-state 
analyses  may  be  applied  to  a  practical  spacecraft  propellant  storage  problem.  Prior 


4-17 


Fig.  6  Three-Dimensional  View  of  Heat 
Transfer  Modes— Steady  State 


discussion  has  shows,  that  a  number  of 
analyses  (Refs.  20,  21,  and  22)  are  avail¬ 
able  for  laminar  boundary-layer  flow. 
Although  good,  these  analyses  are  some¬ 
what  complex .  Solutions  to  the  turbulent 
flow  case  have  not  been  found  in  the 
1  literature. 

In  order  to  develop  a  feel  for  the  time  re¬ 
quired  for  turbulent  boundary  layer  flow  to 
reach  steady  state,  an  approximate  analy¬ 
sis  Is  first  developed  for  the  laminar  case 
and  compared  with  the  more  rigorous  solu¬ 
tions.  The  results  are  found  to  be  good, 
so  the  same  approximate  approach  is  then 
applied  to  the  turbulent  case. 


The  system  is  defined  in  Fig.  7.  Considering  the  conservation  of  mass,  In  the  unsteady 
condition 


M.-Mo 


M 


stored 


(15) 


The  technique  to  be  used  will  predict  the  time  it  takes  for  the  boundary  layer  of  unit 
width  to  reach  a  steady-state  configuration  where  the  mass  M  is 


M 


=  pS  L 

s  hb 


(16) 


whore  6g  is  the  mean  boundary  layer  thickness  over  a  distance  L  at  steady  state. 

Any  Instant  of  time  during  the  transient  period,  the  total  mass  that  has  flowed  into 

\  \ 

the  boundary  layer  until  time  r  will  be 
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where  V  Is  the  mean  velocity  in  the  boundary  layer  at  a  distance  x  from  the  leading 
edge  at  a  time  r  ,  and  6  is  the  boundary  layer  thickness  at  the  same  position  and  the 
same  time.  Thus,  as  expected,  Mq  is  both  time  and  spatially  dependent .  The  purpose 
of  this  approach  was  to  circumvent  the  more  difficult  problem  of  directly  solving  for 
'V(jTjY' and  6(x  ,*)  ,  in  addition  to  solving  for  the  time  necessary  to  reach  steady  state. 
As  a  result,  some  reasorable  assumptions  must  be  made  about  the  time  dependence  of 
6  and  V  .  A  review  of  ti  e  literature  failed  to  yield  experimental  data  for  the  transient 
behavior  of  a  boundary  layer  thickness.  Although  it  was  felt  such  information  should  be 
available  in  the  literature,  time  did  not  permit  an  additional  search.  The  boundary 
layer  thickness  growth  during  the  transient  period  will  be  expressed  by  a  Taylor  series 
retaining  only  the  terms  to  second  order.  Three  reasonable  conditions  which  this  func¬ 
tion  should  satisfy  are  shown  in  Eqs.  (22),  (23),  and  (24): 


Llm  6  -  6  (22) 

r  —  r  8 

s 


6 


8 


0 


(23) 


6=0,  when  r  =  0 


thus 


from  Eq.  (24),  a  =  0; 
Eq.  (23),  b  =  2c: 
Eq.  (22),  c  =  -  1 


! 

i 


(24) 


(25) 
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bo  that,  Eq.  (25)  reduces  to 


t  -  Ht)  -  (hi  <° 


r-  V 


3. 1  Laminar  Flow  Analysis 


The  relationship  for  V  will  be  obtained  from  the  steady-state  solution  for  VB 
Reference  24  shows  that  for  laminar  flow 


5.  -  C,.1'4  -  (“  )1/2  (°-952  *  S)’ 


x1/4  (27) 


's  -  C2<1/2  “ 

max 


2  .1 

(?)  (°-952  +  S) 


X1/2 
*  (28) 


using  Eqs.  (27)  and  (28) 


.  _  £l  .2 

"max  Cg  * 


Now,  assume  a  similar  relation  exists  at  any  time 


C1  2 

V  ( x,  r)  =  t>  (x,  r) 
C2 


Therefore,  using  Eq.  (28) 


V  (X,  T)  =  V. 


Hi)  -  (h)1 
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i  I 


I  ! 


* 

f  | 


Combining  Eqs.  (23),  (26),  and  (31)  and  integrating 


/  •  »V.  /  [’(f)  -  (f  f 


The  function  for  must  satisfy  three  conditions 


dr  =  0.46M  r 
b  s 


(1)  Urn  M  =  M 

r-r#e  0,‘ 


(2)  M  must  approach  M  monotonlcallv 

e  o 

*  • 

(3)  M  .  must  be  consistent  with  the  relation  for  6 

©a  I 


Conditions  (1)  and  (3)  are  obvious,  condition  (2)  is  assumed  for  simplicity.  Furthermore, 

*  • 

there  is  no  good  reason  why  M  should  be  first  greater  than  M  and,  subsequently, 

©  s 

less  than  M  or  vice  versa, 
s 

An  exponential  function  satisfying  the  above  three  conditions  is 

\  =  K+  <”e.i-  *Ve  TAr  <“> 

where  r^  is  a  reference  parameter  which  may  be  referred  to  as  the  system  time 
constant.  No  additional  physical  significance  could  be  found  for  this  parameter. 
Invegrating  Ec(.  (33) 


T  T 

/  V'  ■  /  K  -».»•*  TTr]<1' 

O  o  1 

I  -r  /t 


(34) 
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The  value  of  toe  Integral  depends  upon  the  value  chosen  for  ,  or  more  precisely 
(r Jr  ).  Now  r  is  always  less  than  r  .  Furthermore,  steady  state  Is  technically 
reached  only  for  Infinite  times.  Practically  speaking,  however,  rg  is  any  value 
larger  than  some  significant  reference  time.  A  reasonable  reference  time  is  the 
system  time  constant  r  .  Thus,  solutions  of  interest  are  those  for  which  ( Tg/T  )  »  1. 
By  starting  with  values  of  (Tg/Tr)  of,  say,  10  and  then  considering  increasingly  larger 
values,  an  asymptote  for  Eq.  (34)  may  be  obtained.  This  will  be  done  after  Eqs.  (32) 
and  (34)  are  substituted  into  the  left-hand  side  of  Eq.  (19).  Making  this  substitution 


Mq )  dr  =  M8rg+(Me>1 


M  )  r 
s'  r 


1  -  exp 


0. 46  Mg  r  1 


(35) 


as  r8/rr  approaches  infinity,  Eq.  (35)  reduces  to 

Ts  . 

Llm  f  (M  -  M  )  dr  =  0. 54  M  r  (36) 

_  X  e  o  ss 


The  mean  value  of  6  is  required  to  evaluate  the  right-hand  side  of  Eq.  (19).  Using 
Eq.  (27)  _ 


o  o 


0.  8  <5 


s,L 


Combining  Eqs.  (19),  (36),  and  (37)  and  solving  for  r 

t  =1.48  — 

s  V 


(37) 


(38) 
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1 

* 

t 

\ 


\ 


♦ 


'  4 


\ 
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—— The  velocity  distribution  in  the  boundary  layer  for  laminar  flow  is  (Ref.  25) 


21  v 

4  s 


V  2 

—  ■!(*-« 


(39) 


hence  from  Eq.  (39) 


V  =  0.  562  V 
s  s 


(40) 


max 


Finally,  upon  using  Eq.  (28) 


Vg  =  O.415(g0ATw)1/2  (0.952  +  Pr)"l/2x1/2 


(41) 


Using  Eq3.  (41)  and  (38) 


r  - 


3,56(0.  952  +  Pr)1/2  L1/2 


<g0ATw) 


(42) 


which  agrees  reasonably  well  with  Siegel's  solution  considering  the  approximations 
that  were  made.  Siegel's  solution  is 


_  _  5.24(0.952  +  Pr)l/2  Ll/2 

r  =  - ‘ - — - u-. -  (43) 

(g/)AT  ?/L 


Thus,  one  goal  is  attained;  that  of  demonstrating  that  an  approximate  analysis  is 
reasonably  consistent  with  a  more  rigorous  result  [compare  Eq.  (42)  with  Eq.  (43)J. 
The  same  approach  will  now  be  taken  for  the  turbulent  boundary  layer  case.  Although 
the  nbsolute  value  of  the  turbulent  steady-state  time  will  be  calculated,  the  ratio  of  this 
time  to  that  calculated  for  laminar  flow  is  the  main  goal.  Hence,  although  the  crude 
analysis  may  lead  to  error  in  the  calculated  times,  it  is  hoped  that  by  taking  the  ratio 
of  turbulent  to  laminar  times,  a  good  estimate  will  be  obtained. 
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Following  the  same  process  ns  used  for  obtaining  Eq.  (31),  wh^re  as  before  It  is 
assumed  that  Eq.  (26)  holds  for  turbulent  flow  as  well,  there  results 


V  =  V. 


mi) 


,1/1.4 


(50) 


Thus,  when  Integrating  Eq.  (18)  using  Eqs.  (31)  and  (50) 


T 

8 

I 


M  dr  =  I  pV  6dr  =  pV  6 

OI  0  0 


\  2 
\  ~  I  ~  IT*  j 

V  b  /  \  0/ 


32.4/1.4 


dr 


(51) 


which  when  integrated  numerically  results  in  the  following  form 


c 

/ 


8  . 


M  dr  =  0. 563  M  T 

O  S  8 


(52) 


The  left-hand  8ide  of  Eq.  (19),  using  Eq.  (52)  and  the  limiting  value  for  Eq.  (34)  becomes  S 

r 

8 

f  (M.  *  M  )  dr  =  0.437  M  t 

A  9  0  8  0 


(53) 


Evaluating  6g  as  before 


h  "if6,6* 

o 


*/ 


C3  x°- 7  dx 


g,L 

1.7' 


(54) 


4-26 


A  comparison  of  Eqs.  (57)  and  (42)  reveals  that  the  time  for  a  turbulent  boundary 

layer  to  reach  steady  state  la  about  50  percent  greater  than  for  the  laminar  case,  and 

Pr  ~  1  .  (In, a  subsequent  analysis  (Ref.  37),  using  a  different  approach,  It  was  found 

that  the  transient  time  for  turbulent  flows  was  much  shorter  than  for  the  laminar  case. 

Probably,  experiments  are  required  to  resolve  this  Issue.)  To  show  how  sensitive  the 

result  is  to  the  temporal  relation  assumed  for  5  and  M  ,  a  simple  straight-line  rela- 

© 

tton  was  also  considered 

i 


(58) 


This  results  in  a  coefficient  of  10.4  Instead  of  4. 81  In  laminar  flow  [see  Eq.  (42))  and 
for  turbulent  flow,  a  coefficient  of  47. 0  Instead  of  7. 35  [  see  Eq.  (57)] .  Thus,  with  the 
linear  distribution,  the  turbulent  time  is  more  than  4  times  as  long  as  with  laminar  flow. 


1.3 


Figure  8  illustrates  the  relations, 
assumed  in  the  analysis  for  the  mass 
flow  rate  entering  the  system  and  the 
boundary  layer  thickness. 

Figure  9  is  based  on  Eqs.  (43)  and 
(57)  for  liquid  hydrogen  and  helps 
illustrate  cases,  such  as  space  vehicle 
missions,  where  transient  effects  for 
turbulent  boundary  layers  are  import¬ 
ant.  For  example,  when  the  gravity 
level  is  10  g's  and  the  wall  temp¬ 
erature,  is  suddenly  raised  1*F  above 
the  liquid  temperature,  the  time  to 
reach  steady  state  at  a  distance  of 
10  ft  from  the  bottom  of  the  tank  will 
be  360  hr. 


Fig.  8  Time  Dependence  of  Moss  Flow  Rote 
Tbe  above  results  can  be  further  justi-  and  Boundary  Layer  Thickness 

fied  by  an  alternate  approach  to  the 
problem.  In  this  case,  Newton's 

Second  Law  of  Motion  is  applied  to  the  system  shown  in  Fig.  7 .  The  shear  and  buoyancy 
forces  are  assumed  to  be  time  dependent  with  the  same  form  as  was  assumed  for  6  in  the 
previous  second .  Upon  integration  of  the  Second  Law  over  the  time  range  to  steady  state, 
the  steady-state  times  are  found  to  be 


T 


S 


0.615(9.952  (laminar> 

(g/lATw>1/Z 


(59) 
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Although  the  magnitudes  are  In  error,  the  ratios  of  times  obtaned  from  this  very  approxi 
mate  analysis  are  consistent  with  the  other  results  in  the  sense  that  the  turbulent  time  is 
found  to  be  approximately  twice  that  of  the  laminar  time. 


Fig.  9  Time  for  Noturol  Convection  Boundary  Layer  Over  Vertical  Wall  to  Reach  Steady 
State— Liquid  Hydrogen 


Fig.  10  Boundary  Layer  in  Incipient-Boiling 
Analym—  Laminar 


4  THEORETICAL  DETERMINATION  OF 

I  THE  POINT  OF  INCIPIENT  BOILING 

i 

\ 

A  heated  vertical  flat  plate  immersed 
in  a  liquid  will  induce  convection  cur¬ 
rents.  At  the  leading  edge,  the  heat 
transfer  coefficient  is  infinite.  Further 
up  the  plate,  the  heat  transfer  coefficient 
decreases,  and  at  a  critical  length  mea¬ 
sured  from  th^  leading  edge,  the  heat 
transfer  coefficient  will  be  so  low  that 
the  heating  rate  (assumed  to  be  uniform) 
will  cause  local  nucleate  boiling.  The 
following  analysis  attempts  to  determine 
the  effect  of  the  boundary  layer  flow  on 
the  location  of  the  point  of  incipient  boil¬ 
ing.  Figure  10  illustrates  the  system 
analyzed  below. 

4. 1  Laminar  Flow -Natural  Convection 

The  method  of  Rohsenow  and  Bergles 
(Ref.  27)  is  used  to  find  the  incipient 
boiling  point  for  laminar  flow  over  a 
vertical  wall.  [  Note  that  an  approach 
similar  to  Sato  and  Matsumura  (Ref. 

38)  may  also  be  applicable.  ]  The  pri¬ 
mary  assumption  is  that  the  liquid  sur¬ 


rounding  a  bubble  must  be  hot  enough  to  transfer  heat  to  the  bubble.  In  other  words, 


the  liquid  temperature  at  a  distance  y  *  r  from  the  wall  must  be  greater  than  or  equal 


to  the  vapor  temperature  of  the  bubble.  This  vapor  temperature  can  be  expressed  as  a 
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The  physical  meaning  for  Eq.  (65)  was  described  above.  Equation  (66)  Insures  the 
minimum  vail  temperature  necessary  to  achieve  the  condition  described  by  Eq.  (65). 
The  above  equations  are  presented  in  Ref.  27. 
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At  this  point  Eqs.  (65)  and  (66)  must  be  described  in  more  detail  where  Tf  will  depend 
on  the  temperature  profile  in  the  boundary  layer.  The  first  such  relationship  considered 
will  be  that  used  to  describe  steady-state  laminar  free  convection  over  a  vertical 
wall;  here  the  liquid  temperature,  T|  ,  is  given  as 


Tf  ~Ts 

T  -  T 
w  s 


=  1-2 


(f>  *  «> 


(67) 


Combining  Eqs.  (67)  and  (64)  and  substituting  into  Eq.  (65),  yields 


2T2  a  R 
_3 _ g_ 


( T  -  T  >  hr  p. 

'  W  S '  fg 


=  r 


2r2  £ 

6  62 


(68) 


Now, by  taking  the  derivatives  of  Tg  and  T(  in  Eqs.  (63)  and  (67)  and  combining  with 
Eq.  (66) 


27  Kg _ 

.  -  Vhfgpi 


2r  .  2r 


(69) 


Solving  Eqs.  (68)  and  (69)  simultaneously  yields 


(70) 


Here  the  two  solutions  of  rc  are  rc  1/3  oc  and  rc  =  6c .  Using 


r  =  <5/3 
c  c 


(71) 
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(since  r  =  6  leads  to  a  trivial  solution),  in  Eq.  (68)  we  find  that 
c  c 


6  AT 
e  w,c 


13.5  T  R  (7 

a  K 
hfK  Pl 


(72) 


Physically,  this  implies  that  for  every  critical  wall  temperature,  there  exists  a  critical 
boundary  layer  thickness  such  that  vapor  bubbles  can  begin  to  form .  However,  if 
Eq.  (71)  is  put  into  Eq.  (72),  then 


r  AT 
c  w,c 


"fn1’/ 


This  means  that  the  minimum  notch  size  that  can  initiate  bubble  formation  is 


rc  = 


4. 5  T  R  a 
a  K 

h,  p,  AT 
fg  *T  w,c 


(74) 


and,  by  inserting  the  properties  of  boilkig  water, 


rc  * 


10 


-3 


AT.. 


ft 


w,c 


(75) 


which  is  of  a  reasonable  order  of  magnitude.  (Note:  Eq.  (74)  is  not  inconsistent 

with  Eq.  (64).]  It  should  be  noted  that  the  minimum  value  of  AT  or  the  maxi- 

w,c 

mum  value  of  rc  will  depend  on  surface  conditions.  Hence,  it  is  still  necessary 
to  experimentally  determine  ATw  .  However,  6  is  also  approximately  of  the 
same  magnitude  as  rc .  Hence,  one  would  expect  that  the  distance  from  the  lead¬ 
ing  edge,  where  this  critical  boundary  layer  thickness  is  reached,  is  very  small. 
Using  the  boundary  layer  thickness  relationship  ]Eq.  (27)],  for  non-boiling  lam¬ 
inar  flow  over  a  vertical  wall, 
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Using  Eq.  (72)  on  expression  for  x  is  obtained 


a  AT' 


l)-’ 

\h(KP»/ 


Using  the  values  for  boiling  water  at  212*F  for  a  l-g  condition 


x  ,  J.P.±  ft 

C  AT3 

w,c 


This  means  that  the  critical  distance  where  boiling  begins  is  very  close  to  the  leading 
edge.  For  example,  AT  is  usually  on  the  order  of  10*F,  so  x  is  approximately 
10~'  ft.  As  can  be  seen  from  Eq.  (77),  the  value  of  x  increases  directly  with  an 
increase  in  the  gravity  level.  Thus,  there  is  a  tendency  for  this  critical  distance  to 
shr>nk  as  the  gravity  level  is  reduced.  From  Eq.  (73),  it  may  be  concluded  that  the 
critical  notch  size  is  fixed,  once  the  fluid  and  wall  temperatures  are  fixed,  and  the 
critical  notch  size  is  independent  of  g  level.  Hence,  two  of  the  necessary  but  not 
sufficient  conditions  for  nucleate  boiling  are  established:  bubbles  will  grow  provided 
that  the  notch  size  exceeds  the  critical  value,  r  >  rc  ,  (see  Eq.  (73)1  and  provided 
that  these  notches  are  located  at  positions  exceeding  the  critical  distance  from  the 
plate  leading  edge,  x  >  xc  [see  Eq.  (77)). 

Of  course,  a  third  condition  necessary  for  boiling  is  that  the  conduction  iimlt  for  q  be 
exceeded.  At  low  heating  rates,  the  heat  being  presented  to  a  liquid  may  be  accommo¬ 
dated  by  conduction,  even  in  the  extreme  of  a  quiescent  liquid. 
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4.2  Turbulent  Flow -Natural  Convection 

Using  the  results  of  Eckert  and  Jackson  (Ref.  25),  an  identical  analysis  to  that  above 
for  turbulent  flow  may  be  performed.  Here  the  temperature  profile  is  assumed  to  be 


AT 


AT.. 


(79) 


Equation  (fit)  is  also  used  here.  The  critical  conditions,  Eqs.  (G5)  and  (66)  also  must 
be  met  in  this  case.  First.  Eq.  (79)  is  combined  with  Eqs.  (64)  and  (65)  to  obtain 
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h.  p,  AT 
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Now,  by  using  Eqs.  (64),  (66),  and  (79).  there  results 
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which  simplifies  to 
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(81) 


Finally,  solving  Eqs.  (80)  and  (81)  simultaneously,  one  finds  that 


0.  U  A 
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(82) 
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a  result  very  similar  to  the  laminar  case  [see  Eq.  (71)1.  And  uBing  Eqs.  (82)  and  (80) 
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In  order  to  find  the  critical  length  xc  ,  an  expression  for  6  must  be  used.  From  (see 
Ref.  25) 


6  =  56  X°: J-r  (Prf8/15  (l  +  0.494  Pr2/3) 

(5££e) 


and  putting  Eq.  (83)  Into  Eq.  (84) 


and,  by  using  the  values  of  boiling  water  at  lg 
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which,  although  much  larger  than  that  for  laminar  flow,  is  also  a  very  small  length. 
Therefore,  one  may  conclude  that  the  point  of  Incipient  boiling,  under  normal  or 
reduced-g  conditions,  will  be  very  close  to  the  leading  edge  for  fluldo  having  properties 
similar  to  water. 


4.3  Inception  of  Bolling  -  Forced  Convection 

Forced  convection  effects  which  may  manifest  themselves  when  the  tank  is  being  drained 
or  filled,  for  example,  may  be  so  great  as  to  dominate  the  free  convection  phenomena. 
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When  the  forced  convection  effects  become  large,  the  forced  convection  boundary  layer 
may  be  thinner  than  the  one  for  free  convection. 

An  approximate  analysis  (Ref.  39)  for  the  important  parameter,  which  may  be  used  to 
distinguish  forced  convection  from  free  convection  heat  transfer,  is  a  reciprocal 
Froude  convective  number,  and  its  critical  value  is  about  1  for  low  Grashof  numbers 
and  10  for  high  Grashof  numbers. 


M"  •  hr) 


critical 


1  104  <  jrGr  <  107 

10  107  <  rQr  <  1011 


(87) 


Forced  convection  will  now  be  examined  to  determine  its  effect  on  the  location  of  the 
incipient  boiling  point.  The  laminar  temperature  profile  assumed  is 


(88) 


Using  Eqs.  (64),  (65),  and  (88) 
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Now  combining  Eq.  (66)  and  the  derivatives  of  Eqs. 


(64)  and  (88)  one  obtains 
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DISTRIBUTION  OF  NONCONDENSABLE  BASES 
IN  LIQUIDS  UNDER  LOW|  CONDITIONS 


By  N.  I.  Vfilch  ml  {.  Fink 
NATIONAL  AERONAUTICS  AND  SPACE  ADMINISTRATION 
_ _ 6E0R6E  C.  MARSHALL  SPACE  FLISHT  CENTER 


ABSTRACT 

Vapor  and/or  noncond  eng  able  gas  are  distributed  in  propellant  lines  and  tanks  of  any 
space  vehicle  utilizing  liquid  propellants.  Operational  difficulties  arise  as  a  result  of 
Oils  condition.  The  distribution  of  vapor  and/or  noncondensable  gas  produced  from 
orbital  entry  transients  and  attitude  control  transients  decays  into  broad  distribution 
bands  under  low-g  conditions.  There  is  a  finite  probability  that,  under  low-g  condi¬ 
tions,  a  sufficiently  large  vapor  space  will  be  found  near  the  propellant  suction  lines 
at  any  specified  time  to  produce  "vapor  lock"  and  thereby  prevent  engine  restart. 
Vapor  distributions  that  occur  under  normal  operational  conditions  produce  random 
pressure  fluctuations  as  a  result  of  condensation  in  the  propellant  lines.  This  con¬ 
dition  is  possibly  one  of  the  several  causes  of  the  "Pogo  Effect. " 
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Vapor  and/or  noncondenaablf  gas  distributions  are,  of  course,  also  of  primary  con¬ 
cern  in  the  study  of  the  degree  of  cavitation  produced  in  flight.  It  is  with  the  first  of 
-thfiSetKree  problems  that  the  authors  are  predominantly  involved. 

This  papei  discusses  the  first  of  three  phases  of  an  overall  investigation  of  liquid- 
vapor  and  noncondensable  liquid  gas  distributions  produced  under  highly  turbulent 
flow  conditions  and  under  different  degrees  of  mechanical  agitation.  Specifically,  the 
phase  discussed  herein  is  the  determination  of  the  initial  distribution  produced  from 
an  arbitrary  energy  input  under  variable  g  fields.  The  results  obtained  merely  pro¬ 
vide  the  initial  condition  for  the  time -dependent  distribution  function.  The  time- 
dependent  function  provides  the  means  for  calculating  the  probability  that  a  sufficiently 
large  vapor  space  will  be  found  near  the  suction  lines  at  the  time  of  restart  to  produce 
"vapor  lock."  Since  the  space  is  limited,  the  more  involved  time -dependent  functions 
and  derivations  are  deleted.  Furthermore,  since  the  time-dependent  functions  describe 
the  probability  of  failure  of  a  specific  space  vehicle  under  specified  restart  conditions, 
the  authors  feel  that  this  information  should  be  more  closely  scrutinized  before  it  is 
published  in  the  open  literature. 

The  data  utilized  herein  were  obtained  under  1-g  conditions.  The  distribution  function 
was  formulated  by  superimposing  a  theoretical  distribution  function  dorived  for  zero-g 
conditions  or  u  semiemperical  distribution  function  dependent  on  the  acceleration  field. 
Tho  theory  was  verified  within  the  experimental  error.  The  predicted  low-g  distribu¬ 
tion  will  be  verified  when  the  appropriate  data  can  be  obtained. 


I 
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NOMENCLATURE 


a  Acceleration 

A  Constant 

E  Surf-ce  energy 

Ej  Surface  energy  of  group  of  bubbles 

g  Acceleration  due  to  gravity 


! 

f 

i 


K' 

k 

l 

L 

N 

NJ 

a 

0 

A 

P 

<J 

co 

|iaL2/ff 


Ratio  of  a/g 
Constant 

Diameter  of  bubble 

Characteristic  length  of  container 

Total  number  of  bubbles  in  region  considered 

Number  of  bubbles  in  region  considered  with  surface  energy  Ej 

Constant 

Constant 

Constant 

Specific  gravity  referred  to  water  at  4’  C 
Interfacial  tension 

Number  of  independent  ways  to  distribute  N  bubbles  so  they  are 
associated  with  surface  energy  Ej 
Bond  number 


DISTRIBUTION  OF  NONCONDENSABLE  GASES 
IN  LIQUIDS  UNDER  LOW-g  CONDITIONS 


1  INTRODUCTION 

During  space -vehicle  thrust  decay  and  entry  into  zero-g  conditions.  liquid  propellants 
are  pitched  against  the  tank  bulkheads  dispersing  the  liquid  and  gas  phases.  The 
bubbles  formed  are  not  all  the  same  size  but  cover  a  large  range  of  sizes.  These 
bubbles  create  cavitation  and  engine  restart  problems.  To  establish  safe  limits  of 
restart  times,  the  rate  of  liquid  settling  must  be  known.  To  determine  the  rate  of 
liquid  settling,  it  is  necessary  to  know  the  size  distribution  of  the  bubbles. 

Bubbles  in  emulsions  have  been  investigated  more  thoroughly  than  dispersed  bubbles. 
Jellinek*  analyzed  emulsions  with  a  purely  statistical  approach  by  utilizing  the  arith¬ 
metic  mean  of  the  bubble  diameters.  Rossi*  assumed  that  emulsion  phases  are 
broken  down  at  random  giving  the  most  probable  distrioution  according  to  Boltzmann. 
To  determine  the  most  probable  distribution  Rossi  assumed  that  the  total  volume  and 
number  of  bubbles  was  constant.  Favstova  and  Vlodavets*  also  used  a  probability 
approach  to  describe  the  distributions.  Others  have  approached  the  problem  in  a 
statistical  or  empirical  manner  but,  as  yet,  no  derivation  has  fit  all  distributions  of 
dispersed  phases. 

Siemes  and  Borchers*  investigated  the  sizes  of  air  bubbles  in  water  columns  and 
analyzed  them  according  to  the  mean  diameter  and  standard  deviation.  They  produced 

*H.  H.  G.  Jellinek,  J.  Soc.  Chem.  Ind,  (London).  Vol.  69,  1950,  p.  225 
*C.  Rossi,  Gj/z.  chlm.  ltal. ,  Vol.  63,  1933,  p.  190 

fV.  N.  Favstova  and  I.  N,  Vlodavets,  Kolloid,  Zhur..  Vol,  17,  1955,  p.  456 
tW.  Siemes  and  E.  Borchers,  Chem.  Eng.  Scl. .  Vol.  12,  No.  2,  1960,  p.  77 

\ 
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bubbles  by  injecting  air  through  a  porous  plate.  This  process  is  not  representative  of 
the  random  formation  that  occurs  in  propellant  tanks;  therefore,  the  analysis  would 
not  be  expected  to  fit  the  true  distribution. 

A  parameter  that  has  been  neglected  in  past  analyses  is  the  surface  tension  of  the 
fluid.  Since  bubble  sizes  are  a  function  of  the  surface  tension,  a  distribution  deriva¬ 
tion  based  on  surface  tension  is  considered  in  this  report.  The  analysis  utilizes  the 
probability  statistics  of  Boltzmann. 


2  APPARATUS  AND  PROCEDURES 


! 

\ 


The  testing  systems  used  are  presented  in  Fig.  1.  The  apparatus  were  12  by  6  by 
1  in.  and  24  by  6  by  6  in.  plexiglas  tanks  mounted  in  a  stand  that  allowed  them  to  spin. 
The  contained  liquid  was  agitated  severly  by  spinning  the  tank,  and  thereby  dispersing 
the  gas  within  the  liquid.  The  spinning  was  stopped  and  the  bubbles  formed  were 
photographed  instantly  with  a  high-speed  camera.  The  phases  used  were  water-air, 
menthanol-air,  and  ether-air.  Test  pressure  conditions  were  atmospheric. 


3  JUSTIFICATION  OF  THE  MATHEMATICAL  DESCRIPTION  OF  DISTRIBUTION 

If  one  attempts  to  describe  the  position  and  size  of  each  bubble  formed  by  the  agitation 
of  a  gas-liquid  system  confined  to  a  specified  region,  insurmountable  mathematical 
difficulties  arise.  The  dilemma  is  equivalent  to  that  encountered  in  describing  dyna¬ 
mical  systems  containing  large  numbers  of  particles.  One's  natural  tendency  is  to 
use  statistical  methods  and  thereby  forego  any  attempt  to  describe  each  bubble  and 
its  position. 


The  distribution -function  derivation  presented  'nerein  is  developed  with  the  general 
arguments  utilized  to  obtain  the  Boltzmann  distribution  for  the  description  of  an  ideal 
gas  confined  to  a  specified  volume.  An  inherent  difficulty  exists  in  this  application. 
The  size  of  the  samples  considered  is  not  comparable  to  those  considered  in  the 


f 


| 


i 

i 


Fig,  1  Test  Apparatus 

kinetic  theory  of  gases.  Since  some  of  the  mathematical  manipulation  depends  on 
approximations  thnt  are  accurate  only  for  large  numbers,  the  size  of  the  sample  is 
important.  One  can  statistically  ascertain  the  error  associated  with  the  sample  size. 
However,  slnco  experimental  data  are  to  be  fit,  it  is  more  expedient  to  derive  the 
equations  on  a  large  sample  basis  and  let  the  accuracy  of  the  results  justify  the  means. 

Several  basic  differences  exist  In  the  physical  system  and  the  associated  derivation 
presented  herein  and  the  comparable  case  of  molecular  motion  of  ideal  gases.  One 
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Is  concerned  with  the  distribution  of  surface  energy  whereas,  in  the  kinetic  theory  of 
gases,  one  is  concerned  with  the  distribution  of  position  and  momentum  for  identical 
particles.  The  problem  of  bubble  distribution  is  further  complicated  by  several 
physical  conditions.  As  the  diameter  increases,  the  bubbles  become  unstable,  frag¬ 
ment,  and  produce  a  distortion  of  the  distribution  function.  The  smaller  bubbles 
combine  with  the  larger  ones  and  migrate  in  a  direction  opposite  to  the  direction  of 
the  g  field.  Since  only  the  initial  distribution  produced  from  agitation  is  being  con¬ 
sidered,  the  last  two  conditions  are  of  no  concern. 

One  may  follow  either  of  two  procedures  in  the  derivation  of  the  distribution  function 
to  Include  the  effect  of  the  increase  of  bubble  instability  with  size.  One  method  requires 
that  the  a  priori  probability  for  the  size  be  nr  wisely  determined  and  utilized  in  the 
derivation  of  the  canonical  distribution.  The  other  method,  which  involves  the  super¬ 
position  of  two  distribution  functions,  is  more  convenient  from  the  mathematical 
viewpoint  and  is  more  practical  to  employ  with  the  stability  information  presently 
available.  The  latter  method  was  employed  by  the  authors. 

One  distribution  function  is  derived  with  the  assumption  that  an  infinite  energy  range 
is  possible,  that  the  probability  of  bubl  les  of  the  same  size  falling  in  any  energy 
interval  Is  the  same  for  all,  and  that  the  bubbles  are  all  spherical.  A  second  function 
is  derived  to  describe  the  distribution  produced  from  the  spontaneous  fragmentation 
of  the  larger  bubbles .  The  complete  distribution  function  is  a  linear  combination  of 
these  two  functions. 

The  former  distribution  function  is  obtained  by  closely  following  the  reasoning  involved 
in  the  derivation  of  the  Boltzmann  distribution.  Utilizing  thi  j  reasoning,  one  finds  that 
the  number  of  lndependenfWaya'to  distribute  N  bubbles  so  that  Nj  prossess  a 
surface  energy  Ej  is 


U) 


N* 


V-  V— V 


(1) 
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therefore 


r.+r*’***-  *  V*’-  •<  •' 


\ 

\ 

It  is  also  of  interest  to  express  Eq.  (11)  in  terms  of  the  most  probable  d.ameter  (f  ). 
The  expression  for  the  most  probable  diameter  is.  of  c  nurse,  obtained  by  equating 
d^N/dt2  with  zero: 

\ 

ip  =  i  />mj  (12) 

The  most  probable  diameter  is.  therefore,  inversely  proportional  to  the  square  root 
of  surface  tension,  and 

dN/Ndf  -  (f/f^Jexp  |-|«/lp)2|  (13) 

Equations  (11)  and  (13)  are  valid  for  infinite  containers  under  zero-g  conditions.  Under 
other  g  conditions,  the  fluid  head  gradient  that  exists  along  the  axis  of  a  bubble  in  the 
direction  of  the  acceleration  field  has  a  tendency  to  distort  and  fragment  the  bubble. 

The  physical  system  can  be  visualized  as  follows:  The  bubble  distribution  is  produced 
in  accordance  with  Eq.  (11)  and  the  larger  bubbles  are  distorted  and/or  fragmented 
instantaneously  as  a  result  of  the  fluid  head  gradient  that  is  applied  across  the  bubbles 
at  the  time  of  formation.  The  Bond  number,  which  Is  the  ratio  of  thr  Irertial  force 
per  unit  depth  of  fluid  (pg'Ac)  and  the  surface  tension  (o)  ,  therefore,  is  a  meas¬ 
ure  of  the  tendency  of  the  fluid  head  to  distort  and/or  fragment  a  bubble  of  a  given 
The  distribution  produced  by  fragmentation  should  follow  the  same  functional 
form  as  Eq.  (11);  that  is 

dN’/N'df  =■  a’t  exp  (-  j- i2)  (14) 

The  physical  ays  terns  represented  by  Eqs.  (13)  and  (14)  are  equivalent.  However, 
o’  and  N'  In  Eq.  (14)  are  governed  by  the  size  of  the  bubbles  from  whence  this 
distribution  came  as  well  as  by  the  radomness  of  the  process.  Since  the  Bond  number 
pg'Ac/a  Is  a  measure  of  the  instability  of  the  larger  bubbles  under  a  finite  accelera¬ 
tion,  one  would  expect  o'  and  N’/N  to  be  expressible  In  terms  of  this  dimensionless 
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group.  Furthermore,  since  the  corresponding  parameter  in  Eq.  (11)  is  j-p  ,  one  can. 
by  analogy,  rationalize  that  a*  =  k'  a/p  g' .  This  rationalization  is  justified  by  the 
vorth  of  the  equation  for  the  prediction  ok  data: 


'VN’dl  ■  k’ A,  j|rl  «*(-£'£«*) 


If  the  diameter  at  which  fragmentation  becomes  appreciable  is  sufficiently  large,  the 
effect  of  fragmentation  on  N  in  Eq.  (11)  is  negligible,  and  the  complete  dii  tr'oution 
funct'on  can  be  written  as  follows 

dN/Ndf  =  Volexp^’al2)  +  yk’  Ac  (^)  I  exp  (-£  %  I2) 

dN/Ndl  >  V  at  exp  (-£a!2)  ♦  A<.  k’  k-  (£)*!  exp  I2) 

dN/Ndf  -  X'al  exp  (-£af2)  ♦  «<*(~~.)  t  exp  (-0  ^l2)  (16) 

It  is  convenient,  for  purposes  of  data  processing,  to  determine  the  equation  for  accu¬ 
mulation.  Since  the  least  accurate  counts  are  the  smaller  diameter  counts,  Eq.  (16) 
is  integrated  from  f  to  infinity  rather  than  from  zero: 

m 

(1/N)f  dN  >=  exp(-£cf2)  +  o^,  exp  (-0  ^  I2)  (17) 

i 

The  values  of  a  ,  0  ,  and  X'  can  be  obtained  easily  by  use  of  the  asymptotic  charac¬ 
teristics  of  Eq.  (11).  For  small  values  of  { 


(H  *  In 


V  2 
(N)  -  y  of  ^ 


jfc-  _  ^  *■  ■  r 


■“."#******  *  *  „<*r- 


For  large  values  of  I 


>"(/"’')  -  ,n  ("•;*) 


fl  — I2 

%g’ 


(19) 


4  EXPERIMENTAL  DETERMINATION  OF  THE  PARAMETERS  IN  THE  DISTRIBUTION 
FUNCTION 


Twelve  experimental  distributions  were  obtained  for  ether-air.  methanol-air.  and 
water-air  systems.  The  total  number  of  bubbles  lying  between  a  given  diameter  and 
infinity  was  plotted  against  the  square  of  the  diameter.  These  plots  clearly  indicate 
tile  straight-line  sections  predicted  by  Eqs.  (18)  and  (19).  The  ether-air  runs  involved 
thegreatest  range  for  the  small  diameter  asymptote  (Fig.  2).  This,  of  course,  is  due 
to  the  small  value  of  interfacial  tension  between  air  and  ether. 


Equation  (18)  was  fit  to  each  of 
the  four  experimental  runs  by 
the  method  of  least  squares.  The 
values  were  obtained  for  N  and 
each  run  was  normalized  by 
dividing  the  accumulated  count  by 
N  .  The  normalized  runs  were 
then  plotted  and  the  best  least- 
squares  fit  of  the  normalized 
form  of  Eq.  (18)  was  obtained. 
The  standard  deviation  for  the 
data  was  0. 027.  The  results  are 
shown  in  Fig.  2. 


Fig 


0.001  0.CM0 

VXlA*!  CJ»  »*ttl  Di**r»f,  UN.*! 

2  Accumulative  Plot  for  Ether 
(Smal  I  I  Asymptote) 
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The  water-air  rune  Involved  the  greatest  range  for  the  large  diameter  asymptote. 

This,  of  course,  was  due  to  the  large  Interfacial  tension  between  air  and  water. 

Equation  (19)  was  fit  to  the  large  I  asymptote  for  each  of  the  four  runs  by  the  method 
of  least  squares.  In  this  case4he-V8Tue  of  a  Ntr/pg'  was  obtained  and  used  to  normalize 
each  of  the  four  runs.  The  method  of  least  squares  was  utilized  again  to  obtain  the  best 
fit  of  the  normalized  form  of  Eq.  (19)  to  all  of  the  data  Involved.  The  standard  devi¬ 
ation  of  the  normalized  data  was  found  to  be  0. 029.  These  results  are  shown  in  Fig.  3. 

With  the  values  obtained  for  the  parameters,  Eq.  (17)  can  be  written  as  follows: 


•e 

(1/N)  J dN  *  exp (-  9.35 ff*2)+  0. 


lOR^r  exp 


(- 12 -k'2) 


(20)* 


Equation  (20)  was  then  used  to  calculate  the  accumulation 


/  «  \ 
If  dN J 


for  the  methanol- 


air  system.  The  result  was  compared  with  the  methanol-air  data  (Fig.  4),  and  was 
found  to  predict  the  experimental  results.  The  entire  range  of  the  ether-air  and 
water-air  data  also  was  calculated  with  Eq.  (20)  and  compared  with  the  experimental 
data  (Figs.  5  and  6).  Typical  bubble  distributions  for  ether-air  and  water-air  sys¬ 
tems  are  shown  in  Figs.  7  and  8. 


5  CONCLUSIONS 


Because  Eq.  (20)  predicted  the  methanol-alr  results  (Fig.  4)  and  the  range  of  the 
ether-air  and  water-air  data  that  was  not  used  for  correlation.  It  might  be  concluded 
that  the  basis  of  the  derivation  Is  reasonable. 


*  Mixed  units  are  used  for  convenience  In  data  evaluations: 
g*  (dimensionless) 
ld  (In.2) 

p  (dimensionless) 
a  (ergs) 
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Fig.  7  Bubble  Distribution  in  Ether-Air  Fig,  8  Bubble  Distribution  in  Woter-AIr 
System  System 

If  the  nature  of  the  second  term  In  the  right-hand  member  of  Eq.  V  ')  is  Investigated, 
It  becomes  readily  apparent  through  the  application  of  L'Hosplt i'-,  rule  that  this  term 
approaches  aero  as  the  acceleration  field  approaches  aero.  TlK.-efore,  under  zero-g 
conditions  Eq.  (20)  reduces  to 

•0 

;*  'N)  /  dN  -  exp(-  9. 35 of2)  (21) 

I 

and  the  distribution  function  is 

dN/Ndf  -  18. 7«rf  exp(-  9,35<rf2)  (42) 
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It  Is  convenient,  for  comparison,  to  consider  Eq.  (22)  in  Its  dimensionless  form: 

cIN/Ndz  *  z  exp  ^  ^  z2)  (23) 

where  z  =  (Vifl.7 c)| . 

The  dimensionless  distribution  functions  at  both  zero-g  and  1-g  conditions  are  shown 
graphically  In  Fig.  9. 

! 

\ 

These  results  are  physically  reasonable.  Under  zero-g  conditions,  no  fluid  head 
exists  across  a  bubble  to  produce  fragmentation  or  distortion  and  the  derivation  of 
the  first  distribution  function  becomes  applicable  without  modification. 

The  most  probable  diameter  produced  under  zero-g  conditions  is 


I  *=  OMl/vTT 
P 


(24) 


An  arbitrary  amount  of  energy  was  utilized 
in  each  of  the  four  runs  for  each  liquid-air 
system.  Since  the  most  probable  diameter 
— remained  constant  within  the  experimental 
error,  for  each  liquid-air  system,  one  may 
conclude  that  only  the  total  number  of  bub¬ 
bles  produced  is  affected  by  the  energy 
input.  However,  this  conclusion  can  only 
be  drawn  wl'A  considerable  reservation 
because  no  measure  of  the  ener©r  that  was 
utilized  for  the  formation  of  surface  could 
be  made.  The  possibility  of  making  such 
measurements  is  being  investigated. 


*•«*  C«*Mft|»,  /  ipfMf  NtlONifll 


Fig.  9  Ole.tmlonlsti  Dlitribution  Function 
for  Zero- ond  1-g  Condition! 
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DISCUSSION 


Paul  Abramson.  Atomics  International 

I  notice  in  your  initial  discussion  of  the  derivation  that  you've  assumed  conservation  of 
bubbles  and  conservation  of  surface  energy  for  bubbles  and  I  wonder  if  you'd  justify 
that  for  me? 

Welch 

I'm  not  sure  I  can  Justify  it,  but  only  by  imagination,  rationalization  and  the  fact  that 
it  fits  the  dnta.  What  we  imagined  was  a  distribution  function  which  we  fltst  broke  up 
into  equal  increments  of  energy.  This  Ej  that  we  see  here  is  the  midpoint  value  in 
energy  between  E  and  E  +_AEU*.jjothat  our  range  here  in  each  increment  is  Ej  -  AE/ 
and  Ej  ♦  AE/2' .  Our  number  thnt  we  used,  Nj  ,  is  actually  the  Iteration  of  the  func¬ 
tion  between  E  and  E  +  AE  to  give  us  the  total  number.  We  wanted  to  do  this  so  that 
we  could  write  this  function  for  the  number  of  independent  ways  that  the  distribution 
could  be  formed.  Actually  what  we  are  doing  is  taking  our  imaginary  continuous  dis¬ 
tribution  function,  breaking  it  up  into  increments  and  using  this  to  derive  'he  equation 
for  omega.  We  had  a  problem  handling  this  in  the  same  manner  that  the  Boltzman 
distribution  is  handled  because  we  have  to  take  N  as  constant  and  surface  energy  as 
constant  whereas  actually  N  and  time  progress.  Both  N  and  the  surface  energy  vary 
so  we  imagine  a  condition  where  the  total  number  decreased  as  time  progressed  and 
we  said  we*  re  going  to  try  to  step  through  in  order  to  get  a  time  dependent  function 
that  we  can  handle.  We'll  try  to  step  through  increments  in  time  and  we'lt  try  to 
approximate  each  increment  In  time  with  an  equilibrium  condition.  Assuming  we  can 
do  this  and  assuming  we  can  evaluate  the  constant  for  these  Increments  of  time,  for 
each  increment  of  time  we  will  have  a  constant  N  and  a  constant  E.  Now,  that  we  soe 
in  this  paper  is  actually  the  very  first  Increment  of  time  and  that  our  E  then  is  actually 
the  first  energy  or  the  amount  of  energy  that  initially  goes  into  reduction  of  surface. 
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Abramson 


I  Just  might  suggest  that  conservation  of  mass  might  be  used  instead  of  conservation  of 
number  of  bubbles. 

Welch 

Yes,  we  tried  conservation  of  volume  which  is  close  to  conservation  of  mass  In  this 
case.  The  distribution  function  that  resulted  from  this  didn't  fit  the  data  too  well. 

What  it  actually  amounted  to  was  the  fact  that  we  had  our  data  there  and  we  Just  kept 
deriving  functions  until  we  came  up  with  one  that  fit,  then  we  tried  to  rationalize  a 
justification  for  that  distribution  of  function. 

Marvin  Adelberg.  Consultant 

Is  it  your  conclusion  that  the  bubble  size  distribution  doesn't  change  in  zero-g? 

I 

Welch  \ 

No,  it  actually  does  change.  As  we  increase  the  g  level  the  distribution  distorts.  This 
Is  shown  on  the  curves  of  the  distribution  function  vs.  the  dimensionless  Z.  These 
bubbles  were  generated  by  agitating  the  tank. 

Adelberg 

That  resolves  the  area  of  difficulty  since  heat  ^-ne rated  bubbles  are  mire  in  line  with 
the  problems  I'm  referring  to.  The  two  mechanisms  are  considerably  different. 

H,  Merte.  University  of  Michigan 

In  regard  tgjhe  last  figure  you  showed,  are  those  water  and  ether  data  the  plots  of 
the  equation  which  results  from  having  determined  the  constants  from  your  data  ? 


Welch 


Yes.  The  first  five  data  points  for  the  water  and  ether  runs  were  used  to  evaluate 
lambda  prime  in  the  idealized  distribution  and  then  provide  five  data  points  for  the 
water  curve  used  to  evaluate  the  p  in  the  fragmentation  distribution.  The  intercept  of 
the  normalized  data  pointer WaTused  to  determine  gamma.  We  got  our  constants  using 
the  first  portion  of  the  ether/air  runs  and  the  last  portion  of  the  water/alr  runs.  Then 
we  calculated  the  remainder  of  both  of  these  curves  and  the  whole  range  for  the 
methanol  case. 

George  Huson.  Bellcomm 

How  long  do  you  think  this  fragmentation  period  for  large  bubbles  is,  and  is  It  always 
going  to  be  short  with  respect  to  settling  time? 

Welch 

I  think  the  fragmentation  time  is  almost  instantaneous.  This  was  our  assumption 
anyway. 
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1  THE  FLUID  MECHANICS  OF  C0NDENSIN6  MERCURY 

IN  «  LOW-GRAVITY  ENVIRONMENT 

By  I.  T.  incut.*  P.  Mumur,*  R.  P.  Fursliutf  t 

ABSTRACT 

Experimental  and  analytical  results  are  presented  for  condensing  mercury  (Hg),  which 
show  that  vapor  and  liquid  pressures,  drag,  and  momentum,  with  proper  design,  are 
adequate  to  maintain  stable  vapor-llqutd  interfaces  during  all  phases  of  ground  and 
orbital  operation.  Transient  tejnpersture-and  pressure  distributions  are  presented 
for  the  startup  phase  of  a  multiple-tube  horizontal  radiator  condenser  during  system 
operation.  The  indicated  behavior  of  the  liquid-vapor  interfaces  during  startup  is  shown. 
Confirmation  of  such  behavior  is  provided  by  motion  pictures  of  Hg  condensing  In  a 
single  glass  tube. 

Various  forms  of  possible  instability  are  analyzed  and  related  to  their  effect  on  the 
performance  of  the  Mercury  Ranktne  Program  power  system.  Interface  Instability  as 

♦Atomics  International  Division,  North  American  Aviation,  Inc.,  Canoga  Park 
t  Graduate  student,  MIT,  Cambridge,  Mass.  -  formerly  with  the  Atomics  International 
Division,  North  American  Aviation,  Inc. 
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controlled  by  surface  tension,  tube  size,  and  gravitational  forces  is  discussed,  along 
with  runback  and  liquid-leg  Instability  due  to  negative  accelerations  (body  forces 
opposed  to  the  direction  of  vapor  flow).  Inherent  instabilities  controlled  by  the  relations 
between  the  momentum  rec  »  ery,  friction  and  drag  pressure  losses,  and  condensing 
length  are  also  discussed.  In  each  of  these  areas  of  stability,  some  definite  conclusions 
are  presented  which,  in  the  writers'  opinion,  indicate  that  condensing  in  a  low-  or 
zero-g  environment  presents  no  problems  that  cannot  be  easily  provided  for  in  design. 

A  brief  description  is  made  herein  of  the  Atomics  International  facility  used  for  study¬ 
ing  the  phenomenon  of  condensing  Hg.  A  film  which  concisely  surveys  much  of  the 
condensing  phenomena  to  which  a  Rankine  power  system  will  he  exposed,  is  part  of  an 
oral  presentation.  The  film,  of  Hg  condensation  in  single  glass  tubes,  shows: 

•  The  influence  of  tube  diameter 

•  The  mannerisms  of  ncncondenslble  entrainment 

•  Tlu  effect  of  positive  and  negative  accelerations  applied  to  the  interface 
in  a  one-g  environment 

•  Transient  accelerations 

•  Startup,  and  Hg  vapor  luminescence 

The  discussion  includes  an  interpretation  of  the  film  and  the  extrapolation  of  the  data 
therein  to  a  zero-g  environment. 

I 

Three  analytical  models  for  describing  die  pressure  drop  associated  with  two-phase 
Row  of  Hg  are  developed  and  discussed,  indicating  their  limitations  and  the  preferred 
model.  Two  recent  modifications  to  these  models  are  described'.  The  first,  a  method 
of  treating  momentum  loss  by  basic  transport  theory,  results  in  momentum  loss  fac¬ 
tors  (ratio  of  momentum  loss  to  mean  stream  momentum)  of  10  percent  and  eliminates 
a  variable  often  used  to  empirically  correlate  the  data.  The  second  describes  the 
mechanism  by  which  condensation  influences  the  velocity  profile,  and  the  resultant 
change  in  friction  factor.  The  treatment  is  based  upon  that  used  for  development  of 
equations  of  flow  in  pipes  with  porous  walls. 
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NOMENCI^ATURE 


A  tube  cross  sectional  flow  area 

Cf  friction  coefficient 

D  tube  hydraulic  diameter 

I)  core  diameter 

c 

E  total  energy 

f  friction  factor 

K  entrance  acceleration  and  loss  coefficient 

L  condensing  length 

Lq  reference  condensing  length 

I  *2  -  X1 

n  number  of  g's 

PLM  regulated  liquid  manifold  pressure 

P  pressure 

PQ  Inlet  total  pressure 

Q  volume  flow  rate 

rQ  distance  from  center  of  rotation  to  liquid  manifold 

r^  distance  from  center  of  rotation  to  Interface 

r  radial  location  in  tube 

R  tube  flow  area  radius 

K  pipe  radius 

ReQ  condensing  Reynolds  number 

ReQ  axial  Reynolds  uumber  based  on  diameter 

T  temperature 

U  average  axial  velocity 

U*  axial  velocity  of  condensing  particles  hitting  the  wall 

0  mean  U 

U'  vector  fluctuation 

UQ  inlet  axial  velocity 

Inlet  velocity  to  perturbed  tube 
Umax  maximum  inlet  axial  velocity 
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axial  velocity  at  r  *  X 
liquid  velocity 
vapor  velocity 
radial  velocity 
wall  shear  velocity 
weight  flow  of  vapor 

total  flow  through  tube  (liquid  plus  vapor) 
weight  flow  of  liquid 
axial  distance 

the  run  back  distance  measured  from  the  Inlet 
momentum  loss  factor  »  V'/U 

mean  free  path 

2 

dimensionless  radius  squared  *  (r/R) 
wall  shear  Reynolds  number 
viscosity  of  host  fluid 
kinematic  viscosity  of  host  fluid 
density 
shear  stress 

ratio  of  two  phase  pressure  gradient  to  single  phase  vapor  pressure  gradient 

vapor  quality 

droplet  diameter 

expected  velocity  fin.  /sec) 

Boltzmann's  constant  °  1.38  «  10  erg/*K 

-22 

mass  of  one  molecule  of  Hg  *  3.33  v  10  grams 

ACRONYMS 

Mercury  Ranklne  Program  1 

Radiation  Condenser  \ 
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•  THE  FLUID  MECHANICS  OF  CONDENSING  MERCURY  IN  A 
LOW-GRAVITY  ENVIRONMENT 


1  INTRODUCTION 

In  any  Ranklne  power  system,  the  vapor  must  be  condensed.  The  question  is  whether 
the  condenser  can  be  designed  to  operate  in  a  stable  fashion  in  a  low-or  zero-g  environ¬ 
ment.  It  is  necessary  to  rely  on  the  liquid  and  vapor  momentum  and  drag  forces  to  \ 
maintain  stable  operation,  because  the  stabilizing  effect  of  the  earth's  gravitational 
field  is  no  longer  available.  In  some  applications,  accelerations  are  encountered 
which  result  In  forces  opposing  condensation. 

The  most  stable  condensing  configuration  is  a  single  tube;  this,  however,  involves  a 
severe  weight  penalty  for  electrical  power  systems  in  the  kilowatt  range,  and  multiple 
parallel-tube  condensing  must  be  considered.  For  large  radiation  condensers,  tapered 
tubes  offer  significant  advantages  in  terms  of  reduced  Hg  startup  Inventory,  and  greater 
stability  due  to  higher  average  vapor  velocities.  The  present  radiation  condenser  pro¬ 
posed  for  the  Mercury  Ranklne  Program  has  40  parallel  tapered  condensing  tubes. 

Both  round  and  rectangular  tubes  are  being  considered;  the  final  selection  will  be  based 
on  fabrication  capability. 

The  investigation  of  mercury  condensing  behavior  is  being  carried  out  in  four  areas 
simultaneously:  (1)  stability,  (2)  startup  phenomenon,  (3)  gas  entrainment,  and 
(4)  pressure-drop  evaluation.  A  discussion  follows  of  the  work  that  has  been  done  and 
is  still  being  done  in  these  areas. 

2  DISCUSSION  OF  STABILITY 

Some  of  the  major  influences  on  stable  operations  of  a  mercury  radiator  condenser 
(RC)  are  examined  in  some  detail  herein.  In  particular,  interface,  zero-g  liquid  leg. 
force  field  liquid  leg.  and  runback  instabilities  are  discussed. 


2. 1  Interface  Instability 


This  particular  type  of  Instability  is  an  interface  stability  phenomenon,  and  is  discussed 
thoroughly  in  Ref.  1;  application  to  condensing  Hg  is  discussed  in  Refs.  2  and  3. 
Accelerations  applied  at  any  particular  frequency  to  the  liquid-vapor  interface  will 
cause  a  change  of  shape  in  any  small  irregularities  already  existing  in  that  interface. 

In  general,  the  interface  is  stable  If  the  resultant  body  forces  are  applied  from  the 
lighter  to  the  denser  fluid  and  unstable  if  vice  versa.  Neglecting  surface  tension  effects, 
Taylor  (Ref.  4)  found  that  the  initial  growth  of  the  amplitude  of  the  disturbance  was 
____^«xpnn€nt i al  In  time.  Surface  tension  was  found  by  Bellman  and  Pennington  (Ref.  5)  to 
cause  a  surface  wave  length  dependence,  where  wave  lengths  shorter  than  a  critical 
value  were  stable  and  longer  wave  lengths  were  unstable.  This  critical  wave  length  is 
given  by 


Equation  1  is  interpreted  to  mean  that  the  interface  is  stable  if  the  tube  diameter  is 

less  than  half  the  critical  wave  length,  and  unstable  if  it  is  larger  than  X  /2  .  In 

C  I* 

Ref.  8.  the  Taylor  wave  criterion  was  applied  to  round  Hg  condenser  tubes  in  a  one-g 
field  with  Hg  as  the  fluid  at  600'  F,  The  experimental  range  of  critical  diameters, 
dependent  upon  surface  finish  and  adhesion  between  Hg  and  the  tube,  was  from  0. 125  to 
0.168  in.  The  analytical  prediction  of  the  modified  equations  gives  X  /2  *  0.136  in., 
for  Hg  at  room  temperature.  Reference  6  discusses  a  modification  to  the  theory 
(generated  above)  which  is  attributed  to  contact  angle,  interface  curvature,  and  adhe¬ 
sive  properties  between  the  liquid-vapor  interface  and  the  tube  wall.  The  modification 
is  manifest  in  the  form  of  a  region  of  meta-stability  which  extends  up  to  tube  diameters 
as  large  as  3.8317  /c/Kg/'g  )(pL  -  pv)|  (which  one  observes  to  be  slightly  larger  than 


the  value  predicted  above)  and  down  to  tube  diameters  as  low  as  1. 835y<r/t(g/gc)  (p^  -  Py)l 
(which  is  significantly  lower  than  the  value  predicted  above) .  This  lower  diametral 
limit  is  chosen  for  design  purposes  because  it  Ik  the  most  conservative. 

It  was  found  that  in  applying  Taylor's  criterion  to  rectangular  tubes  (Ref.  7),  the  criti¬ 
cal  dimension  is  along  the  gravitational  force  vector.  With  the  tube  in  a  horizontal 
position,  the  horizontal  dimension  could  be  above  critical  but  the  vertical  dimension 
governed  the  stability  of  the  interface.  On  the  other  hand,  if  the  interface  is  horizontal, 
both  dimensions  must  be  below  the  critical  size  to  maintain  a  stable  interface. 

Reference  7  found  the  critical  dimension  to  be  0. 18  in.  for  room  temperature  Hg  in 
the  glass  ducts.  I 

\ 

In  all  the  Mercury  Rankine  Program  (MRP)  applications  considered  to  date,  the  inter¬ 
face  in  the  condensing  tubes  is  stable  either  because  the  acceleration  level  is  so  low 
(~  0.05  g's)  that  the  tube  diameter  is  below  the  criticsl  diameter,  or  because  the  direc¬ 
tion  of  acceleration  is  from  the  vapor  to  the  liquid,  therefore  Inherently  stable.  For 
example,  if  the  local  acceleration  is  0.05  g's,  the  critical  diameter  would  be  about 
4.5  times  the  value  on  earth.  From  the  previous  consideration,  the  critical  value 
would  be  from  0.56  to  0.75  in.  The  Increase  in  critical  diameter  was  verified  In 
Ref.  2,  where  tubes  of  0.625  in.  diameter  and  0.5  in.  diameter,  filled  with  water  and 
Hg  respectively,  were  found  to  have  stable  interfaces  in  a  near  zero-g  environment. 

Since  typical  10-ft-long  MRP  tube  sizes  run  from  0.25  to  0.35  in.  at  the  vapor  inlet, 
to  0. 125  to  0.20  in.  at  the  liquid  outlet,  the  tubes  are  well  below  the  critical  diameter. 

2. 2  Zero-O  Liquid-Leg  Instability 

In  a  zero-g  environment,  a  perturbation  in  condensing  length  of  one  tube  in  a  multi -tube 
condenser  may  result  in  an  instability  (liquid  leg  entering  the  vapor  manifold).  This 
will  occur  whenever  the  pressure  on  the  vapor  side  of  the  interface  decreases,  when 
the  condensing  length  decreases  while  the  pressure  in  the  liquid  leg  Is  held  constant 
either  by  a  pressure  regulator  (as  in  the  MRP),  or  by  the  fact  that  the  remainder  of 
the  tubes  have  not  significantly  changed  their  operating  condition.  The  conditions  under 
which  this  kind  of  instability  occurs  can  best  be  explained  by  examining  in  detail  the 
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factors  which  Influence  the  shape  of  the  curve  of  the  Interface  pressure  as  a  function 
—  of  the  condensing  length. 

To  simplify  the  pressure-drop  equation  for  the  purpose  of  examining  the  factors 
influencing  condensing  stability  at  zero-g,  incompressible  flow  is  assumed.  To  account 
for  the  fact  that  condensation  occurs  and  the  stream  velocity  varies  along  the  con¬ 
densing  tube,  it  is  assumed  that: 

1)  Area  =  constant,  not  varying  with  distance 

2)  U(x)  =  U^(l-X/Lo) 

3)  VlQ  =-  Uq(L/L0) 

This  presents  a  very  special  case  of  condensation,  one  with  a  linear  quality  profile. 

However,  experience  with  radiator  designs  to  date  indicates  that  the  quality  does  not 
deviate  by  more  than  two  or  three  percent  from  the  linear  profile.  Furthermore,  this 
assumption  will  not  significantly  affect  the  result  and  does  simplify  it.  While  this 
represents  a  very  special  case,  the  major  conclusion  can  be  shown  to  be  essentially 
independent  of  these  particular  assumptions. 

Based  on  these  assumptions  the  resulting  pressure  drop  equation  is 


P  = 


Pc  +  12-y-K) 


pU2L2  4pU2L2 
2*cLo 
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(2) 


2-2 

which  gives  for  the  interface  pressure,  assuming  an  average  (p  (<p  )  and  an  average 

f<?)  . 
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(2-y-K 

Lr  3DL‘ 
o  o 


fS 


(3) 


6-8 


Equation  3  shows  that  the  condenser  will  be  completely  stable  as  long  as  (2  -  y  -  K)  <  0, 
of  if  the  condensing  length  ic  greater  than  the  critical  condensing  length  when 
(2  -  y-  K)  >  0 .  By  differentiating  Eq.  3  and  setting  it  equal  to  zero,  the  critical  length 
is  found  to  be 


<2  -  v  -  K)  D 

2<p  2  7 


(4) 


Figure ‘1  is  a  plot  of  Eq.  3,  showing  the  interface  pressure  on  the  vapor  side  vs  con¬ 
densing  length  for  equilibrium  conditions  at  each  condensing  length. 


From  Fig.  1 ,  the  criterion  foratabilltytn  zero-g  when  one  tube  out  of  many  is 
perturbed  Is 


a 

dL 


<  0 


(5) 
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Figure  1  shows  that  tt  Is  posslbte,  for  small  momentum  losses  during  condensing,  to 
have  an  Interface  static  pressure  which  is  greater  than  the  tncomihg  total  pressure, 
hence  the  Interface  might  move  toward  the  inlet.  To  match  the  pressure  drop  data  of 
Rof.  e,  it  was  empirically  determined  that  the  condensate  must  give  up  an  average  of 
20. 8  percent  (y  «  0. 57)  of  the  mean  stream  momentum  flux.  For  an  acceleration 
and  entrance  loss  factor  (K)  of  1.5,  this  would  require  the  static  interface  pressure 
to  be  less  than  the  Inlet  total  pressure  by  seven  percent  of  the  Inlet  dynamic  head. 

— However,  more  refined  analytical  models  (see  para.  4.7)  predict  that  this  factor  y  is 
much  closer  to  10  percent,  permitting  the  Interface  pressure  to  be  greater  than  the 
inlet  total  pressure. 

If  the  latter  case  turns  out  to  be  true,  as  Is  expected.  It  will  be  necessary  to  maintain 
the  condensing  length  greater  than  that  given  by  Eq.  4.  For  the  MRP  reference  design, 
for  y  ■0.1,  Eq.  4  gives 


L  »  (g--  0^15)  D  -  20D  (6) 

During  steady-state  operation  the  MRP  condensing  length  is  about  110  In.  During 
startup,  however,  the  condensing  length  decreases  until  the  RC  is  heated  and  the 
— — condensing  pressure  reaches  the  steady-state  condition.  The  minimum  condensing 
length  during  startup  of  MRP  condensers  is  about  20  in. ,  or  an  L/D  »  65  ,  and  no 
zero-g  condensing  Instabilities  are  expected.  This  has  been  verified  by  flat  horizontal 
RC's,  and  Is  true  even  when  allowing  for  the  errors  resulting  from  the  simplifications 
introduced  during  the  derivations  of  Eq.  4. 

2.3  Force  Field  Liquid- Leg  Instability 

In  the  presence  of  negative  accelerations  opposed  to  the  condensing  direction,  liquid- 
leg  instability  may  result  If  vapor  pressure  forces  are  not  adequate.  These  Instabili¬ 
ties,  If  allowed,  will  result  in  spilling  liquid  Into  the  vapor  manifold  and/or  vapor  Into 
the  liquid  manifold  for  the  single  perturbed  tube.  The  opposite  or  the  same  may  occur 
for  the  other  tubes  following  the  Instability  In  the  initially  perturbed  tube. 
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Let  us  consider  the  case  when/  the  RC  is  rotating  about  some  center,  say  at  a  distance 
rQ  from  the  base  of  the  RC 


The  pressure  on  the  interface  by  the  liquid  is  then  given  by 


2  2  2  2  _ 

P  ^_!i  !_!»  .  ^LM 

P  2  '  2  '  p 


where  the  second  term  on  the  right  is  a  constant  for  a  given  ro> 


(7) 


For  an  investigatory  case,  r  =  41. 25  in.  and  a  tube  length  of  10  ft,  the  plots  of  pres- 

°  | 
sure  (P)  vs.  condensing  length  (L)  were  generated  for  various  u .  shown  in  Fig.  2. 

These  curves  show  the  pressure  that  would  be  present  in  the  liquid  at  the  interface  as  a 
function  of  L  for  a  particular  u .  To  determine  the  influence  of  these  pressures  upon 
stahility,  one  must  examine  the  perturbation  line  of  a  single  tube  through  the  operating 
point  (particularly  u  and  L).  The  operating  point  is  established  considering  that 
the  liquid  in  all  tubes  rises  simultaneously  until  the  vapor  pressure  equals  the  liquid 
pressure.  The  vapor  pressure  rises  due  to  the  decreased  condensing  length  and  the 
rise  in  condensing  temperature  that  accompanies  the  reduction  in  radiating  area.  In 
this  case,  the  flow  to  each  tube  is  constant  and  the  manifold  pressure  rises  as  the  con¬ 
densing  length  decreases,  until  the  liquid  and  vapor  pressure  become  equal.  Having 
established  the  operating  point,  the  single  tube  perturbation  line  is  catcutated,  assuming 
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the  manifold  pressure  is  constant  and  the  flow  varies  with  the  condensing  length  in  the 
single  perturbed  tube. 

Examination  of  Fig.  2  shews  that  Interface  perturbations  will  be  stable  as  long  as 


)  >'l 

@  \ 

'vapor 

'dL' liquid 

For  a  tapered  rectangular  tube  typical  of  a  MRP  RC.  Ref.  9  shows  the  curves  of  vapor 
side  pressure  at  the  interface  vs  L  for  two  cases.  One  case  considers  the  rise  in 
vapor  side  Interface  pressure  due  both  to  the  reduction  in  condensing  length  and  to  the 
rise  in  condensing  temperature.  The  other  case  considers  only  the  former  and  is  much 
more  conservative.  The  true  lint  of  operating  points  probably  lies  between  the  two. 
These  curves  arc  superimposed  on  the  liquid-side  interface  pressure  vs  condensing 
length  (L)  curves  in  Fig.  2. 

The  result  is  that  the  RC  is  stable  when  its  operating  point  occurs  at  u  <0.917  rad/ 
sec  for  the  maximum  variation  in  vapor  manifold  pressure,  or  at  u  <  0.4  rad/sec  for 
no  variation  in  vapor  manifold  pressure.  In  both  cases  the  Interface  remains  stable. 
Larger  negative  accelerations  or  vehicle  tumbling  can  be  handled  without  going  to  ex¬ 
cessive  HC  pressure  drops,  by  performing  the  final  condensing  In  a  single  tube  which 
is  oriented  normal  to  the  acceleration  forces  as  shown  in  Fig.  3. 

In  this  case  it  is  easy  to  see  that  <dP/dUj|qu)d  *  0  snd  a  stable  condition  exists.  It 
is  also  apparent  that  this  configuration  is  stable  for  acceleration  forces  parallel  to  the 
single  tube  as  long  as  changes  from  one  direction  to  the  other  are  not  so  rapid  as  to 
prevent  the  interfr.ee  from  returning  to  Its  stable  position  shown  in  Figs.  4  and  S. 

While  this  configuration  can  be  made  stable  for  large  negatlve-g  forces,  the  weight 
penalty  becomes  significant  due  to  the  Increased  tube  diameter  (for  the  same  system 
pressure  drop)  and  corresponding  increase  in  Hg  inventory  and  meteoroid  armor. 


INTERFACE  PRESSURE  (PSIA) 


CONDENSING  IINOTH 

Fig.  2  Negative-g  Radiator  Condenser  Operating  Characteristics  (from  Ref.  9) 
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VAPOR  MANIFOLD 


BODY  FORCES 


Fig.  3  Single  Tube  Finol  Condensation 


i 


Another  approach  to  stable  condensing  In  negatlve-g  fields  Is  the  use  of  an  Indirect 
condenser  which  can  more  readily  be  favorably  oriented  and  has  shorter  liquid  sub¬ 
cooler  lengths. 


2.4  Runback  Instability 


The  condition  termed  "runback"  occurs  when,  in  a  negatlve-g  field,  a  portion  of  the 
condensate  in  the  condensing  region  flows  back  against  the  vapor  flow.  Severe  oscil¬ 
lations  occur  as  the  runback  liquid  blocks  the  vapor  flow  path  and  causes  the  vapor 
pressure  to  rise,  thus  creating  a  pressure  difference  across  the  runback  slug  that 
causes  it  to  be  slammed  back  into  the  liquid  leg.  Runback  1*  a  phenomenon  peculiar 
to  wetting  condensation  in  abov —  and  below-critical-diameier  tubes,  and  to  nonwetting 
condensihg  flow  in  above-cr itical-dtSmeterlubea .  As  negative  accelerations  (forces 
directed  from  the  liquid  toward  the  vapor)  are  applied  to  the  condenser,  the  vapor  drag 
forces  are  not  large  enough  to  pi  event  the  interface  from  deforming  and  running  back 
into  the  vapor  stream. 

Runback  under  wetting  conditions  was  analyzed  by  Koestel  (Ref.  6).  He  assumed  that 
runback  occurred  at  the  point  where  the  wall  shear  went  to  zero.  He  found  that  the 
distance  to  the  point  of  runback  could  be  represented  by  the  relation 


(8) 


From  the  experimental  data.  Koestel  estimated  that  *  0.  8  would  minimize 
the  effects  of  runback  slugging  in  tubes  of  diameters  s  0. 5  in.  This  reduces  Eq.  8  to 


uo  -  a»(*L<’v)1/2  t;  » 

where  UQ  is  the  required  inlet  vapor  velocity  to  maintain  a  stable  flow  condition. 

In  the  case  of  the  MRP,  if  wetting  of  the  condenser  tubes  occurs,  the  above  criterion 
predicts  stable  operation  (small  pressure  fluctuations)  for  negative  acceleration  up  to 
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0.078  g's.  It  is  apparent  that  an  RC  for  apace  application*  can  be  designed  to  avoid 
the  instabilities  considered  here,  and  with  a  minimum  weight  penalty. 

3  EXPERIMENTAL  WORK 

Considerable  experimental  work  has  been  performed  at  AI  with  horizontal  and  vertical 
RC's  and  in  single-tube  condensing.  Some  of  the  most  pertinent  results  wtll  be  dis¬ 
cussed  in  the  following  sections. 

3. 1  Transient  Horizontal  Hg  RC  Startup  Behavior 

\ 

\ 

To  simulate  zero-g  system  operation,  a  system  was  assembled  using  a  flat  horizontal 
RC  at  the  same  elevation  as  the  centerline  of  the  combined  turbine-alternator-pump 
unit.  The  radiator,  which  had  44  tapered  tubes,  approximately  0. 3-ln.  inlet  diameter, 
and  10  ft  long,  was  capable  of  rejecting  about  50  kw  of  thermal  power,  at  a  600*  F  con¬ 
densing  temperature,  to  the  water-cooled  vacuum  chamber.  This  system  was  operated 
for  1,200  hours,  including  complete  system  startups,  with  no  indications  of  any  Insta¬ 
bilities,  Of  particular  interest  is  the  startup  behavior,  which  is  best  explained  by 
reference  to  Figs.  8  and  7  which  show  how  the  condensed  Hg  collects  In  a  slug  and 
simultaneously  grows  and  moves  down  the  tube.  The  pressure  In  the  region  down¬ 
stream  from  the  liquid  slug  should  be  equal  to  the  vapor  pressure,  or  approximately 
—4 

_ -10^'  psla.  When  the  liquid  slug  reaches  the  condensing  tube  exit,  the  interface  moves 

upstream  as  the  temperature  and  pressure  (Fig.  9)  continue  to  rise.  Finally  the  pres¬ 
sure  rises  high  enough  (actually  it  slightly  overshoots  the  steady-state  value)  and 
draining  of  the  RC  commences.  Draining  continues  until  the  steady-state  operating 
conditions  are  reached.  Figure  7  Is  based  on  observations  of  startup  in  single  pyrox 
tubes  and  the  experimental  temperature  and  pressure  measurements  (see  Figs.  8  and 
9)  taken  on  the  44-parallel-tube  horizontal  RC.  The  horizontal  RC  operated  in  a  stable 
fashion;  the  transient  startup  behavior  is  adequate  and  car.  be  predicted. 
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TUBE  TEMPERATURE  (DEG  F) 


BELOW  CRITICAL  DIAMETER  TIME  AFTER  ABOVE  CRITICAL  DIAMETER 


Horizontal  Mercury  CondensIng'Starfup  In  Below-  and  Above -Criti  col -Diameter  Tubes 


*  DISTANCE  FROM  MANIFOLD  (FT) 

Fig.  8  Startup  Transient  Temperature  Variations  for  Horizontal  Mercury  Condensers 


\ 
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Fig.  10  Schematic  of  Mercury  Loop 


data  concerning  Interface  and  liquid- leg  stability,  and  to  determine  the  influence  of 
noncondeneible  gases  upon  the  nonwetted  condensing  process  of  Hg.  These  studies 
surveyed  the  condensing  phenomena  in  0. 125-in.  ID  (below-critical  diameter)  and 
0. 3-in.  ID  (above-critical  diameter)  pyrex  condensing  tubes.  The  tubes  were  operated 
in  angles  of  inclination  of  from  -  5*  to  + 10*  from  the  horizontal.  The  operating  con¬ 
ditions  were  set  for  Inlet  pressures  from  8  to  12  psia  at  roughly  700*  F,  with  flow  rates 
at  0.3  to  0.4  lbm/mln  In  the  large,  tube  and  0. 1  lbm/mln  in  the  small  tube.  These 
flows  are  slightly  below  the  0. 5  lbm/mln  per  tube  in  the  MRP.  At  constant  flow  and 
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condensing  length,  the  inlet  pressure  was  varied  with  angle  of  inclination.  Several 
condensing  lengths  were  also  examined  at  each  inclination.  The  loss  of  hydrogen  from 
the  fuel  elements  to  the  NaK  system  results  in  a  net  transfer  to  the  Hg  system  where 
it  collects  in  the  RC.  Therefore,  noncondensible  gases  were  introduced  at  a  large 
flow  rate  (compared  to  that  exacted  in  the  MRP)  to  examine  interface  effects. 

3.2.1  Stability 

It  was  observed  that  the  critical  (capillary)  diameter  as  predicted  for  Hg  does  indeed 
have  the  main  stabilizing  influence  upon  surface  stability  at  the  liquid-vapor  interface. 
The  films  indicated  that  the  0. 125-in.  diameter  tube  held  a  stable  Interface  under  all 
orientations  tested;  that  even  when  large  disturbances  were  created  upon  that  interface 
by  incoming  droplets,  the  disturbances  were  rapidly  damped. 

Studies  of  the  liquid-vapor  Interface  In  the  above-crltlcal-diameter  tube  also  showed 
the  expected  phenomena.  In  a  horizontal  or  "downhill"  condensing  position,  there  were 
no  forces  that  could  cause  a  droplet  (thrown  from  the  interface  by  the  surface  waves) 
to  move  upstream.  The  interface  therefore  held  an  overall  equilibrium  position,  al¬ 
though  the  interfacial  tension  was  not  sufficient  to  immediately  damp  all  perturbations. 
However,  in  an  "uphill"  condensing  orientation,  droplets  which  separated  from  the 
interface  were  moved  upstream  by  gravitational  forces.  Since  the  droplet  was  then 
moving  against  a  flux  of  condensing  vapor,  Its  motion  was  eventually  reversed  and  it 
was  given  a  large  momentum  toward  the  Interface. 

Large  amounts  of  liquid  were  released  In  the  phenomenon  being  described.  There 
appeared  to  be  no  actual  separation  of  the  interface  into  droplets,  but  the  interface 
became  elongated.  This  could  be  due  to  the  time  limitations,  since  it  is  known  that 
the  equilibrium  configuration  Is  a  group  of  spherical  droplets,  but  it  Is  also  known 
that  the  time  to  reach  equilibrium  is  quite  laige.  The  upstream  end  of  the  interface, 
which  had  been  exposed  to  the  nonequilibrium  conditions  for  the  longest  time,  did 
actually  form  a  group  of  spherical  droplets.  Some  of  these  droplets  moved  in  an  oscil- 
latlng  pattern  along  the  tube  axis,  moving  upstream  under  gravity  until  the  vapor  mo¬ 
mentum  flux  reversed  the  motion,  then  moving  toward  the  Interface  until  gravitational 
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forces  reversed  that  motion.  This  phenomenon  is  peculiar  to  non-wetted  runback. 
Somewhat  downstream  of  these  oscillating  droplets,  a  continuous  but  quite  elongated 
Interface  exists.  This  interface  distorts  as  liquid  runs  into  its  upstream  end.  As  the 
upstream  end  grows  in  size  (and  mass)  it  moves  farther  upstream  and  encounters 
more  vapor  flux.  The  shear  and  momentum  forces  of  the  vapor  deform  this  interface 
until  it  bridges  the  tube,  at  which  time  it  receives  a  large  impulse  from  the  vapor, 
driving  the  entire  liquid  runback  downstream  into  the  stationary  liquid  leg.  When  the 
runback  is  slammed  into  the  liquid  leg,  a  large  pressure  pulse  is  transmitted  into  the 
liquid/  Pulses  as  great  in  magnitude  as  *  2.5  psia  were  observed.  (The  minus  readings 
may  be  due  to  instrumentation  oscillatlons„rather  than  actual  pressure  fluctuations.) 

It  is  pertinent  to  point  out  at  this  point  that  no  runback  would  be  possible  in  a  zero-g 
environment.  This  is  due  to  the  Taylor  wavelength  criterion  which  gives 
Acr  =  ^o/[(g/gc)(pL  -  pv)J  5  l.e. ,  for  zero-g  the  critical  wavelength  becomes  Infi¬ 
nite.  This  also  gives  a  criterion  for  determining  maximum  allowable  g  levels.  The  phe¬ 
nomena  presented  in  this  discussion  are  visualized  in  the  accompanying  motion  picture. 

3.2.2  Noncondensibles 

Part  of  the  pl»o  to  graphic  study  was  concentrated  on  determining  the  influence  of  non- 
condensible  gases  upon  condensation  phenomena.  In  the  reactor  power  system  of  the 
MRP,  hydrogen  is  used  as  the  moderator  component  in  the  reactor  fuel  elements. 

This  hydrogen  diffuses  out  into  the  primary  loop  Quid  (NaK)  and  is  carried  along  with 
it,  constantly  diffusing  out  of  the'TJaK  piping  walls.  Hydrogen  is  thereby  introduced 
into  the  Hg  system  in  the  boiler  and  carried  around  the  Hg  loop  until  it  reaches  the 
condenser.  The  influence  of  noncondensible  gases  on  the  condensing  processes  was 
examined  in  both  the  above-  and  below-critical -diameter  tubes.  It  was  found  that 
bubbles  are  entrained  in  the  liquid  leg  in  all  cases  except  downhill  condensing  in  above- 
critical -diameter  tubes . 

Above-Critical-Diameter  Tubes.  In  the  greater-than-cridcal -diameter  tube,  the 
Influence  and  mechanism  of  entrainment  of  noncondensibles  was  greatly  influenced  by 
the  orientation  of  the  tube  with  respect  to  gravity. 
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1)  Horizontal  Condensing:  In  a  horizontal  position,  noncondensibles  build  up  vertically 
. — abOVe'the  liquid  vapor  Interface  and  cause  the  interface  to  elongate;  interfaces  were 

observed  as  long  as  20  in.  in  a  0.3-in.  tube.  As  the  interface  elongates,  the  influence 
of  condensate  droplets  (which  formed  upstream  and  ran  into  the  leading  edge  of  the 
interface)  becomes  more  marked.  These  droplets  set  up  traveling  waves  of  relatively 
constant  amplitude  in  the  near'y  horizontal  interface  surface.  As  the  wave  travels 
downstream  along  the  interface,  it  reaches  a  position  where  the  amplitude  of  motion  is 
greater  than  the  gap  between  the  liquid  and  the  top  of  the  tube  (which  is  filled  with  gas). 
At  any  axial  location  from  this  position  downstream  to  the  end  of  the  noncondensibles, 
the  surface  wave  has  sufficient  amplitude  to  bridge  the  tube  and  trap  a  bubble  of  non¬ 
condensibles.  However,  the  noncondensibles  would  be  held  In  the  liquid  leg  only  bv  the 
small  adhesion  force  of  Hg  to  glass.  This  type  of  entrainment  is  therefore  unstable. 
Only  when  a  sufficient  amount  of  liquid  builds  up  in  the  bridging  process,  thus  providing 
a  new  end  for  the  interface,  can  the  bubble  be  physically  entrained.  However,  if  a 
following  surface  wave  of  sufficient  energy  and  proper  phase  angle  arrives  at  the  posi¬ 
tion  of  bridging  before  a  great  deal  of  liquid  has  built  up  in  the  bridge,  this  wave  could 
tear  loose  the  bond  and  return  the  interface  to  its  original  configuration,  with  the 
result  that  no  entrainment  takes  place.  Once  a  bubble  is  entrained  in  this  manner  It 
moves  haltingly  toward  the  tube  exit,  sometimes  stopping  as  liquid  flows  underneath 
it  until  shear  forces  at  the  Hg-gas-tube  interfaces  are  sufficient  to  tear  the  Hg  loose 
and  move  the  bubble. 

This  describes  the  mechanism  by  which  small  bubbles  of  noncondensible  gases  can  be 
entrained  into  the  liquid  leg  of  a  condenser.  The  only  other  way  that  noncondensibles 
will  pass  the  liquid-vapor  interface  in  an  above-critical-diameter  tube  is  by  very 
small  bubble  entrainment  when  droplets  smash  into  the  interface. 

2)  Downhill  Condensing:  In  a  downhill  condensing  orientation  in  an  above-critical- 
diameter  tube,  the  liquid-vapor  Interface  assumes  a  horizontal  configuration.  Drop¬ 
lets  which  form  upstream  are  observed  to  run  through  the  noncondensible  layer  and 
into  the  interface.  Little  viscous  drag  occurs  on  the  droplets  in  the  noncondensible 
layer.  The  only  apparent  mechanism  of  entrainment  is  the  formation  of  small  bubbles 
when  droplets  hit  the  interface. 
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3)  Uphill  Condensing:  In  an  uphill  condensing  orientation  In  above-crltlcal-dlameter 
tubes,  the  mnback  phenomenon  generates  such  violent  Interface  motion  that  noncon- 
dentiibles  cannot  build  up  to  large  amounts  but  become  continuously  entrained  by  the 
interface  and  rise  under  buoyant  forces  toward  the  tube  exit.  The  entrained  bubbles 
are  small  and  frequent.  Due  to  violent  surface  motion,  there  may  also  be  some  very 
small  bubbles  entrained  which  are  similar  to  the  bubbles  entrained  by  droplets  impinging 
on  the  interface  in  other  orientations. 

Below-Crltlcal-Diameter  Tubes.  At  this  stage  in  the  discussion  of  the  influence  of 
noncondensiblcs  upon  condensation,  it  is  important  to  point  out  that  in  a  zero-g  environ¬ 
ment,  the  critical  wavelength  Is  infinite.  The  previous  discussion  applies  only  to  con¬ 
densation  in  an  environment  containing  large  mass  attraction  fields;  the  following 
discussion  is  pertinent  to  the  zero-g  environment. 

Noncondensible  entrainment  in  a  below-critical -diameter  tube  appeared  to  be  independ¬ 
ent  of  orientation  In  the  gravitational  field  to  the  extent  of  the  tests  performed,  which 
varied  between  -6°  and  + 10"  from  the  horizontal  position.  The  liquid-vapor  interface 
is  held  in  a  stable  position  by  surface  tension  effects.  Noncondensibles  accumulate  In 
the  vapor  region  immediately  upstream  of  the  interface,  and  in  this  region  little  or  no 
Ilg  condcnstatlon  occurs.  When  the  slug  of  noncondensibles  becomes  appreciable  (the 
actual  amount  was  not  measured  in  these  experiments,  but  it  is  estimated  to  be  of  the 
order  of  10  tube  diameters)  the  droplets  condensing  upstream  are  slowed  by  viscous 
damping  in  the  gas.  These  droplets  agglomerate  rapidly  to  form  large  drops  in  the 
noncondenslble  region.  Eventually  the  formation  of  these  large  droplets  is  so  rapid 
that  they  bridge  the  tube  before  arrival  at  the  interface.  A  slug  of  noncondensibles  is 
than  entrained  ahead  of  the  large  drop.  At  inlet  pressures  of  10  to  12  psia  and  liquid 
flows  of  0. 1  lbm/min.  the  typical  slug  lengths  observed  were  1  to  2  tube  diameters. 

The  noncondensibles  accumulate  upstream  from  this  new  interface  and  the  process  is 
repeated  with  regularity.  Never  was  the  entire  noncondensible  region  entrained  at 
once;  approximately  the  same  small  quantity  was  entrained  regularly,  providing  flow 
conditions  were  not  varied.  The  Influence  of  the  pertinent  flow  parameters  (Hg  and 
noncondenslble  flow,  pressure,  and  condensing  length)  are  presently  being  Investigated 
but  are  not  discussed  here. 
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The  principal  result  is  that  noncondonsibles  will  be  entrained  into  the  liquid  leg  in  large 
bubbles  in  the  condenser  in  zero-  find  low-g  fields  regardless  of  tube  diameter.  It  is 
therefore  expected  that  the  MRP  condenser  will  behave  in  this  manner. 

3.2.3  Hg  Vapor  Luminescence  During  Startup 

4£4ow-Pressure  (approximately  1  psia)  Hg  vapor  luminescence  in  the  6^P  -  7^S 
—  •  3  3  0 

(4358  A)  blue,  and  6  P2  -  7  S  (5460  A)  green  spectra  was  observed.  The  literature 
revealed  no  Information  concerning  the  origin  of  the  stimulating  energy  but  did  mention 

3 

that  the  presence  of  nitrogen  in  electron-excited  transitions  of  Hg  in  the  6  P.  state 

3  1 

transfers  them  to  the  metastable  6  P  state,  and  the  transition  back  to  ground  is  made 

°  • 

stronger  by  as  much  as  an  order  of  magnitude  for  the  violet  (4047  A)  luminescence. 
This  line  was  not  the  strongest  observed;  however,  the  possibility  of  some  nitrogen 
being  present  is  not  ruled  out. 

A  strong  electrostatic  field  was  observed  on  the  outside  of  the  pyrex  condensing  tube 
when  the  luminescence  was  present  but  not  when  the  luminescence  was  absent.  By 
wrapping  a  coil  of  bare  silver  wire  cockwlse  for  about  5  in.  of  tube  and  counterclock¬ 
wise  for  5  in.  more  and  letting  one  end  arc  to  gra  nd,  an  electrostatic  potential  of 
~  22  kv  was  determined  to  exist  on  the  tube.  By  grounding  the  wire  and  measuring  the 
current,  a  constant  current  of  2  pamps  was  drawn  while  the  light  was  centered  in  the 
tube.  Whether  the  wire  was  grounded  or  not,  the  light  seemed  to  follow  the  wire.  This 
is  not  unexpected  if  the  vapor  flow  is  a  plasma  and  the  coil  acts  as  a  boundary  condition. 

To  determine  if  the  light  was  accompanied  by  or  actually  created  by  the  charge,  the  tube 
was  wrapped  in  aluminum  foil  and  grounded.  This  left  a  possible  potential  on  the  Inside 
of  the  tube  of  only  10  volts,  which  should  foe  negligible  compared  to  22  kv.  The  lumin¬ 
escence  persisted.  It  was  also  observed,  but  unfortunately  not  yet  captured  on  film, 
that  at  the  downstream  end  of  the  luminescent  pattern,  droplets  of  Hg  liquid  appear  to 
spew  out  of  the  light.  I 

Several  possibilities  are  proposed  as  sources  for  the  exciting  energy  of  the  observed 
transitions.  The  most  plausible  at  present  is  that  instead  of  condensing,  some  portion 
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of  the  energy  required  to  force  the  vapor  into  the  liquid  state  (heat  of  condensation)  is 
going  into  exciting  electrons  in  the  Hg  atoms.  When  these  electrons  no  longer  see  the 
exciting  energy  and  have  made  their  last  transition  to  ground  state,  then  the  vapor  con¬ 
denses.  This  would  explain  the  droplets  spewing  out  of  the  luminescent  pattern  on  the 

downstream  side.  The  heat  of  condensation  is  ~  127  Btu/lbm  or  9.31  x  10  '  Btu/at  m, 

-23 

whereas  the  energy  required  to  excite  (in  a  single  step)  the  transition  is  43. 3  x  10 
Btu.  The  energies  are  the  right  order  of  magnitude  and  a  cluster  of  sufficient  size 
could  supply  the  proper  excitation.  1 

t 

\ 

3.2.4  Summary  of  Experimental  Work  for  Single-Tube  Condensing  Tests 

•  The  influence  of  Taylor's  criterion  governed  interface  stability 

•  Non-wetted  runback  in  above-critical-dlameter  tubes  appeared  similar  to  the 
wetted  runback  discussed  by  previous  investigators 

•  Noncondensible  slugs  will  be  picked  up  by  a  condenser  in  a  zero-g  environ¬ 
ment,  in  a  negatlve-g  environment  for  both  above-  and  below-crittcal- 
dlametcr  tubes,  and  in  a  low  posltive-g  environment  when  the  diameter  is 
below  the  critical  value 

•  Hydrodynamic  performance  during  startup  is  predictable,  but  the  origin  of 
Hg  vapor  lumlnescence  observed  during  startup  remains  undetermined 

3.2.5  Summary  of  Future  Experimental  Work  Planned 

•  Pressure  drop  and  stability  studies  with  tapered  tubes 

•  Verification  of  zero-g  liquid-leg  stability  analysis 

•  Detailed  noncondensible  entrainment  tests 

•  Wetting  vs  non-wetting  stability  and  pressure  drop  study 
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4  PRESSURE  DROP  MODELS 

Accuracy  of  the  pressure  drop  prcdL  tion  influences  the  RC  area  and  weight,  since  one 
of  the  tolerances  which  must  be  allowed  for  Is  the  uncertainty  in  the  condensing  pres¬ 
sure.  In  addition,  the  pressure  drop  analysis  is  used  in  all  the  stability  evaluations, 
and  errors  in  the  pressure  drop  analysis  will  be  reflected  in  errors  in  the  predicted 
margin  for  stable  operations.  A  small  but  continuing  effort  has  therefore  been  extended 
toward  Improving  the  pressure  drop  analysis. 

Throe  condensing  pressure  drop  models  are  discussed  following.  The  first  two  use 
the  Improved  Lockhart-Martinelli  correlation  of  Baroczy  (Ref.  11);  the  third  uses  the 
fog-flow  correlation  of  Koestel  (Ref,  12).  Model  No.  1  has  been  used  with  moderate 
success  to  predict  the  total  pressure  drop  for  design  purposes.  Experimental  data  his 
shown  that  it  does  not  very  well  predict  the  pressure  profile  along  the  tube;  however, 
the  profile  is  not  as  important  for  design  purposes  as  the  total  pressure  drop.  Model 
No.  2  is  a  fog-flow  model  that  uses  the  Baroczy  correlation  and  closely  predicts  the 
same  pressure  drop  as  Model  No.  1,  but  the  pressure  profile  matches  the  data  much 
betttcr.  The  recently  introduced  Fog- Flow  Model  of  Koestel  has  not  as  yet  been  used 
by  A1  to  predict  pressure  drop.  This  model  shows  some  merit,  mainly  due  to  its 
simplicity,  and  is  being  considered  in  this  program.  The  tollowing  discussion  is  a 
brief  outline  of  the  work  presented  in  Ref.  10. 

4. 1  Improved  Lockhart-Martinelli  Correlation  of  Baroczy  and  Sanders 

To  date,  the  most  accepted  method  for  predicting  pressure  drop  in  isothermal  two- 
phase  flow  in  horizontal  pipes  is  baaed  on  the  Martinclli  method  (Refs.  13  and  14). 

This  method  relates  the  two-phase  pressure  drop  to  the  pressure  drop  that  would  occur 
if  the  vapor  phase  were  flowing  alone  by 
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The  coefficient  «>2  1*  correlated  to  the  Martinet!!  parameter  X2  which  la  the  ratio  of 
the  pressure  drop  of  the  liquid  flowing  alone  to  the  pressure  drop  of  the  vapor  flowing 
alone. 

Since  the  properties  of  liquid  Hg  differ  significantly  from  the  fluids  used  in  the  dis¬ 
cussed  correlation,  tests  were  conducted  with  Kg  and  nitrogen  to  certify  that  the  same 
correlating  technique  was  valid  (Ref.  3).  The  correlation  technique  was  verified;  how¬ 
ever,  it  was  found  to  be  improved  with  the  Introduction  of  another  parameter,  the  vapor 
Reynolds  number  (Ref.  11).  The  smoothed  curves  of  this  correlation  are  shown  in 
Fig.  11. 

4.2  Condensing  Pressure  Drop  Model  No.  1  (Refs.  11  and  15)  ^ 

» 

For  Model  No.  1  the  following  assumptions  are  made  (see  Fig.  12):  \ 

•  The  control  volume  includes  both  the  liquid  and  vapor  flow;  however,  the 
momentum  of  the  liquid  is  assumed  to  be  negligible,  so  that  only  the  vapor  is 
considered  in  the  momentum  terms 

•  The  liquid  volume  fraction  is  very  small  so  that  the  vapor  (low  area  is  taken 
to  be  the  cross-sectional  area  of  the  tube 

•  No  body  forces  are  present  since  space  operation  with  no  acceleration  is 
assumed 

•  The  velocity  of  the  liquid  is  assumed  to  be  negligible 


With  these  assumptions  in  mind,  the  equation  for  forces  on  the  control  volume  is: 


-  AdP  -  i^dA^y  -  -j-  WdU  +  J-  U(  1  -  y  )dW 


(ID 


which  reduces  to  (see  Ref.  10) 
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Fig.  12  Assumptions  for  Model  No.  1 

With  the  knowledge  of  the  pressure  of  the  vapor  at  a  particular  point,  the  vapor  tem-  [ 

l 

perature.  density,  and  variation  of  density  with  pressure  are  known.  Also  known  at 

the  particular  point  arc  the  quality,  quality  gradient,  area,  area  gradient,  and  the 

equivalent  diameter.  The  fictitious  liquid  and  vapor  pressure  gradients  and  the  vapor 

2 

Reynolds  number  can  be  calculated  for  this  point  so  that  can  be  evaluated.  With 
the  foregoing,  and  an  assumed  value  for  y.  the  pressure  gradient  can  be  evaluated. 
A  standard  numerical  integration  of  this  type  permits  calculation  of  the  pressure  drop 
in  a  condenser  tube. 

In  the  derivation  of  the  momentum  equation  for  Model  No.  1,  a  momentum  term  was 
obtained: 

-  (i3) 
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This  term  represents  tlie  momentum  that  can  be  recovered  from  the  vapor  about  to  be 
condensed.  If  the  vapor  molecule  at  the  main  stream  velocity  (U)  leaves  the  control 
volume  at  an  axial  velocity  greater  than  zero,  less  momentum  becomes  available  to 
the  remainder  of  the  main  stream.  Physically,  the  molecule,  with  an  initial  stream 
velocity  (U) ,  loses  some  of  its  momentum  to  the  main  stream  and  collides  with  the 
condensing  surface  with  a  velocity  .  If  Is  equal  to  U ,  (y  =  1 ),  no  momentum 
can  be  recovered.  The  momentum  recovery  which  does  occur  is  due  to  the  diffusion 
of  the  noncondenslng  vapor  at  that  point.  If  is  zero  (y  =  0)  all  the  momentum  is 
recovered.  Since  a  molecule  must  make  its  way  through  the  boundary  layer  to  be  con¬ 
densed,  it  is  thought  that  it  has  ample  opportunity  to  give  up  most  of  its  momentum  in 
the  boundary  layer  before  colliding  with  the  condensing  surface. 


Although  it  is  believed  that  y  is  close  to  zero,  y  until  recently  was  a  correction 
parameter  in  the  pressure  drop  computer  program.  The  purpose  of  this  y  factor 
was  to  match  the  predicted  pressure  drop  with  experimental  data  so  that  condenser 
tube  design  had  some  experimental  basis.  A  value  of  y  equal  to  0.57  was  used  in  the 
past  for  design  purposes .  This  value  was  obtained  in  the  attempt  to  match  some  low- 
pressure  (approximately  8  psi  inlet)  condensing  runs  of  Ref.  8.  An  average  for  the 
four  runs  was  used.  The  measured  and  predicted  pressure  profiles  for  these  tuns  are 
shown  in  Fig.  13.  However,  it  was  found  that  y  was  not  a  constant  correction  factor. 
Evaluation  of  y  for  various  other  runs  at  higher  pressures  indicates  a  decrease  in  y 
with  Increase  in  pressure.  For  further  considerations  of  Model  No.  1  see  Ref,  10. 

)  An  analytical  derivation  leading  to  y  >  0. 1  is  developed  in  a  following  section. 

i 

I 

4.3  Momentum  Equation  for  Model  No.  2 

1 

When  the  momentum  of  both  the  liquid  and  vapor  are  considered,  the  pressure  drop 
equation  becomes 


-  [wduv  +  w(du4  +  <UV  +  u;)dw  4-  (U£  - 


-  AdP  -  TwdAw 


(14) 


Assuming  fog  flow  U(  =  Uy  and  zero  initial  entrainment  velocity  UJ  =  0  ,  Eq.  14 
becomes  i 


AdP  -  rwdAw  =  ~  [WtdU  -  UydW] 


or  in  terms  of  gradients  (see  Ref.  10) 


pa\  dp 


=  JL  k-I 


t  d*  _  V.dA  _ 


Note  the  difference  in  the  momentum  equation  in  Eqs.  11  and  15.  The  first  right  hand 
term-of  Eq.  15  includes  the  total  weight  flow,  whereas  in  Model  No.  1  only  the  vapor' 
flow  is  included.  Since  the  vapor  flow  decreases  along  the  length  of  the  tube,  less 
momentum  is  recovered  in  the  first  term  of  Model  No.  1  for  the  same  velocity  gradient 
Assuming  y  equal  to  zero  for  both  models,  the  second  term  in  Model  No.  2  is  zero 
and  in  Model  No.  1  it  is  equivalent  to  the  first  term.  Figure  14  is  a  normalized  plot  of 


(WydV  +  VvdWy)L 

WV 
o  o 


MODEL  NO.  1 


*  1.0 


LWTdV 

W  V 
o  o 


MODEL  NO.  2 


FIq.  14  Momentum  Recovery  Term*  for  Incompteulble  Flow  v*.  Quality.  Compariton  of 
Model  No.  1  with  Fog-Type  Flow 
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the  momentum  terms  for  the  two  models  vs  vapor  quality.  For  simplicity,  incompres¬ 
sible  flow  is  assumed.  Although  the  total  momentum  to  be  recovered  is  the  same  for 
both  models  (same  area  under  curves),  greater  momentum  recovery  occurs  at  first  in 
Model  No.  1,  thus  reducing  the  slope  of  the  pressure  profile.  Little  momentum 
recovery  is  left  toward  the  end-oftfie' Condenser.  In  Model  No.  2,  the  momentum 
recovery  is  spread  evenly  over  the  length  of  the  tube.  The  initial  pressure  gradient  is 
steeper  than  in  Model  No.  1,  but  toward  the  end  it  is  less  steep.  In  most  cases  the 
momentum  recovery  toward  the  end  is  larger  than  the  frictional  gradient  so  that  the 
pressure  gradient  becomes  distinctly  positive,  with  the  minimum  pressure  located  at 
approximately  two-thirds  of  the  condensing  length. 

In  incompressible  flow,  either  model  would  suffice  for  the  total  pressure  drop  since 

O 

<p“ ,  U ,  etc. ,  would  vary  similarly  along  the  tube  and  the  momentum  recovery  is  the 
same.  But  in  compressible  flow,  the  density  drops  more  rapidly  in  Model  No.  2 
because  the  pressure  gradient  is  steeper.  However,  the  local  vapor  Dow  rates  are 
similar,  so  that  higher  velocities  occur  in  Model  No.  ?,  thus  an  unrecoverable  steep¬ 
ening  occurs  in  the  pressure  gradient.  The  overall  effect  is  to  increase  the  pressure 
drop  over  that  predicted  by  Model  No.  1.  The  increase  is  more  noticeable  when  the 
ratio  of  the  pressure  drop  to  the  pressure  level  is  large. 

4.4  Fog-Flow  Condensing  Pressure  Drop  Model 

A  second  means  for  predicting  the  frictional  pressure  gradient  in  condensing  flow  was 
proposed  by  A.  Koestel  (Ref.  12).  Due  to  the  simplicity  of  the  model  an  analytic  value 
of  the  two-phase  factor  is  achieved: 


where 


—  =  f(Wet)  ,  the  tube  Weber  number  = 


pU2« 


cr 


(18) 
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The  calculation  of  D/D  Involves  a  prediction  of  the  drop  size  variation  along  the 
c 

tube  and  is  covered  in  detail  in  Ref.  12. 

Close  to  the  Interface  (roughly  the  final  20  percent  of  the  condensing  length),  the  pre¬ 
dicted  diameter  of  the  entrained  droplet  becomes  very  large,  eventually  exceeding  the 
diameter  of  the  tube  and  approaching  infinity  at  the  intcrfc.  c  where  the  velocity  is 
aero.  This  large  droplet  size  is  due  to  the  fact  that  the  total  lift  force  of  the  vapor  on 
the  liquid  droplet  is  dependent  upon  the  droplet  surface  area.  Furthermore,  the  test 
correlation  for  the  droplet  lift-off  model  was  a  very  large  flat  plate,  where  the  drop¬ 
let  size  did  not  significantly  change  the  flow  pattern  as  it  does  in  a  tube.  In  this  region, 
rapidly  approaches  infinity  due  to  the  reduction  in  the  core  diameter  ( Dc )  ,  and 
then  becomes  incalculable  due  to  the  negative  value  for  the  core  diameter  (Dc  =  Dt  -  26 
As  a  temporary  remedy  for  this  problem,  limits  have  been  set  on  the, droplet  diameter 
so  that  this  model  can  be  currently  used  to  predict  pressure  drop.  F6r  the  predictions 
presented  in  this  report,  (6cr  £  0, 1  D^)  has  been  used. 

Furthermore,  the  Reynolds  numbers  for  this  region  are  generally  less  than  2000, 

Indicating  that  viscous  flow  exists.  A  laminar  fog-flow,  two-phase  factor  can  also  be 

_ _ _  2 

obtained  by  the  same  method.  In  the  development,  the  quality  term  vanishes  and  0 

becomes  a  function  of  (Dt/Dc ) : 

*2  ‘  (irj 

Still,  one  is  plagued  with  the  problem  of  the  diameter  ratios  and  the  questionable 
assumption  that  the  mixture  viscosity  is  usually  equal  to  the  vapor  viscosity.  The 
assumptions  for  the  Fog-Flow-Model  are  the  same  as  for  Model  No.  2  and  the  result¬ 
ing  momentum  equation  is  identical,  except  that  <p^  is  calculated  using  Eq.  18. 


4.5  Comparison  of  Models 


A  comparison  of  the  three  models  (with  y  equal  to  zero)  with  experimental  pressure 
drops  taken  from  Ref.  8  is  shown  in  Fig.  13.  The  effect  of  the  difference  in  the  momen¬ 
tum  terms  of  Models  No.  1  and  2  is  clearly  seen.  The  pressure  gradient  for  Model 
No.  1  is  not  as  steep  due  to  the  high  initial  momentum  recovery,  and  the  profile  is 
fairly  flat  toward  the  end  of  the  tube  where  the  frictional  gradient  and  momentum 
recovery  are  small.  The  opposite  is  true  of  Model  No.  2;  the  initial  gradient  is  steep 
but  the  recovery  toward  the  end  is  large. 

The  Fog- Flow  pressure  profile  show',  the  same  trends  as  does  Model  No.  2,  since 

2 

their  equations  arc  similar  except  for  the  evaluation  of  the  two  phase  factor  tp  . 

Note  also  that  the  experimental  data  shows  the  same  trends  as  Model  Mo.  2  and  the 

Fog- Flow  Model;  that  is,  a  steep  initial  profile,  a  minimum  point,  and  a  considerable 

rise  in  pressure.  The  difference  between  Model  No.  2  and  the  Fog- Flow  Model  is 

2 

attributed  to  the  large  values  of  <p  in  the  latter.  Note  that  the  gradients  near  the 

interface  are  steeper  than  the  experimental  data  for  Model  No.  2  and  less  steep  for 

2 

the  Fog-Flow  Model.  This  is  attributed  to  the  lower  0  factor  in  the  Improved 

2 

Lockhart-Martinelli  correlation,  and  the  extremely  high  0  factors  in  the  Koestel 
2 

correlation.  The  0  inferred  from  the  data  appears  to  be  somewhere  between  the 
two.  Some  of  the  discrepancies  between  the  models  and  the  data  may  be  due  to  flow 
measurement  error. 

4.6  Analytical  Prediction  of  Momentum  Loss  Factor 

The  following  approach  was  used  to  determine  the  expected  momentum  loss  by  the 
flowing  vapor: 

1)  Determine  the  mean  free  path  (X)  of  the  vapor. 

2)  Assume  that,  on  the  average,  a  molecule  colliding  with  the  wall  had  its  last 
collision  at  a  distance  X  from  the  wall. 

3)  Assume  that  upon  collision  with  the  wall  a  vapor  molecule  either: 

a)  Sticks  to  the  wall  and  condenses,  giving  up  all  its  momentum,  or 

b)  Bounces  off  the  wall,  retaining  all  its  axial  momentum. 
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4)  Determine  the  mean  velocity  in  the  flow  layer  at  distance  X  from  the  wall 
and  estimate  the  fluctuations  in  that  velocity  due  to  turbulence. 

5)  If  the  velocity  fluctuations  are  significant,  evaluate  condensation  percentage 
for  the  molecules  striking  the  wall. 

6)  If  this  percentage  is  large,  modify  the  mean  velocity  at  the  distance  X  by 
assuming  that  the  Gaussian  velocity  distribution  obtained  in  noncondensing 
Dow  now  has  part  of  its  distribution  removed  (from  the  side  with  velocities 
lower  than  the  mean).  This  gives  a  new  mean  velocity  to  the  layer  at  X  . 

7)  If  the  percentage  condensing  is  less  than  50  percent,  assign  the  noncondensing 
mean  velocity  to  the  layer  at  distance  X  . 


4.6.1  Calculation  of  Mean  Free  Path 


It  has  been  nhown  that  vapor  density,  viscosity  expectation  value  velocity,  (kinetic), 
and  mean  fr~e  puth  are  related  by 


p  -  0. 310p  < v  >  X 


and  using 


(20) 


<v>  =  v3kf/m 


we  get 


<v> 


10.43  vTfF)  +  460  in. /(sec  *R 


(21) 


so 


X  p/(0.310p  x  10.43  v'T  +  460)  (22) 

Figure  15  shows  X  vs  temperature.  (The  saturation  temperature  and  pres&ure  were 
used  to  evaluate  p  and  p  . ) 
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4.6.2  Calculation  of  Velocity 
Fluctuation 


Figure  16  shows  Laufcr's  Data  (Ref.  -  \ 

16)  on  axial  velocity  fluctuation  in  .  \ 

turbulent  compressible  pipe  flow.  .  S 

Also  shown  is  the  approximate  mean  _  \ 

free  path  of  the  vapor  in  the  condenser.  \ 

Since  the  average  distance  that  a  V 

0.0!  — 

molecule  must  travel  to  reach  the  ~  -  \ 

wall  with  no  intermediate  collisions  is  ~  \ 

the  mean  free  path,  one  can  say  that  £  .  \ 

the  molecules  hitting  the  wall  had  \ 

£  a 

their  last  collision  a  distance  equal — "V — "  .  \ 

to  the  mean  free  path  from  the  wall.  J  \ 

Since  there  are  no  intermediate  col-  .  X 

lisions,  molecules  that  hit  the  wall  -  V 

and  condense  must  give  up  momentum  -  coNDfNttt^* 

which  they  had  In  the  layer  a  distance  .  UVH 

of  the  mean  free  path  ( A )  from  the 

wall.  However,  one  must  observe 

2 

that  Laufer  measured  (U1)  (the 

square  of  the  fluctuation)  and  not  U' .  n  own'  till 

'  230  J50  430  M0 

In  a  layer  in  midstream,  it  Is  assumed  ru*(DfOt) 

that  the  velocity  distribution  is  a 

Gaussian  distribution  about  the  mean  Fig.  15  Meon  Free  Path  A  (Inchei)  v$.  Tem- 

velocity  for  that  layer.  This  sym-  peroture  (Deg  F)  for  Soturated  Mercury 

Vepor 

metry  is  caused  by  continuity,  since 

as  many  molecules  must  enter  the  layer  from  above  as  from  below.  In  the  case  of 
condensing  flow,  particularly  at  high  condensing  rates,  an  asymmetric  distribution 
would  be  expected  since  some  of  the  molecules  that  would  have  transferred  to  that 
layer  from  one  closer  to  the  wall  do  not  transfer,  but  are  condensed.  Laufer's  data 
did  not  have  this  asymmetry  because  he  did  not  have  condenstation.  To  apply  Laufer's 


*50  430 

Twsfwor) 


Fig.  15  Mean  Free  Path  A  (Inchei)  vi.  Tem¬ 
perature  (Deg  F)  for  Saturated  Mercury 
Vepor 
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Fig.  16  A>.iol  Velocity  Fluctuotion  v»,  Dlstonce  from  Pipe  Woll  (Compressible  Flow);  Doto 
or  loufer  (Ref.  16) 

data  to  the  case  of  extremely  high  condensing  rate  flow,  the  author  assumed  that  in  the 
layer  a  distance  X  from  the  wall,  the  mean  velocity  of  Laufer's  data  is  actually  the 
lowest  velocity  of  that  layer  for  condensing  flow.  This  will  pe  true  only  In  cases  where 
approximately  50  percent  or  more  of  the  molecules  striking  the  wall  condense.  (In 
our  case  less  than  one  percent  of  the  impinging  molecules  condense,  so  Laufer's  data 
may  be  employed  as  is.  This  particular  discussion  of  an  asymmetric  distribution  is 
jrot  important  unless  the  condensing  length  becomes  very  short.)  The  worst  case 
would  cause  the  distribution  of  velocities  In  the  layer  X  to  appear  as  shown  In  Fig,  17. 


\ 


u 

Fig.  17 

Upon  examining  Fig.  16,  It  was  found  that  thejluctuntton  velocity  U*  was  approxi¬ 
mately  equal  in  velocity  to  Ut  =  V*  =  shear  velocity,  for  Reynolds  number  of  50, 000. 
This  means  the  velocity  distribution  at  A  in  condensing  flow  might  have  a  new  mean 
velocity  larger  than  that  of  noncondensing  flow,  but  only  if  the  condensing  rate  is  very 
high.  This  was  validated  by  calculations. 

Turbulent  Flow.  To  estimate  y ,  using  the  universal  velocity  profile,  we  find  that 
the  shear  velocity  V*  -  vV/p  is  defined  by 

V*2  «  0.03325  (U)7/4v1/4R‘1/4  (23) 

Representative  values  for  operating  conditions  are 

U  =  169  ft/ sec 

R  -  0.135  in. 

v  -  4.43  x  10'2  in.2/sec2 
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’  ~«d  we  get 
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Laminar  Flow,  In  laminar  flow,  we  have  the  velocity  profile 


\ 

\ 


and 


U 


=  dfi 

dx 


\4n 


(R 


(26) 


which  gives  for 


(27) 


This  equation  was  used  for  laminar  flow. 

These  equations  were  programmed  Into  the  numerical  solution  of  the  pressure  drop 
equation  (Model  No.  2)  discussed  earlier  in  this  report.  The  same  data  (Ref.  8)  was 
compared  to  this  modified  analysis,  and  results  for  a  typical  case  are  shown  in 
Fig.  18.  There  is  better  prediction  of  the  pressure  drop  using  this  model,  but  further 
deviation  from  the  measured  pressure  proflje. 

Since  the  evaluation  of  y  by  the  foregoing  method  is  a  credible  one  in  contrast  to  the 
use  of  y  as  a  curve  fitting  parameter,  it  is  felt  that  y  should  be  calculated  in  this 
manner.  Another  correlating  parameter  can  be  used  to  make  the  data  fit  the  analysis. 
The  parameter  may  depend  on  other  phenomena  of  flow,  such  as  the  slip  ratio  (or 
holdup)  which  should  affect  the  frictional  portion  of  the  pressure  gradient.  Investiga¬ 
tions  are  under  way  in  this  area. 


6-41 


LENGTH  (IN.) 

Fig.  18  Pressure  Profile  During  Condensation 
4.7  Condensation  Effect  on  Friction  Factor 

i 

The  second  modification  of  the  flow  theory  is  the  influence  of  condensation  upon  the 
velocity  profile  and  its  resultant  effect  upon  friction  factor.  It  is  known  that  suction  or 
injection  through  the  boundaries  of  a  pipe  in  which  a  fluid  is  flowing  changes  the  flow 
pattern  in  that  pipe.  The  analysis  presented  here  assumes  that  the  velocity  profiles 
of  condensing  flow  are  identical  to  flow  with  boundary  layer  suction.  For  the  laminar 
regime,  a  potential  flow  model  was  developed  (Yuan  and  Finkelstein,  Ref.  18)  which 
gives  a  perturbation  solution  to  the  flow  equations,  resulting  ih  an  approximate  equation 
(within  ±  10  percent)  for  the  velocity  profile.  For  the  turbulent  regime,  experimental 
data  of  Ref.  19  are  analyzed  and  fitted  to  a  curve  to  give  friction  factor  as  a  function  of 
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axial  flow  Reynolds  number,  and  the  ratio  of  condensing  Reynolds  number  to  the  axial 
flow  Reynolds  number.  It  is  observed  that  for  typical  Hg  condensers  of  the  MRP,  the : 
effect  on  friction  factor  results  in  rather  poor  correlation  to  test  data  (Ref.  8),  relative 
to  previous  prediction  methods . 

4.7. 1  The  Influence  of  Condensation  in  Laminar  Flow  of  the  Host  Fluid 

The  following  equation  for  the  velocity  profile  in  a  recent  study  with  boundary  layer 
suctions  is  derived  in  Ref.  18: 


U  -  l) 


Re  /8  v 
c 


_83_  R J 
5400  o 


2  +  9q 


9tj2  +  2rj3) 


Re 


+  108^  ( 166  "  760,7  +  825t)2  ’  300,73  +  751,4  "  6n5) 


(28) 


recalling 


TW 


r*R 


wc  got 


T  -  »*uo  i 


4Recx 


Re_  83Re. 


ReR 


18  5400 


Re2] 

[l  12  540  RecJ 


(29) 


from  the  continuity  equation  we  get 


U  •  U  +  2V. 


o  R 


(30) 
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which  returns  to  the  well  known  Darcy-Weisback  equation  for  Rec  =  0 

I 

One  might  say  that  the  second  term  in  brackets  also  differs  from  1.0  by  less  than  the 
error  introduced  by  the  perturbation  solution,  knd  this  is  indeed  a  valid  point.  How¬ 
ever,  as  justification  for  the  approximation  Eq.  33,  consider  that  that  equation  shows 
only  a  factor  which  modifies  the  normal  friction  factor  (f )  for  noncondensing  flow, 
while  Eq.  29  shows  modification  to  the  mean  velocity  itself.  It  is  assumed  that  a 
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**  . 

f 


o.eii r 


porous  boundary  only  introduces  a 
radial  component  of  velocity  and 
should  not  affect  the  mean  axial  velo¬ 
city  as  calculated  for  the  particular 

axial  flow  rate  at  that  pooition.  If 

■ 

5 

Since  we  expect  small  Rec  ,  only  the  * 
solution  for  small  Rec  was  used,  and  $ 
we  have  held  f  constant  at  f(Refi  »  e 
1.75)  ,  for  values  of  Rec  >1.75  . 

The  1. 75  was  determined  to  be  the 
point  at  which  the  next  term  in  the 
solution  was  greater  than  half  the  last 
term  given,  an  arbitrary  cutoff  point. 


4.7.2  The  Influence  of  Condensing  in 
Turbulent  Flow  of  the  Host  Fluid 


5.010  K- 
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Fip.  19  Prediction  of  Friction  Factor 


In  Ref.  19  the  coefficient  of  friction  in  turbulent  flow  was  experimentally  determined 
for  small  suction  and  Injection  rates.  Figure  19  presents  their  data.  In  Fig.  19 
Ujj  =  bulk  velocity  ■  U  *  volume  flow/area 


K 


it 

vT 


where 


r  *  wall  shear 


4; 
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4. 7.4  Application  to  Momentum  Loss 

We  now  turn  attention  toward  the  influence  of  boundary  suction  on  the  velocity  profile, 
and  therefore  upon  the  momentum  iocs  (which  is  dependent  upon  velocity  profile).  In 
the  previous  section,  momentum  loss  by  a  condensing  fluid  is  shown  to  be  determined 
from  the  mean  free  gas  path  and  the  velocity  profile. 

Laminar  Flow.  Using  the  previous  assumption  that  the  discrepancy  in  the  first  term 
in  brackets  of  Eq.  29  is  in  error  due  to  the  nature  of  the  solution,  we  apply  Eq.  33 
to  the  velocity  profile  In  the  laminar  regime,  with  the  result  that  In  laminar  flow 


U  =  2U_ 


o  2  •> 

V  +  (-  2  +  9q  -  9»T  +  2tj  )  +  . 


and  for  a  distance  the  mean  free  path  A  from  the  wall. 


U  -  2U  I  -  Iff— +  .....  £ 
UA  JUA  1  R  3C 


2  +  9 


LA  -  A] 


■]*••! 


Ignoring  second  order  effects,  this  may  be  rewritten  as 


U  l 36 —  18  R  \  2  9,08/J 


This  Is  denoted  the  momentum  loss  factor  y 


"  2[olM  -  0  0555  a'c  '  M2  -  0JS 4  011  H'c)] 
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V 


.  W  ■ 


o 


Turbulent  Flow. 


Recall  that  Blasius  gave, 


for  2000  <  Re  <10 


5 


ro  =  |  (o.  SI 64  Re-D°-25)PVZ  -  (o. 0793  Re"0  25 ) 

-=  0.  03325  pU7/4  v  /4  R“  ’ /4  (40) 

Also  recall  thrt  the  friction  velocity,  V*  is  defined  by 

V*  =  J  rjp 

1.  e. ,  from 


We  see  therefore  that  V* ,  which  determines  the  r'lape  of  the  velocity  profile,  varies 
with  the  square  root  of  tq  and  therefore  with  the  square  root  of  the  friction  coefficient. 
We  showed  earlier  that  with  auction  velocity  V  , 


r 

O  2  \ 


9.0793  He'0,25  +1.4 


§) 


So  we  see  that  V*  becomes 


V* 


0792  Re‘0,2*  +1.4 


1/2 


(41) 


Using  this  calculation  for  V*  ,  and  the  method  of  Ref.  19  for  momentum  loss,  the 
previous  momentum  loss  calculations  are  modified  to  include  the  influence  of  suction 
on  velocity  profile. 
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4. 7. 5  Results  and  Conclusions 


MCPD-1 ,  a  digital  computer  program  employing  the  Fog-Flow  M  lei  using  &e  Barocry. 
Sanders  two-P»aee  factors.  was  modified  to  Incorporate  the  Influence  of  radial  velocity 
on  friction  factor.  Predictions  for  TRW  run  Humber  A-12,  was  made  and  is  shown  In 
Fig.  20.  We  see  that  the  agreement  between  lest  data  and  analysts  Is  not  as  good  as 
that  obtained  in  previous  sections.  For  this 
reason,  until  better  tcct  data  is  available 
for  comparison,  this  method  is  not  recom¬ 
mended.  It  is  apparent  that  the  influence  of 
condensation  or  the  velocity  profile  will 
yield  a  different  friction  factor  for  con¬ 
densing  two-phase  flow  than  for  noncon¬ 
densing  two-phase  flow. 

The  question  is:  To  which  factor  do  we 
attribute  the  change?  Since  we  assume  that 
the  friction  factor  of  ihe  host  fluid  Is  a  host  I 
fluid  velocity  profile  property,  it  remain*  I 
unchanged  for  noncondensing  flow,  and  any  ! 
change  Is  attributed  to  a  fluid  property 
chanes  (suoh  as  density  or  molecule 
distribution  or  mean  free  pc.tt,).  However, 
we  know  that  condensation  given  the  fluid  a 
radial  velocity  (In  pipe  condensers)  which  It 
does  not  have  la  ooncondeastag  flow; 
furthermore.  It  is  reasonable  to  believe  that 
this  radial  velocity  changes  the  flow  pattern 
In  a  n  aimer  identical  to  that  cfboundary 
layer  suction.  The  conclusion  one  draws  is 
that  ore  must  consider  the  boat  fluid  n-jecon- 


denslng  friction  tactor  to  be  a  function  of  the  FJ9.  20  Gmdemln*  Frew**  Profile 
wall  shear  stress  (velocity  profile)  and  must 
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modify  the  wall  shear  stress  appropriately  when  condensation  introduces  a  radial  flow 

component  to  be  superimposed  on  the  normal  noncondensing  velocity  profile. 
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DISCUSSION 

Marvin  Adelberg.  Consultant  ^ 

An  analysis  of  mins  concerning  the  formation  of  droplets  or  slugs  in  a  condensation 
heat  transfer  process  Indicates  that  the  performance  of  a  condenser  can  be  g  sensitive. 
Did  you  make  heat  transfer  measurements?.  If  not,  this  might  be  brought  out  by  tests 
in  which  the  setup  is  first  tilted  one  way  and  later  the  other,  the  results  of  the  two 

- being  compared  afterwards.  I  would  recommend  that  you  do  this,  if  you  haven't 

already. 

Abramson 

We  hsve  not  tried  to  determine  condensing  heat  transfer  coefficients.  We  looked  at 
some  techniques  which  would  allow  us  to  estimate  them,  considering  only  small  sys¬ 
tem  modifications,  and  concluded  that  we  could  only  obtain  order  of  magnitude  esti¬ 
mates  at  best.  Because  the  radiation  resistance  from  the  tube  is  large  compared  to 
the  condensing  resistance,  we  probably  cuild  not  Identify  the  change  in  condensing 
coefficient  resulting  from  tilting  downward  to  tilting  upward.  In  any  case,  all  our  tests 
have  some  g  effect  normal  to  the  tube  axis  which  might  be  significant. 

We  understand  that  J.  A.  Albers*  at  the  NASA  Lewis  Research  Center  has  made  pres- 
— *  "lure drop  tests  under  1-g  and  zero-g  conditions  and  that  his  measurements  Indicate  an 
Insensitivity  ‘o  gravity  level.  The  distribution  of  droplets  is,  of  course,  different. 


*J.  A.  Albers  and  R.  P.  Macosko,  "Experimental  Pressure-Drop  Investigation  of 
of  Nonwetting,  Condensing  Flow  of  Mercury  Vapor  In  a  Constant-Diameter  Tube  in 
1-0  and  Zero-Cravity  Environment",  NASA-TN  D-2838.  June,  1965. 
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DYNAMIC  RESPONSE  OF  LIQUIDS  IN  PARTIALLY  FILLED 
CONTAINERS  SUDDENLY  EXPERIENCING  WEIGHTLESSNESS 

If  Francis  C.  V.  Fii| 

CORNELL  AERONAUTICAL  LABORATORY.  INC. 


ABSTRACT 

The  problem  ot  dynamic  response  of  liquid  in  partially  filled  containers  after  sudden 
removal  of  body  forces  is  solved  as  an  initial  boundary-value  problem  for  both  two- 
dimensional  and  cylindrical  containers.  The  initial  free  surface  is  assumed  to  be 
symmetrical  with  respect  to  the  vertical  axis  of  the  container,  thus  restricting  the 
analyses  to  unidirectional  body  forces  acting  along  the  vertical  axis.  Additional 
assumptions  are  that  the  flow  is  In  vise  id  and  that  the  slope  of  the  free  surface  is 
everywhere  small,  so  that  the  problem  can  be  linearized.  It  is  found  a  posteriori 
that  the  linearizing  assumptions  are  Justified  as  long  as  cot  9  is  small  compared  to 
unity,  where  9  is  the  contact  angle. 

Under  the  linearizing  assumptions,  the  free-aurffcoe  response  can  be  represented  by  an 
infinite  series  of  surface  waves,  symmetrical  with  respect  to  the  vertical  axis  of  the 
container.  It  is  found  that  the  amplitudes  of  the  higher  modes  diminish  as  1/n*  for 


the  two-dimensional  case,  and  aa  1/zJ  for  the  cylindrical  case  (where  a  ■  1,2,3..., 
and  Zn  are  zeros  of  Bessel  function  of  first  kind  and  first  order).  The  dynamic  free 
surface  shapes  with  cot  9  <  1  are  derived  for  both  wettinc  or  nonwettlng  liquids. 

When  available  experimental  data  are  interpreted  in  the  light  of  this  analysis,  reasonably 
good  agreement  is  found,  despite  the  fact  that  most  experiments  have  been  oonducted  for 
liquids  with  cot  9  not  necessarily  small  compared  to  unity.  Specifically,  this  linear¬ 
ized  analysis  yields  a  time  law  for  the  free-surface  vertex  motion  that  compares 
favorably  with  experimental  observations.  Also  the  free-surface  shape,  as  predicted 
by  this  analysis,  agrees  well  with  the  observed  general  shape.  Finally,  the  frequency 
and  shape  of  the  higher  modes  explain  an  observed  "unexpected”  vertex  rising  at 
early  times  of  drop-tower  experiments  conducted  for  wetting  liquids. 


DYNAMIC  RESPONSE  OF  LIQUIDS  IN  PARTIALLY- KILLED  CONTAINERS 
SUDDENLY  EXPERIENCING  WEIGHTLESSNESS 

I  INTRODUCTION 

A  great  deal  of  interest  has  recently  been  shown  In  the  phenomenon  of  weightlessness  as 
introduced  by  the  advent  of  space  flight.  For  space  ships  carrying  liquid  fuels  and 
liquids  required  to  sustain  the  passengers,  it  is  necessary  that  the  behavior  of  the 
liquid-vapor  interface  in  containers  In  the  absence  of  body  force  be  understood 
(Ref.  1). 

In  the  absence  of  body  forces,  the  surface  forces  of  cohesion  (surface  tension)  and  adhesion 
(wettability),  remain  as  the  dominant  forces  affecting  behavior  of  the  liquid.  As  a  first 
step  toward  attaining  an  understanding  of  the  behavior  of  the  liquid-vapor  interface  when 
surface  forces  dominate,  some  researchers  have  revived  the  calculation  of  the  static 
free  surface  shapes  produced  under  various  gravity  conditions  (corresponding  to  change 
of  Bond  number).  Among  this  group  of  researchers  are  notably  Benedict  (Ref.  2), 
Reynolds  (Ref.  3),  and  Li  (Ref.  4),  who  have  established  beyond  any  doubt  that  in  the 
absence  of  body  force  the  static  free  surface  attains  a  constant  curvature  shape  governed 
by  the  contact  angle  and  container  geometry. 

With  respect  to  the  dynamic  behavior  of  the  liquid-vapor  interface  during  weightlessness, 
die  literature  indicates  that  analytical  efforts,  as  a  whole,  have  been  directed  toward 
establishing  stability  criteria  by  solving  the  corresponding  free  oscillation  (eigenvalue) 
problem.  In  this  regard.  Coccus  (Ref.  7)  concerned  himself  with  the  stability  of  liquid- 
vapor  interface  in  an  Inverted  rectangular  channel.  Anliker  and  PI  (Ref.  6;  extended 
the  analysis  to  containers  with  various  bottom  shapes;  however,  contact  forces  were 
neglected.  One  important  finding  of  Ref.  8  is  that  stability  is  affected  by  bottom  shape 
if  the  equilibrium  surface  Intersects  the  bottom  of  the  container.  Satterlee  and  Reynolds 
(Ref.  8)  extended  their  analysis  to  include  possible  variation  of  the  contact  angle,  and  I 
treated  the  particular  case  of  a  cylindrical  container.  These  analyses  showed  that  mo* 
toons  of  the  free  surface  are  stable  under  aero  body  force  conditions. 
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We  also  find  that  numerous  drop-tower  experiments  have  been  conducted  by  NASA  (Refs. 
9,  10)  and  Shulelkin  in  the  U.  S.  S.  R.  (Refs.  11,  12)  to  study  the  response  of  liquid-vapor 
Interface  'A  contained  liquid  after  step  removal  of  body  force.  Subsequent  to  the  earlier 
experiments,  NASA  has  performed  an  extensive  series  of  measurements  (Refs.  13,  14, 
15)  designed  to  shed  light  on  the  time  required  for  the  liquid-vapor  interface  to  reach 
the  constant  curvature  equilibrium  shape  in  partially  filled  containers.  At  this  point, 
die  time  required  to  reach  final  equilibrium  remains  unsettled,  and  questions  still  remain 
as  to  the  detailed  time  history  of  the  interface  motion.  Despite  the  obvious  need  for 
analytical  results,  efforts  in  this  direction  have  been  relatively  sparse  and  unproductive. 
For  example,  an  attempt  was  made  (Ref.  16)  to  study  the  Interface  motion  of  liquid  in  a 
partially  filled  cylinder  after  step  removal  of  the  unidirectional  body  force  acting  along 

the  axlsymmetric  axis.  No  meaningful  results  were  obtained  because  the  formulation 

i 

effectively  neglected  the  all-important  surface  forces.  Paynter  (Ref.  5)  developed  a 
simple  energy  analysis  to  predict  the  motion  of  the  liquid-vapor  interface  in  a  spherical 
container  after  step  removal  of  body  force.  As  a  result  of  his  assumption  that  the  inter¬ 
face  always  maintains  a  constant-curvature  cor  figuration  during  the  motion,  his  analy¬ 
sis  is  in  effect  a  quasi-static  analysis.  Furthermore,  this  assumption  is  known  to 
violate  experimental  observations  (Ref.  14). 

(  Theobjective  of  the  study  reported  herein  has  been  the  treatment  of  the  dynamic  response 

of  the  liquid-vapor  interface,  after  step  removal  of  body  force,  as  an  initial  boundary 
value  problem.  Because  of  correspondence  with  experimental  results,  the  initial  brdy 
force  has  been  assumed  to  act  along  an  axisymme.rical  axis  of  the  container,  such  that 
only  symmetrical  motion  need  be  considered.  Both  two-dimensional  and  cylindrical 

|  containers  have  been  treated  in  the  following  analysis. 

f 

I  2  FORMULATION  OF  THE  BASIC  EQUATIONS 

I 

Consider  a  liquid  with  density  p  ,  surface  tension  <r  ,  and  kinematic  viscosity  v 
enclosed  In  a  container  with  the  characteristic  dimension  L  .  In  the  absence  of  body 
force  it  has  been  shown  (Refs.  8,  17)  that  the  surface  forces  dominate  viscous  forces 
for  most  liquids  when  placed  in  containers  having  characteristic  dimension  of  practical 


Interest,  say  one  cm  or  larger.  Thus,  in  the  following  analysis,  we  assume  the  liquid 
to  be  In  viscid  and  the  motion  to  be  irrotational.  For  irrotational  flow  a  scalar  potential 
0  exists  such  that 

V  «  -V<f>  where  V  is  the  velocity  vector  (1) 

Together  with  the  assumption  ol  incompressibility  we  can  express  the  continuity 
equation  as 

V2  <p  -  0  (2) 

The  equation  of  motion  for  the  liquid-vapor  interface  can  be  expressed  in  the  following 
familiar  form,  derivable  from  Bernoulli's  equation  (Bets.  (I,  8): 

P  2 

-f  -  f  J  +  0  ♦  T  -  <t>t  -  C(t)  (3) 

where  is  the  vapor  pressure,  J  is  the  total  curvature  of  the  liquid-vapor  interface, 
v  is  the  magnitude  of  the  velocity,  a  is  the  body  force  potential,  and  C  (t)  is 
Bernoulli's  oonstant.  As  shown  in  Figs.  1  and  2,  we  let  f  denote  the  initial  liquid- 
vapor  Interface  and  S  the  time-varying  liquid-vapor  interface  following  the  removal  of 
body  force.  On  expressing  Bernoulli's  equation  in  terms  of  f  and  S  ,  we  obtain,  re¬ 
spectively,  the  static  equation  governing  the  initial  free  surface  shape: 

p 

-J  -  2  jf  +  Kg  f  =  C  at  f  for  t  <  0  (3a) 

and  the  equation  governing  the  time-varying  Interface  after  the  body  force  is  annulled: 

P  2 

~f  '  p  JS  +  T  "  *t  "  C  **  8  ,or  1  >  0  <3b) 
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where  Jj  and  Jg  are  the  total  curvatures  for  the  free  surfaces  f  and  S  respectively. 
Note  In  Eq.  (3a)  we  have  restricted  ourselves  to  a  unidirectional  body  force  acting  in 
the  negative  *  direction,  where  for  convenience  the  body  force  has  been  expressed  as 
a  constant  multiple  N  of  the  usual  gravitational  force  due  to  the  gravitational  accelera¬ 
tion  g . 

With  the  coordinates  chosen  as  shown  in  Figs.  1  and  2  (such  that  f(0)  *  0),  the 
Bernoulli's  constant  is  evaluated  from  Eq.  (3a)  to  be 

o  -  ^  -  f  J,<0> 

On  substituting  into  Eq.  (3a),  the  static  equation  for  the  initial  free  surface  shape  becomes: 

Jf  -  02  f  -  Jf(0)  at  t  <  0  (4) 

2 

where  0  *  Npg/a  ' 

In  like  manner,  the  dynamic  condition  for  the  time -varying  liquid-vapor  interface 
becomes 


0,2  Js  +  *t  ”  T  "  °2  Jf(0)  S  for  t  >  0  (5) 

where  a2  *  a/p. 

Since  we  require  that  the  free  surface  remain  a  free  surface,  we  have  the  following 
kinematic  condition  for  the  time-varying  lnterfice  S : 

f  *  9  »t  8  W 

where  F  *  t  -  S  is  the  equation  of  the  time-varying  Interface  S  . 
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In  the  following  sections  of  the  report,  linearized  versions  of  Eqs.  (5)  and  (6), 
together  with  Eq.  (2),  are  solved  to  obtain  the  transient  response  of  the  free  surface, 
where  the  initial  free  surface  is  given  by  Eq.  (4),  and  with  <f>  satisfying  the  condit'on 
of  no  normal  flow  across  solid  boundaries. 

If  * »  <7> 

at  the  walls  of  the  container. 

3  THE  SYMMETRIC  MOTION  RESPONSE  IN  TWO-DIMENSIONAL  CONTAINERS 


Consider  liquid  in  an  infinitely  long  rectangular  channel  oriented  with  respect  to  a*set 
of  cartesian  coordinate  axes  as  showt:  in  Fig.  I .  It  has  been  shown  from  consideration 
of  differential  geometry  (Ref.  A)  that  the  curvature  is  related  to  surface  shape  (for  the 
two-dimensional  case)  as  fellows: 


W  -m  ^ 

1  f  JF* 

l‘*£l 


and  J_  * 

O 


XX 


l>  *  <\ 


372 


where  the  subscripts  denote  differentiation. 

In  the  following,  we  assume  that  the  slope  of  the  free  surface  is  at  all  times  ;ma11 
compared  to  unity.  This  assumption  permits  us  to  linearize  the  above  curvature  expres¬ 
sions  by  dropping  the  product  terms.  It  should  be  noted  that  this  assumption  is  always 
satisfied  during  the  steady  state  as  long  as  we  require  cot  9  to  be  small  compared  to 
unity,  where  9  is  the  static  contact  angle.  It  is  possible  to  show,  a  posteriori,  that 
the  slopes  of  the  time-varying  free  surface  8  are  small  whenever  the  static  contact 
angle  9  is  in  the  neighborhood  of  »/2.  We  note  that  the  linearized  curvature  exp  res  - 

- slona  can  also  be  found  by  an  alternative  method  as  suggested  by  Landau  and  Llftahitx 

(Ref.  16). 
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On  substituting  the  linearized  curvature  expressions  in  Eq.  (4),  we  obtain  the  equation 
for  the  initial  free  surface  f  in  the  following  form: 


f  -  0f  -  f 


for  t  <  0 


Similarly,  the  dynamic  condition  of  Eq.  (S)  can  be  written  as: 


2  i  2  • 

°  S*x  +  *t  -  2V  ’  rt'fxx 


at  S  for  t  >  0 


From  the  kinematic  boundary  condition  of  Eq.  (6)  we  obtain,  for  the  two-dimensional 
container,  that 


af * « •* 8 


where  dz/dt  =  w  ,  dx/dt  »  u  are  the  vertical  and  horizontal  velocities  respectively. 
Together  with  Eq.  (1),  the  above  kinematic  condition  can  be  expressed  as 


St  -  -*B  *SX*X  at  S 


At  this  point,  we  linearize  the  dynamic  condition  by  assuming  the  1/2  v  term  to  be 
of  smaller  order  than  <f>t ,  and  re  also  linearise  the  kinematic  condition  by  dropping 
the  Sx  <t>%  term  in  comparison  with  .  It  will  be  shown,  a  posteriori,  that  both  of 
the  above  approximations  hold  as  long  as  cot  $  has  been  assumed  small  compared  to 
unity.  Accordingly,  we  obtain  toe  following  set  of  linearized  boundary  conditions: 


8t  ♦  »  0  it  8 


8  +  a  ■  f 

xx  ^t  xx 


(It) 


Equations  (10)  and  (11),  together  with  the  equation  of  continuity  of  Eq.  (2)  and  boundary 
condition  of  Eq.  (7)  (i.e. ,  no  normal  flow  across  solid  walls)  are  the  go.  train*  equations 
that  we  choose  to  solve.  We  combine  Eqs.  (10)  a  d  f.l),  by  eliminating  S .  Together 
with  Eq.  (2)  we  obtain 

♦tt  *  °2  *  0  at  8  <l2> 


Let 


♦  (x.a.t)  -  w(t)v»(x.t)  (13) 

and  substituting  in  Eq.  (2)  we  have 

-  o  (U) 

A  solution  of  Laplace's  equation  |i.e. ,  Eq.  (14))  with  the  following  boundary  conditions 
04/9X  ■  0  at  x  -  *xo  ,  ind  8p/ds  •  0  at  a  ■  -h  yields  (Ref.  18): 


<p(*.«> 


^An  cosh  |kB(h  ♦  c)|  cosfl^x) 


where  1^  *  nr /xfl  j 

\ 

\ 

On  substituting  Eq.  (13),  togsthsr  with  the  above  expression  for  <?(x,  s)  in  Eq.  (12), 
we  obtain 


n^0  An  °°*h  [kh(h  4  8,|  *  £  ABkJ  stnh  [k^fh  ♦  BjJeosO^x)  -  0 

\  a#) 
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On  restricting  ourselves  to  the  esse  that  h/xQ  is  of  order  unity  or  larger,  we  will  1 
neglect  8/xfl  henceforth  In  comparison  with  h/xQ .  This  is  consistent  with  our  linear¬ 
ization  scheme  and  will  also  be  justified  a  posteriori.  After  simplification  and  letting 
V>  (t)  -  ?„(*)  we  obtain  from  Eq.  (15)  an  infinite  set  of  equations  governing  <pR 

<*n>tt  +  ul  %  m  ® 


where  w*  -  a2  kjJ  tanh  (k  h)  and  n  -  1.  2.  3,... 

il  we  require  in  addition  that  «p  ( 0 )  *  0 ,  the  above  set  of  equations  yields 

eo 

-p  «  Bt+  £  B  sln(w  t) 
u  n-1  n  n 

Hence,  substituting  <p  and  In  Eq.  (13),  we  obtain  finally 

♦  ■  5^  Cn  cosh  Jl^{h  +  t)J  cosfl^  x)  am(wn  t)  (16) 


From  the  linearized  kinematic  condition  of  Fq.  (10)  we  have 


8t  *  -*z  "  “  ®n  '‘h  ,lnh  ^  eo*(^l  x)slnu>Dt 


n“l 


Therefore 


8 


slnh  ( k^  h )  cos  k^  x  cos  wn  t  +  *<*> 


The  function  g(x)  can  be  determined  from  the  initial  condition  8(x  ,  0)  •  f(x), 
hence 
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S(x,t) 


C  k 

■  V  ■%—  Binh  (k  h)  cos(kn  x)  (cos  «n  t  -  1)  ♦  f(x) 

,  n 
n  =  l 


C5n  defining  d(x,t)  =  S(x.t)  -  f(x)  as  the  displacement  from  the  Initial  free  surface, 
we  have 


C_  k_ 


d(x.t) 


sinh (k  h)  cos(k  x)(cos  w  t  -  1 ) 


(17) 


The  constants  C  can  be  determined  from  the  linearized  dynamic  condition  of  Eq.  (11), 
+  n 

which  at  t  =*  0  reduces  to 


(18) 


On  applying  the  initial  free  surface  Eq.  (8)  to  the  right  side  we  have  ^  «  -  Ng  f. 

On  substituting  <*>.  as  obtained  from  Eq.  (16)  and  f  (as  derived  in  Appendix  A)  Into 
the  above,  we  obtain 

«e 

C0+  2  Cnu;n  cosh  (^h)  cca  knx  -  l1  -  oosh(/lx)]  (19) 

n«  1 

In  Appendix  B,  the  constants  Cn  are  evaluated  by  performing  Fourier  analysis  on 
Eq.  (19).  With  Cn  thus  determined,  Eq.  (17)  becomes 


d(x.t) 


2  cot  8 
* 0 


2 

n  =  1 


(-l)n 


P2  COB  (  kjj  X  ) 


-  COS  U>n  t ) 
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V- 


nn/r-r  n'r-r- . ->  —  ~r  ■a***'*!’ 


Initial  static  equilibrium  equation: 


Jf(r)  -  0  f(r)  *  J#(r)|  *t  t  -  0 

r*  0 


(24) 


where  0  “  N  pg/o 


Wall  condition : 


|^  *  0  at  r  *  r0  and  a  *  -h 


(25) 


Consistent  with  the  assumption  that  cot  9  <  1  ,  the  expression  for  total  curvature  can 
be  linearized  to  yield  (Ref.  8): 


Jf  "  1 3F  (r  Jr)  “d  J8  *  r£  (r|f) 


(2«) 


(For  an  alternative  development,  see  Ref.  18) 


On  combining  Eqs.  (21),  (22),  (23),  and  (26)  we  obtain 


*tt  +  °  ♦«!  *  0  S 


(27) 


which  equation  is  identical  to  the  combined  dynamic  and  kinematic  boundary  condition 
obtained  for  the  two-dimensional  container.  As  before,  we  let 


$(r,z,t)  =  *>(t)  <p(r,z) 


(28) 


and  from  Eq.  (21),  we  obtain 


—  -S.  ( r  &  )  +  0  *0 

r  dr  '  vt’  vtz  \ 


(29) 
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The  solution  to  Eq.  (29),  subject  to  the  wall  conditions  of  Eq.  (25),  and  the  condition  that 
"ip  be  finite  »t  r  1  0  re  known  (Refs.  19,  20),  viz. 

«0 

0(r,i)  “  ^  An  co#h  K(h  +  r)]  Jo(kh  r) 
n»  0 

where  kn  must  be  chosen  such  that  rfl )  =  0  ,  i.  e, ,  k^  ■  Zn  are  the  zeros 

of  the  Bessel  function  of  the  first  kind  and  first  order.  On  substituting  Eq.  (28)  togeth¬ 
er  with  solution  for.  "<p  into  Eq.  (27)  we  obtain: 

I 

m  \ 

<p  =  Cflf  CB  cosh  |kB(h  +  *']  J0(l^r)sln«nt  (30) 

n»  1 

where  wn  *  a  k2^2  Jtanh  (kn  h)J 

From  the  linearized  kinematic  condition  of  Eq.  (22),  we  have  that 

«0 

St  "  -+z  *  -  5  Cn  \  •tohK<h)]J0<1S.r,,lnwnt 

n*  1 

Therefore  - " 


8(r.t)  -  S  -Srasinh(l^h)J0(l^r)cosu.Bt  +  g(r) 
n-1  n 

where  we  have  taken  h/rQ  to  be  large  compared  to  unity  and  have  neglected  S/r0  in 
comparison  to  h/rQ  as  in  the  two-dimensional  case. 
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- Since  at  t  -  0~  ,  S(r  ,0)  =  f(r)  we  liave 

C  k 

d(r.t)»  2  -t^alTCi  <knh>J0<knr)<CO8wnt  -  l>  <31> 

n=l  n 

where  again  we  L'-m> /iced  d(r,  t)  =>  S(r.t)-((r)  as  the  displacement  from  the 
IHtisl  equilibrium  j'i-iace.  The  constants  Cn  can  be  determined  from  the  linearized 
dynamic  condition  of  Eq.  (23),  which  at  t  »  0  reduces  to 

%.»  '  lr»0 


(32) 


(33) 


In  Appendix  B,  the  constants  CR  are  evaluated  by  performing  Fourier-Bessel  analysis 
cn  Eq.  (33).  With  CR  thus  determined,  Eq.  (31)  becomes 
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On  substituting  for  ,  as  obtained  from  Eq.  (30),  and  on  applying  the  initial 
equilibrium  equation  to  the  right-hand  side,  we  obtain 

•0 

C0+  £  Stwn  COBh(khh)J0(knr)  3  -Ngf 
n- 1 

which  upon  substitution  for  f  ,  a  t  given  in  Appendix  A,  yields 

«0 

c„*  2  c.“,  VS, ‘  Sfwrj  "  - 

n=l  0 


where  IQ  and  1^  are  modified  Bessel  functions  of  the  zeroth  and  first  order 
respectively. 


I 


d(r,t) 


2  cote  P  J0(knr)  tl 

r« 

n*=  i 


-  cos  ua  t) 


We  now  introduce  a  characteristic  time  r  (defined  by  r  =  1/uj  )  and  the  characteristic 
dimens  on  rQ  ,  and  obtain  the  dynamic  displacement  in  the  following  nondimensional 
form: 


3(r,F)  3  2  cot 0 


«o 


<1 


COS  U>  f) 

n 


(34) 


A  A 

Where  all  barred  quantities  are  nondimensional,  via. ,  /5  ■  Npg/o  rQ  is  the  initial 

Bond  number,  w_  =  co/w,  ,  and  F=»  t/r  ■  w.  t. 

Q  n  i  i 

On  comparing  3(r ,t)  to  the  expression  obtained  for  d (x ,  t)  (i. e. ,  for  the  two* 
dimensional  container)  one  finds  that  they  are  similar  in  form.  Note  that  in  the 
present  case  Zn  r )  plays  the  role  of  cos  (n  jr  x)  ,  ZQ  plays  the  role  of  the  seros 
of  the  sine  function  which  is  nx  ,  and  JQ(Zn)  plays  the  role  of  cos  (nx)  which  is 
(-1)“. 

5  DISCUSSION  OF  RESULTS 


For  the  linearised  system,  we  see  that  the  response  of  the  free  surface  to  a  step  removal 
of  body  force  (originally  aligned  with  the  longitudinal  or  axisymmetric  axis  of  the  con¬ 
tainer)  can  be  represented  by  an  infinite  series  of  symmetric  surface  waves.  Further¬ 
more  ,  the  amplitudes  of  the  higher  modes  diminish  as  1/n*  for  the  two-dimensional 
channel,  and  as  1/Z*  for  the  cylindrical  container.  The  frequencies  of  these  response 

modes  are  given  by  «n  ■  (e/p)1^2  (n»/x0)3^2  |tanh(n»h/x0)J  for  the  two- 

dimensional  channel  and  by  <*>„  ■  (<r/p  )^2  (Zn/r0  )3^2  |tanh(Zn  h/r0  )|  ^2  for  the 
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K&J. 


t 

I 

j 


cylindrical  container.  It  ahould  be  recognized  that  these  modal  frequencies  are 
necessarily  the  same  as  the  results  yielded  by  the  corresponding  eigenvalue  problem 
(Refa.  6,  8,  18). 

The  dynamic  free  surface  shapes  (as  given  by  the  first  three  modes)  have  been  com- 

_ puted  for  various  container  dimensions  with  the  results  plotted  in  Figs.  3  and  4. 

A  value  of  the  specific  surface  tension  a/p  corresponding  to  the  properties  of  water 
has  been  used  in  the  computations,  and  the  contact  angle  has  been  assumed  to  be 
78  degrees,  consistent  with  our  linearising  restriction  on  9  .  The  initial  load  factor 
N  has  been  chosen  to  be  unity,  the  situation  that  prevails  In  drop-tower  experiments. 
Figure  3  (computed  for  a  rectangular  channel  with  xQ  *  10  cm)  and  Fig.  4  (computed 


Fig.  3  Tims  History  of  Free  Surface  in  a  Rectangular  Channel 
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features  of  the  time  history  of  the  free  surface.  The  particular  characteristic  dimen¬ 
sion  of  10  cm  was  selected  because  the  NASA  experiments  were  conducted  for  con¬ 
tainers  of  roughly  the  same  dimension.  All  plots  are  for  h/xQ  or  h/rQ  of  order 
unity  or  larger. 

It  is  not  surprising  that  the  predicted  oscillating  behavior  of  the  free  surface  has  not 
been  fully  confirmed  by  experimental  observations.  An  examination  of  the  character¬ 
istic  frequencies  associated  with  the  dimensions  of  test  containers  indicates  that  the 
dominant  Observable  oscillation  has  a  long  period  in  comparison  with  the  time  available 
for  observation  in  drop-tower  experiments.  For  a  typical  test  container  of  10  cm  ra¬ 
dius.  the  period  of  oscillation  (as  calculated  from  2r/w1 ,  the  period  of  dominant 


-1.0  0  1.6 


Fig.  4  Time  HJitory  of  Free  Surface  in  a  Cylindrical  Container 
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morf«)  la  of  the  order  of  10  seconds  for  most  test  liquids.  However,  the  time  available 
In  drop-tower  experiments  has  been  limited  to  approximately  two  seconds.  It  should 
be  noted  that  a  container  of  one  cm  characteristic  dimensions  has  a  period  of  0.2  second 
for  the  first  mode.  Thus  Shuleikln  In  Refs.  11  and  12,  when  testing  small  puddles  of 
nonwetting  llou'ds  of  0.  S  cm  characteristic  radius,  was  able  to  observe  the  oscillating 
response.  \ \ 

A  physical  explanation  of  the  observed  and  predicted  oscillation  behavior  can  be  stated 
in  the  following  manner.  The  body  forces  in  the  initial  steady  state  may  be  considered 
as  the  mechanism  whereby  the  free  surface  Is  displaced  from  Its  zero  body-force  con¬ 
figuration  (Refs.  2,3,4).  It  is  easy  to  visualize  that  on  sudden  removal  of  body  forces 
the  free  surface  will  move  towards  Its  preferred  zero  body-force  configuration.  The 
Inertia  of  the  liquid  will  carry  it  past  that  state  as  shown  in  Figs.  3  and  4;  however, 
the  excess  curvature  and  surface  tension  will  then  act  as  a  restoring  force,  inducing  j 

the  resulting  oscillations.  On  drawing  an  analogy  with  a  simple  harmonic  oscillator,  ; 

it  can  be  shown  that  the  free  surface  will  oscillate  around  Its  zero  body-force  configuration 


Let  us  now  consider  the  validity  of  the  assumptions  that  the  free-surface  slope  is  at 
all  times  small  and  that  v  Is  small  with  respect  to  provided  only  that  0  *  r/2  . 

An  examination  of  the  solution  for  the  free  surface  shape  In  the  form  S  =  F  +  3  for 
either  the  two-dimensional  or  cylindrical  container  shows  that  when  either  F  or  3 
dominates  corre«oonding  to  small  or  large  Bond  number,  respectively,  In  the  initial 
staatty  state,  the  maximum  value  of  S  is  of  the  order  cot  0  .  Similarly  one  can  show 
that  the  maximum  slope  of  the  free  surface  S  is  also  of  the  order  of  cot  6  .  In  order 
to  check  the  validity  of  the  linearizing  assumption  that  1/2  v2  is  small  compared  to 
.  we  evaluate  both  terms  as  given  by  the  present  solution.  It  Is  found  that  for  the 
case  of  largo  Bond  number  in  the  Initial  steady  state  corresponding  to  maximum 
response  motion,  the  ratio  of  1/2  v  to  goes  as  cot  9  .  Hence,  restricting 
cot  9  to  a  small  value  as  compared  to  unity  is  equivalent  to  stating  that  1/2  v2  is 
small  compared  to  .  From  physical  considerations  we  can  see  that  the  restriction 
that  cot  0  be  small  limits  the  response  to  ''mall-amplitude  motion*.  In  the  limit,  i.e. ,  j 
0  —  r/2  ,  there  is  no  response  after  the  removal  of  body  force,  since  the  initial  free  > 
surface  shape  is  already  in  final  equilibrium.  ’ 
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6  COMPARISON  OF  RESULTS  WITH  EXPERIMENTS 


fJi'gert,  et  al,  (Ref.  14)  made  drop-tower  measurements  of  the  time  required  for 
the  vertex  of  the  one-g  free  surface  to  traverse  the  straight-line  distance  to  a 
point  corresponding  to  the  constant  curvature  static  equilibrium  position.  These 
measurements  led  to  the  postulation  of  the  following  time  behavior  law  for 
cylindrical  containers,  viz. 

T  »  0. 146  (D)3/2 

where  T  is  the  elapsed  time  defined  above  and  D  is  the  diameter  of  the  cylinder. 


On  examining  Fig.  4  we  find  that  the  free  surface  vertex  passes  the  predetermined 
point  somewhere  between  t  =  x/2  and  t  -  3x/2  .  Interpolating  between  the  two 
values,  we  obtain  a  value  of  T  corresponding  to  t  *  O.Mir  .  Therefore: 


T  = 


0.56* 

w. 


O.S8ff(2) 


-3/2 


(Zj)3/2  |tanh(Zj  fi)j 1/2 


(e.) 


1/2 


<D) 


3/2 


On  substituting  Z1  =  3.83  and  assuming  R  to  be  of  order  unity,  we  have 


T 


0.088 


Since  the  drop-tower  experiments  (Ref.  14)  were  conducted  with  liquids  with  zero  con¬ 
tact  angles,  the  noted  difference  in  the  scaling  constants  for  the  time  T  is  in  large 
part  due  to  the  extent  to  which  the  experiment  violates  our  linearizing  assumptions. 

An  additional  experimental  finding  in  support  of  the  present  analysis  is  provided  by 
the  observation  of  a  rise  ner jt  the  center  of  the  free  surface  at  very  early  times  fol¬ 
lowing  release  of  the  drop-tower  package.  (Private  communication  with  Mr.  Donald 
Petrash  of  NASA.)  This  rise  of  the  free  surface  near  the  vertex  is  fully  reconciled 
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by  the  results  of  this  analysis .  At  times  that  are  small  compared  to  the  period  of 
first  mode,  the  higher  modes  (which  possess  higher  natural  frequencies)  manifest  full 

wave  amplitudes  before  the  first  mode  has  had  time  to  produce  a  large  drop  in  the 

\ 

vertex.  A  comparison  of  the  period  of  oscillations  of  the  first  and  second  modes  shows 
that: 


Cu. 


u, 


*  2.°2  for  the  two-dimensional  case 


'll 

"1 


2.48  for  the  cylindrical  case 


While  the  ratio  of  the  period  of  the  free  oscillations  Is  of  course  Independent  of  the 
Initial  conditions ,  the  solution  indicates  that  the  relative  Importance  of  the  higher 
modes  is  increased  as  Bond  number  Is  increased  in  the  initial  stesdy  state.  For  large 
Bond  numbers  the  ratio  of  the  displacements  of  second  to  first  mode  approaches: 


for  the  two-dimensional  container 


Z1 W  1 

—.3 — y -  *  t  for  the  cylindrical  container 

4  w 


Accordingly,  it  should  be  possible  to  observe  an  appreciable  bulge  of  the  free  surface 
at  the  vertex  when  the  displacement  of  the  first  mode  Is  still  small.  In  Figs.  8  and  4 
the  free  surface  shape  Is  plotted  at  t  -  0. 375tr  and  t  «  0.4*  for  the  two-dimensional 
and  cylindrical  containers,  respectively,  In  order  to  show  this  phenomenon  at  its 
maximum.  For  the  cylindrical  container,  the  vertex  bulge  actually  rises  appreci¬ 
ably  above  the  initial  free  aurfaoe. 
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Our  previous  result  expressed  as  a  dynamic  displacement  from  the  initial  free  surface 
can  also  be  Interpreted  as  an  equivalent  wave  motion,  rj ,  about  a  final  equilibrium 
free  surfaoe,  g  .  Equating  3  «  rj  +  £  to  our  previous  result  3  «  F  +  3 ,  we  obtain 
for  the  two-dimensional  case 


n(*.t)  - 


‘2  oot  0 


ls'f\ 

n*l 


-2 

B  cos  (nvx) 


mr)2  (f  +  nV) 


oos  (wBt) 


and 


g(x)  *  f(x)  ♦  2  cot  e 


'Z'-'i 

n*  1 


0  co>  (amt) 
mr)2  {f  ♦  nV) 


where  f  (x)  "  ($)  tcogh  (ft*)  -11  is  the  initial  equilibrium  free  surface. 

•2 

Consider  now  fits  ease  when  die  Bond  number,  0  ,  is  large  lr  the  initial  steady  state, 
corresponding  either  to  large  oontalner  dimension  or  load  factor,  N  .  We  see  that 
f(x>  — 0  and 


g(x)  <■  2  cot  9 


mo 

tS  ( - 1 )n Sgg-t^pi 
Zj  (w) 

n«  1 


By  simple  Fourier  analysis  one  can  show  that 


m 

SaC-ll.  £(s».$) 

n- 1 
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Therefor*, 


g(x)  <*  5 cot® 


(:2  - 1) 


which  is  a  solution  to  the  linearized  static  equation  for  the  free  surface  when  body  forces 
vanish.  Furthermore,  this  solution  satisfies  the  constancy  of  total  liquid  volume  con¬ 
dition  of 


A  -  -  -  A..  - 

/  g(x)  dx  *  /  f(X)  dx  a»  0 

/n 


Similarly  one  can  easily  show  that  the  free  surface  shape  in  the  cylindrical  container, 
for  the  case  when  the  Bond  number  is  large  in  the  Initial  steady,  state,  can  be  expressed 


.  V  *2jo(Zn?) 

S(r,t)  *  g(r)  -  2  cot  0  >  --g  ■/_%  at - cos  (cut) 

£[K(p  +  S/W 

where  g(r)  =*  — (r2  -  is  a  solution  to  the  linearized  static  equation  for  the 
free  surface  when  body  forces  vanish. 

In  the  other  limit,  i,  e. ,  when  the  Bond  number  approaches  zero  in  the  initial  steady 
state,  we  see  that  g  then  approaches  t  for  either  the  two-dimensional  or  the  cylindrical 
container,  and  that  f  in  this  case  is  the  zero  body  force  equilibrium  configuration.  It 
naturally  follows  that  tj  vanishes  in  this  case  since  the  free  surface  la  already  in 
final  equilibrium. 

With  our  free  surface  motion  expressed  as  a  wave  motion  about  the  final  equilibrium 
configuration,  one  can  clearly  see  that  the  contact  angle  remains  constant  during 
motion  and  is  equal  to  the  initial  contact  angle.  This  is  a  direct  consequence  of  our 
linearized  kinematic  free  surface  shapes  in  Figs.  3  and  4  are  plotted  with  this  alterna¬ 
tive  interpretation  of  S  by  taking  into  consideration  the  first  three  fundamental 
modes  of  t}  .  7-24  { 
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Appendix  A 


SOLUTIONS  TO  THE  LINEARIZED  EQUATION  GOVERNING  THE 
EQUILIBRIUM  SURFACES  IN  THE  PRESENCE  OF  BODY  FORCES 

A.  The  linearized  governing  Eq.  (8)  for  the  Initial  equilibrium  surface  is 

■  W’l,., 

for  the  two-dimensional  container. 

The  solution  consists  of  a  homogeneous  part  fH  and  a  particular  solution  fp 
obtain 

fx  *  ,H(X)  *  fP(x)  m  A^X  * 

On  evaluating  A ,  B  ,  and  f"(0)  using  the  boundary  conditions: 
at 


V 


!*<y : 


B.  The  linearized  governing  Eq.  (24)  for  the  initial  equilibrium  surface  is: 

;5<rV  -eV>  ■  <rylr.„ 

for  a  cylindrical  container. 

The  solution  to  the  homogeneous  equation  is  the  modified  Bessel's  function  (Ref.  20) 
and  the  particular  solution  is  a  constant,  viz: 

f(r)  =  AlApr)  - 

0  r 

where 

B  ■ 

\ 

On  evaluating  A  and  B  using  the  boundary  conditions: 
at 

I  r  =  0;  f(0)  --  0 

at 

r  =  ro :  W  =  cote 

yields _ 

'*>  >1 


Appendix  B 

CALCULATION  OF  THE  CONSTANTS  CR  IN  EQUATIONS  (19)  AND  (33) 


A.  Equation  (19)  for  the  two-dimensional  container  can  be  rewritten  in  the  following 
form: 


Cp  slnh(/?xo) 
a20  cote 


-  ;  a.  cos  k  x 

n  n 

n  =  1 


1  ■  cosh(^x) 


where 


(19a) 


a 


n 


Cnwn  COBh  slah  (0*o) 
or2/ 3  cot  $ 


Performing  Fourier  analysis  on  Eq.  (19a)  we  obtain 


and 


"o  slnh 


<*o> 


or-#  cot  e 


l 


X 

4/ 


cosh  (0x)  cos  dx 
xo 


Substitute 

cosh(0x)  ■  |  (e^*  +  e‘^x) 


7-29 


we  obtain 
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LOW -GRAVITY  LIQUID  DEORIENTATION 


j 


\ 

\ 

By  M.  P.  Htllisttr  Ml  H  M.  SitterlM 
LOCKHEED  MISSILES  &  SPACE  COWPKHY 


ABSTRACT 

This  paper  describes  an  experimental  study  of  the  reorientation  of  liquids  In  cylindrical 
containers  under  the  action  of  low  and  high  acceleration  (or  gravity).  Using  a  25-ft 
drop  facility,  a  series  of  experiments  was  performed  with  carbon  tetrac’nlorlde  as  the 
liquid  in  a  lucite  cylinder  of  3. 16-cm  radius.  By  accelerating  the  test  specimen  parallel 
to  the  cylinder  axis  during  free  fall,  reorientation  Bond  numbers  of  8.  7  and  185  were 
produced.  The  resulting  free -surf nee  reorientation  flow  was  observed  photographically. 
In  this  manner,  the  reorientation  behavior  of  liquids  under  low  -  and  hlgh-gravity  con¬ 
ditions  was  Investigated.  Flat,  convex,  and  concave  tank  bottom  shapes  as  well  as 
varying  liquid  depths  were  used. 

In  a  related  Investigation  conducted  by  another  group,  a  numerical  program  was 
developed  to  calculate  the  time-dependent  motion  of  the  free  surface  of  an  lnviscid, 
incompressible  fluid  subject  to  a  constant  or  time-varying  acceleration  field  acting 
along  the  cylinder  axis."'" 
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limitation*  in  both  the  analytical  and  experimental  portions  of  the  program  resulted  in 
obtaining  only  qualitative  correlation  between  the  numerical  program  and  experiments. 
Conclusions  reached  on  the  basis  of  this  work  and  the  experience  of  other  Investigators 
are: 

(1)  For  a  given  flatness  of  the  free  liquid  surface,  there  la  a  value  of 
reorientation  Bond  number  below  which  a  single  large  bubble  forme  and 
rises  in  a  direction  opposite  to  that  of  reorientation  body  forces.  Above 
_  -  this  value,  the  free  surface  breaks  in  a  more  complicated  way.  and  liquid 
falls  in  the  center  of  the  cylinder  following  the  body  force  direction. 

(21  When  the  initial  free-surfrce  shape  is  a  segment  of  a  sphere,  only  the 
single  large  bubble  is  formed. 

(3)  The  wavefront  trajectory  at  the  wall  travels  at  less  than  the  free-fall 
rate.  For  low  Bg  the  wavefront  response  initially  is  more  rapid  due 
to  the  initial  accelerating  effect  of  surface  tension. 

(4)  The  rise  rate  of  the  large  centra!  bubble  formed  as  described  above  is 
reduced  as  the  bubble  approaches  a  hemispherical  tank  end. 


NOMENCLATURE 


Acceleration  (cm/ sec*) 

Bond  number  based  on  radius 

Displacement;  liquid  wavefront  displacement  at  cylinder  wall  (cm) 
Diameter  (cm) 

Camera  frame  rats  (frames/sec) 

2 

Unit  gravitational  acceleration  •  980  cm/ sec 

Distanoe  through  liquid  from  liquid  surface  to  end  of  tank, 
measured  along  cylinder  axis  (cm) 

Original  liquid  depth  (cm) 

Frame  number 

14 


\ 


English  Symbols 

r  Radial  distance  from  cylinder  axis  (cm) 

R  Teat  tank  radius  (cm) 

t  Time  (sec) 

Kinematic  surface  tension,  or/p  (cm3/ sec2) 
Liquid  density  (gm/cm3) 

Liquid-gas  surface  tension  (dynes/cm) 
Characteristic  response  time 


Subscripts 

o  Critical  wavelength  or  cylinder  radius 

g  Normalized  on  "free  fall"  response  time 

R  Reorientation 

s  Normalized  on  surface  tension  response  time 

t  Differentation  with  respect  to  time 


Noodlmens tonal  quantity 
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- -  LOW-GRAVITY  LIQUID  REORIENTATION 

1  INTRODUCTION  AND  SUMMARY 

Low-gravity  liquid  reorientation  is  part  of  a  class  of  liquid-gas,  free-surface  flow 
problems  of  interest  in  the  study  of  liquid  propellant  behavior  in  rocket  tanks  under 
low-gravity  orbit  conditions.  Low-gravity,  free-surface  flow  includes  such  problems 
as  propellant  slosh,  tank  draining,  and  liquid-gas  phase  separation.  Information  genera¬ 
ted  in  these  and  similar  investigations  is  useful  in  those  areas  of  optimisation  of  vehicle 
design  which  call  for  such  improvements  in  propellant  management  as  passive  propel¬ 
lant  orientation  or  ullage  rocket  impulse  conservation.  Life-support  equipment  using  a 
liquid  as  a  working  fluid  and  as  part  of  a  process  in  small  containers  also  would  benefit. 
Such  jspects  as  the  time  required  for  the  liquid  to  reorient  to  the  tank  bottom,  and 
estimates  of  the  rate  and  manner  that  the  liquid  drains  from  one  end  of  a  container  to 
the  other,  are  also  of  interest. 


In  the  investigation  reported  here,  liquid  reorientation  refers  specifically  to  the  flow  of 
liquid  from  one  end  of  a  closed  cylindrical  container  to  the  other  under  the  action  of  a 
local  acceleration  parallel  to  the  cylinder  axis  and  directed  toward  the  liquid  from  the 
gas.  .During  this  reorientation  the  liquid  flows  in  an  annular  sheet  along  the  tank  walls, 
with  the  gas  "rising"  centrally  into  the  liquid  and  ultimately  assuming  the  well  known 
Taylor  bubble  shape.  However,  with  the  flat  initial  surface  shape  characteristic  of  the 
high-gravity  condition  followed  by  a  high  reorientation  Bond  number,  a  central  flow  of 
liquid  is  generated  in  addition  to  the  wall  flow  pattern;  this  central  flow  is  delayed  rela¬ 
tive  to  the  trajectory  of  the  liquid  wsvefront  af  the  wall.  It  is  estimated  that  when  the 
reorientation  Bond  number  is  less  than  10,  this  central  liquid  flow  will  not  occur  and  the 
gas  will  tend  to  form  the  Taylor  bubble  shape. 


The  objective  of  this  program  was  to  develop,  through  analytical  and  experimental 
correlation,  approximate  techniques  to  describe  and  predict  the  reorientation  of  liquids 
in  low-gravity  and  high-gravity  fields.  Also,  the  experimental  program  was  designed 
to  provide  more  specific  Insight  into  the  flow  process  than  was  obtainable  in  a  series  of 
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earlier  investigations.  *  Finally,  the  additional  experience  gained  in  the  technique  of 
drop  testing  with  controlled  test  accelerations  will  be  applied  in  the  design  of  the  LMSC 
drop-test  facility  now  planned. 


This  report  describes  the  results  of  an  analytical  and  experimental  investigation  of 
liquid  free-surface  behavior  during  axial  flow  from  one  end  of  a  partially  filled,  enclosed, 
cylindrical  container  to  the  other.  The  flow  is  Induced  by  virtual  gravity  acceleration 
acting  normal  to  the  initial  liquid-gas  interface  and  directed  from  the  liquid  to  the  gaa. 

A  numerical  program  was  developed  to  calculate  the  time  dependence  of  the  free  surface 
of  an  inviscid,  incompressible  fluid  subject  to  a  constant  or  time-varying  acceleration 
field-  Using  the  25-ft  drop  facility  at  Stanford  University,  a  series  of  experiments  was 
performed  with  carbon  tetrachloride  in  a  luclte  cylinder  of  3. 16 -cm  radius.  By  acceler¬ 
ation  of  the  test  specimen  during  free  fall,  reorientation  Bond  numbers  of  S.  7  and  185 
were  produced,  inducing  free-surface  reorientation  flow  which  was  recorded  photo¬ 
graphically.  In  this  manner,  the  reorientation  behavior  of  liquid  under  low-  and  high- 
adverse  gravity  conditions  was  investigated,  as  was  the  terminal  draining  behavior  of 
the  liquid  as  the  rising  Taylor  bubble  approached  the  end  of  the  tank. 

Although  certain  restrictions  encountered  in  the  numerical  solution,  together  with 
limitations  in  the  exporimentrl  apparatus,  prevented  a  quantitative  correlation  between 
the  analytical  and  experimental  results,  qualitative  agreement  was  noted.  In  addition, 
a  number  of  specific  noteworthy  features  of  the  liquid  reorientation  flow  process  were 
exhibited  during  the  experimental  program. 


2  ANALYTIC  PROCRAM 


In  a  parallel  effort  within  the  overall  propellant  reorientation  program  at  LMSC,  an 
analytic  description  of  the  free-surface  behavior  during  reorientation  flow  was  developed 
by  L.  M.  Perko  and  R.  E.  Moore.**  The  details  of  this  work  will  be  reported  elsewhere. 
The  results  of  the  analysis  are  of  interest  to  the  extent  of  any  correlation  with  the  results 
the  experimental  program. 


•Lockheed  Missiles  ft  Space  Company.  Teat  Report,  Low-Gravity  Liquid  Reorientation 
Study,  by  M.  P.  Hollister  and  H.  M.  Satterlee,  LMSC-A864570.  8unnyvale,  Calif., 

1  May  1964. 

**L.  M.  Perko  and  R.  E.  Moore.  "Inviscid  Fluid  Flow  in  an  Accelerating  Cylinderlcal 
Container,"  to  be  published  in  J,  Fluid  Mech. 
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The  operation  of  the  numerical  program 
la  not  aa  yet  entirely  satisfactory,  par- 
j  tloularly  when  an  eaaentially  flat  inter¬ 
face  la  Imposed  aa  the  initial  ocndltioe. 

j  - The  sensitivity  of  the  aolutlon  to  aocfa 

j  factor*  aa  tee  amootfaneaa  of  the  initial 
surface  and  the  size  of  the  time  steps 
for  Iteration,  here  not  been  folly  deter¬ 
mined.  in  addition,  the  numerical  cal¬ 
culation*  are  sensitive  to  the  manner  In 
which  tee  effect  of  surface  tension  la 
Included  in  the  computation. 

Work  la  In  progress  to  Improve  tee 
analytical  description  of  tee  flow  for 
incorporation  into  the  numerical  pro¬ 
gram. 

3  EXPERIMENTAL  PROGRAM 

I 

3.1  Description  of  the  Teat 

{ 

i 

The  tasting  was  performed  with  the  2  5- ft 
free-fall  facility  In  the  Thermoacienoea 
Laboratory  at  Stanford  University.  This 
facility  provides  approximately  l  sec  of 
free-fall  teat  time.  Figure  1  shows 
schematically  tee  configuration  of  tee 
tost  equipment.  The  Stanford  facility 
!  consists  of  a  drag  shield,  hoist  and 
release  meohanlam,  pneumatic 


1 

\v  ■ 

HOIST  &  RELEASE  FLEXIBLE 


Fig.  I  Twentyflve-ft  Drop  Foel'ity 
Layout 


8-6 


arresting  gear,  guide  cables,  and  necessary  electrical  power  and  compressed  air.  The 
test  module,  test  specimens,  and  Instrumentation  were  provided  by  LMSC.  Figure  2 
shows  the  test  module  emplaced  In  the  drag  shield,  with  the  shield  side  panels  open. 

The  drag  shield,  which  weighs  71  lb,  encloses  the  test  module  and  provides  an  essentially 
drag-free  environment  in  a  cylindrical  cavity  about  18  In.  In  diameter  by  3-1/2  It  long. 
Prior  to  release  Into  free  fall,  the  drag  ahleM  is  suspended  on  the  test  module  at  the 
upper  ring  flange.  The  teat  module  In  turn  la  connected  to  the  holat  through  a  solenoid- 
activated  mechanical  release  ooupling.  The  hoist  and  release  mechanism  la  shown  In 
Fig.  3. 

The  teat  module  provided  by  LMSC  la  shown  In  three  photographic  views  of  Figs.  4,  5, 
and  6,  and  schematically  In  Fig.  7.  It  oonaiata  of  an  aluminum  structure  on  which  la 
mounted  the  teat  tank,  optical  Instrumentation,  spring  motors  and  acceleration  tubes. 

The  module  weighed  36. 9  lb  with  all  equipment  installed . 

The  test  tank  was  aluolte block.  3. 25  by  3. 25  by  4.5  in. ,  Into  which  a  cylindrical  hole 
3. 18  om  la  radius  had  been  drilled  to  a  depth  of  10  cm.  The  open  sad  of  the  bole  was 
covered  tightly  during  testing.  A  convex  hemispherical  bottom  shape  was  obtained  by 
attaching  a  lucite  hemisphere  at  the  tank  bottom.  To  obtain  the  concave  hemispherical 
tank  bottom  shape,  a  glaas  tube  with  one  end  formed  Into  a  hemisphere  was  Inserted 
in  the  test  tank;  In  tills  case  the  Inner  diameter  was  5. 64  cm. 

The  teat  liquid  employed  was  carbon  tetrachloride,  which  has  a  low  ratio  of  surface 
tension  to  density,  o/p  ,  of  16. 8  cmfysec2.  This  choice  was  made  to  provide  as  Ugh 
a  Bond  number,  ,  as  possible  during  reorientation. 

The  behavior  of  the  liquid  specimen  In  the  ter*  tanks  during  reorientation  was  reoorded 
with  high-speed  motion  picture  photography,  using  a  Millikan  DBM4  camera  with  a 
140-deg  shutter  operated  at  a  nominal  rata  of  400  frames/see.  A  17 -mm  lsna,  shimmed 
out  from  the  earners  to  provide  focusing,  was  employed.  Tbs  Incite  test  tank  was 


aamf  ?.'1V 


/ 

j 
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Fig.  2  T«t  Module  In  Drag  Shlold 


Fig.  9  Hoi  it  and  Ralaato  Mechanism 


Fig.  4  Spring  Motor  Location 
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bock-lighted  with  a  75-w  opal  photo-enlarger  bulb  behind  a  frosted-plastic  diffuser 
screen.  In  combination  with  the  test  fluid  employed,  the  arrangement  provided  excel 
lent  liquid-gas  interface  discrimination  and  minimum  refractive  distortion.  Figure 
8  is  an  example  of  the  pictorial  record  obtained. 


Fin.  8  Liquid  Reorientation  (Rr  *  8.7) 


The  camera's  field  of  view  also  Included  an  accelerometer,  adjacent  to  the  test  tank 
with  axes  parallel  to  the  tank's  cylindrical  axis,  consisting  of  an  evacuated  glass  tube 
containing  a  steel  ball  bearing.  The  camera  record  of  the  motion  of  the  bearing  with 
respect  to  the  test  module  provided  a  rectilinear  trajectory  with  which  the  capsule 
acceleration  relative  to  a  "freely  falling"  reference  frame  was  determined. 

To  fix  the  Instant  of  capsule  release  Into  free  tell,  a  micro  switch  mounted  on  the  release 
mechanism  was  opened  by  motion  of  one  of  the  capsule  release  fingers  -  shutting  off  a 
light-trace  signal  and  thus  providing  a  time  zero  reference  on  the  film-  Timing  light 
pips  placed  on  the  film  at  0. 01 -sec  interval/?  provided  nlajinod  timo  information.  Dis¬ 
placements  were  measured  from  the  film  as  a  function  of  frame  number  with  a  precision 
film  reader. 

A  28-vdc  supply  provided  electrical  power  to  the  camera  and  to  fits  100 -cycle  «mfr»g 
light  generator,  while  the  first-motion  light  required  a  160-vie  power  supply. 

Accelerations  relative  to  a  zero-g,  or  free-falling,  rafsrsnoe  frame  were  imposed  on 
tee  test  module  by  applying  a  oonatant  force  during  the  drop  period,  as  diagrammed  in 
Fig.  7.  A  Neg'alor  spring  motor  has  the  property  of  a  oonatant  spring  foroe  over  the 
length  of  its  extension.  Thus,  the  tension  foroe  in  the  line  is  oonatant  as  the  motor 
reels  la  the  line,  pulling  the  drag  shield  and  test  module  together  following  release 
into  free  tell.  Since  the  mass  of  the  test  module  Is  essentially  constant  (the  only 
deviation  Is  that  produced  by  the  movement  of  the  relatively  ■»»«  amount  of  test  liquid) 
this  constant  foroe  yields  a  oonatant  acceleration.  By  varying  combinations  of  pulley 
sizes  with  a  1-lb  or  5-Jb  force  motor,  a  range  of  test  accelerations  Is  available. 

Figure  4  shows  the  Neg'ator  motors  mounted  on  the  test  module. 

Primary  test  conditions  were  as  follows;  two  runs  were  made  at  each  setting: 

2  2  ' 

(1)  Acceleration  (nominal) :1 3. 3  em/sec  ,  819  cm/sec 

(2)  Initial  liquid  level,  H/D:  0.7,  0.8,  0.3 

(3)  Tank  bottom  shape:  flat,  ooncave  hemispherical,  oonvex  hemispherical 

For  the  oonvex  hemispherical  tank  bottom  shape  no  runs  were  made  at  H/D  -  0. 3. 

Tests  were  run  at  all  other  combinations  of  the  listed  conditions. 
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3. 2  Acceleration  Measurement 


The  acceleration  experienced  by  the  test  capsule  was  computed  from  the  photographic 
record  of  capsule  motion  with  respect  to  a  freely  falling  body  —  the  ball  bearing  in  the 
accelerometer  tube.  The  displacements  of  the  ball  bearing  from  a  reference  point  on 
the  test  module  were  measured  from  the  film  with  a  Gerber  film  reader.  These  dis¬ 
placements,  along  with  the  elapsed  time  corresponding  to  the  respective  film  frames, 
provided  a  rectilinear  trajectory  from  which  the  capsule  acceleration  was  computed. 

The  computation  was  complicated  somewhat  due  to  a  constant  drift  rate  superimposed 
on  the  acceleration  trajectory  by  the  relaxation  of  structural  strain  energy  stored  under 
1  gQ  conditions  and  released  upon  initiation  of  the  drop;  the  net  effect  Is  a  "springing 
away"  of  the  ball  bearing.  The  drift  rate  was  noted  also  during  die  zero-g  drop-test 
runs. 

Since  the  acceleration  values  obtained  are  fundamental  to  the  quantitative  conclusions 
drawn  in  die  investigation,  and  since  some  dispersion  of  acceleration  values  was  obtained 
from  the  data  reduction,  the  possible  sources  of  error  and  uncertainty  should  be  exam! 
Strictly  speaking,  we  are  concerned  here  with  uncertainties  In  the  following; 

(1)  The  repeatability  and  constancy  In  the  Neg'ator  force -versus -displacement  rate 
characteristic  during  operation 

(2)  Transcribing  the  data  on  ball-bearing  displacement  as  a  function  of  time,  and  the 
propagation  of  this  uncertainty  in  the  curve-fitting  data  reduction  technique 

In  the  experimental  program  sufficient  time  and  funds  were  not  available  to  investigate 
the  dynamic  characteristics  of  the  spring  motors.  Thus  a  quantitative  statement  cannot 
be  made  concerning  the  -first-listed  uncertainty.  The  approach  taken  here  was  to  deter¬ 
mine  the  magnitude  of  the  second  source  of  uncertainty  and  from  this  and  the  gross 
features  of  the  data,  to  infer  the  magnitude  of  the  first  source  of  uncertainty. 


Table  1  lists  data  for  the  test  runs  for  which  time-versus -distance  data  were  reduced. 
Approximately  80  to  100  readings  were  recorded  for  each  of  the  high  and  low  runs. 
Each  set  of  readings  was  used  as  Input  to  a  least-squares  polynomial  fit  routine  written 


Tablet 


SELECTED  TEST  RUN  DATA 


Run  No. 

Acceleration 

(cm/sec2) 

Standard 

Deviation  of  Computed 
from  Mean  Acceleration 
(percent) 

Computed 

Mean 

Design 

91 701 C 

mam 

91702B 

HI 

92202B 

Mmm 

- : 

319 

*2.9  (4.6  cm/sec  ) 

92304B 

92306B 

warn 

92203B 

14.44 

922MB 

16.10 

9220SB 

15. 36 

14.61 

13.3 

*10.2  (1.49  cm/sec  ) 

92206B 

14.52 

92301 B 

12.61 

for  the  IBM  TOM  digital  computer.  In  thia  routine,  time  was  the  independent  variable 
and  distance  the  dependent  variable.  Polynomials  of  second  through  fifth  order  were 
fitted  to  the  Input  data.  Although  second -order  polynomials  fit  the  data  reasonably  well, 
the  square  of  the  deviation  between  Input  values  and  the  calculated  curve  decreased  as 
the  order  of  the  polynomial  was  increased.  However,  the  deviation  never  became 
random;  1.  e. ,  the  input  values  systematically  fluctuated  about  the  calculated  curve, 
indicating  nonconstant  behavior  in  the  spring  motor  system. 

A  single-sample  error  analysis  using  the  method  presented  by  Kline  and  MqCllntock* 
was  conducted  to  ascertain  if  measurement  errors  could  account  for  the  dispersion  of 
the  computer  accelerations  from  run  to  run.  A  *2 a  deviation  correspond*  approxi¬ 
mately  to  the  20-to-l  odds  used  as  a  basis  for  measurement  uncertainty  in  the  error 
analysis.  Table  1  indicates  that  a  2<r  Interval  ia  *2.9  percent  for  the  high-acoeleratlon 


*8.  J.  Kline  and  F.  A.  McClintock,  "Describing  Uncertainties  in  Single  Sample 
Experiments, 11  Mech.  Eng, .  Jan  1983. 
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measurements  and  a  10.2  psrosn t  (or  the  low-aeoelsratlon  mMiuremnU .  The 
uncertainty  Interval  or  error  contribution  due  to  menaurement  data- reduction  error 
aa  calculated  la  *4.4  and  *1.5  percent  for  the  high-  and  low-acceleration  levela, 
respectively .  Baaed  on  only  three  points .  this  error  contribution  la  conservatively 
large.  Nevertheless ,  these  values  Indicate  the  decree  of  accuracy  that  can  be 
pected  from  the  acceleration- sensing  technique.  The  relatively  small  deviation  of 
the  high-acceleration  data  indicates  that  any  force-system  nonrepeatability  or  non¬ 
linearity  of  the  5-Ib  motor  is  not  discernible  within  the  basic  accuracy  of  the  data- 
r eduction  technique.  However,  for  the  low- acceleration  cases  it  must  be  concluded 
that-the  dispersion  of  the  acceleration  values  is  dus  at  least  partly  to  nonrepeat- 
ability  and  nonlinearity ,  which  ars  proportionately  greeter  for  the  1-lb  motor. 

3. 3  Test  Results 

\  ■ 

Beta  regarding  the  behavior  of  the  liquid  were  taken  from  the  motion  picture  film  records 
by  projecting  selected  frames  onto  graph  paper  and  tracing  wave  profiles  for  specific 
times.  In  this  manner,  the  wave  profiles  and  trajectories  of  surface  wave  displace¬ 
ment  versus  time  were  obtained. 

To  present  the  data  In  aa  organised  manner  and  interpret  any  trend  in  behavior,  the 
time  and  dlatanoe  measurements  were  nondlmenetonalixed.  Since  the  reorientation 
teste  were  essentially  gravity  dominated  It  eeeraed  logical  to  bees  tbs  nondlmenslon- 
alicatlon  on  free-fall  behavior;  also,  such  treatment  was  consistent  with  that  used  in 
the  theoretical  program.  Displacement  was  aoudimenslonalized  on  tank  radius,  R. 

For  all  except  the  taro-gravity  rune,  time  was  aondlmenallzed  on  "free  tall"  through  a 
dlatanoe  d  as  the  characteristic  response  time.  The  tero-g  data  were  oompared  with 
the  response  time  for  surfaoe-tenalon -dominated  phenomena.  Thus  we  have: 

r*  •  tf  R 
d*  -  6/H 
b*  -  h/lt 
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where  An  ia  the  number  of  frame*  elapsed  during  the  time  interval  At  and  F  lithe 
camera  frame  rate  (which  was  constant  over  each  test  run  within  el  percent). 


For  the  test  conditions  imposed,  the  pertinent  parameters  were  the  following: 


R 

a/p 

*low 

“high 

Tf(highBR) 
Tf (low  Br) 


3. 16  cm  for  flat  bottom,  2.8  cm  for  concave 

16.8  cmS/sec2  for  CC3. 

2  * 

14.61  cm/sec  (BD  •  8.7  for  flat  bottom,  6.8  for  concave) 
311  cm/aec  (BR  »  185  for  flat  bottom,  145  for  oonesve)  - 
0.143  see 
0.658  sec  ' 

1.372  sec 


3. 3. 1  Wave  Profiles.  Figures  9  through  11  display  normalized  wav*  shapes  in  cross 
section,  traoed  directly  from  the  film  records  at  selected  nondimens  tonal  1  ted  times. 
To  compare  the  behavior  of  Am  low  and  high  BR  flow  patterns  at  each  H/D  level, 
the  low  and  high  BR  profiles  are  displayed  together.  The  left  half  of  the  cylinder 
contains  foe  wave  profiles  for  foe  low-reorlectation-Bood -Lumber  cases,  while  those 
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Fig.  11  Wav*  Prof! In  —  1VD  *  0.5  With  Concave  Tank  Bottom 

wave  profiles  to  the  right  of  the  centerline  occurred  during  the  high-rcorientadon-Bondr 
number  rune. 


A  number  of  features  of  these  wave  profiles  will  be  discussed.  At  the  outset  it  must  be 
emphasized  that  the  shape  of  the  wavefront  Immediately  adjacent  to  the  wall  (1.  e. ,  the 
leading  edge  of  the  wave)  for  r  S  0. 98  was  not  defined  clearly  on  the  film,  due  to  the 
optical  refraction.  Accordingly  some  extrapolation  was  necessary  to  fix  the  position  of 
this  leading  edge.  Dashed-line  portions  of  the  wave  shape  traces  (Figs.  9  through  11) 
also  indicate  regions  where  the  exact  position  of  the  liquid  surface  either  could  not  be 
seen  or  was  distorted  by  refraction.  In  these  eases  also,  interpolation  between  known 
points  was  employed  to  "fair  in"  the  surface  shape. 


For  all  H/D  values  and  bottom  shapes  shown  in  die  figures  and  within  the  t*  value 
range  obtained,  the  response  of  the  low  BR  waves  in  terms  of  progression  along  the 
wall  is  more  rapid  than  in  die  high  BR  eases.  (This  feature  will  be  discussed  further 
below. )  The  forma  of  the  low  BR  surface  shapes  differ  markedly  from  those  In  the  high 
BR  cases.  The  high  BR  wall  sheets  are  thinner,  with  correspondingly  greater  local 
surface  curvature  at  the  leading  edge  of  the  wave. 

Perhaps  the  most  striking  feature  is  the  appearance  of  a  "hump"  or  wave  located  In 
the  center  of  the  cylinder.  This  initial  wave  occurs  In  all  eases  including  the  surface 
reorientation  during  the  aero-g  run.  For  the  high  BR  reorientation  cases,  this 
central  wave  grows  in  amplitude  continuously  end  develops  a  seconds ry  wave  or  eentral 
depression.  However,  la  the  ease  of  the  low  BR  runs,  the  initial  growth  of  foe  een¬ 
tral  wavs  under  the  influence  of  the  local  gravity  la  arrested  and  reversed,  causing  the 
decay  and  eventual  dlsappe ranee  of  this  central  axial  flow. 

The  different  behavior  of  this  eentral  wave  la  due  to  the  stabilising  effect  of  the  liquid 

surface  tension  In  the  caee  of  the  low  BR  flow.  Baaed  on  the  flat  Interface  theory 

(90 -deg  contact  angle)  as  presented  In  another  report,*  the  criterion  for  stability  of  a 

surface  wave  In  a  cylindrical  container  Is  that  the  Bond  number  based  on  tank  radius 

not  exoesd  3. 59.  Since  the  low  reorientation  Bond  number  eases  were  run  at  Bn  * 

♦  *• 

8. 7  ,  we  can  scale  the  critical  dimension  for  wave  stability,  r  :  / 

c 


•Stanford  University  Department  of  Mechanical  Engineering,  The  Dynamics  of  the 
Free  Liquid  Surface  in  a  Cylindrical  Container  Under  8trong~CapllIary  and  Weak 
Gravity  Conditions,  fay  rf.  M.  Satterlee  and  W.  t.  Heynolda.  Test  Report  Ld -2. 
Stanford,  Cafll. ,  1  May  1864. 
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r*  ■  0. 625 
c 


Examination  of  the  wave  profiles  for  BR  *  8. 7  shows  that  the  central  half  wavelength 
measured  from  the  tank  centerline  Is  less  than  this  value.  Thiis  the  wave  perturbation 
generafed  in  this  case  Is  stable  and  does  not  grow  without  limit.  In  the  high-acceleration 
case  where  BR  •  185,  dm  stable  hall  wavelength  is  scaled  at  rQ  =  0.135.  The  central 
wave  occurring  in  these  oases  has  a  larger  characteristic  dimension  and  hence  is 
_ unstable. 

It  is  felt  that  the  singular  features  of  these  free-surface  flows  during  reorientation  that 
have  been  noted  above  can  be  explained,  at  least  qualitatively,  in  terms  of  the  surface 
shape  Just  prior  to  the  test  period.  Since  the  test  cylinder  radius  was  3. 16  cm,  the 
Initial  Bond  number  under  1  gQ  was  560  with  the  correspondingly  flat  initial  surface 
shape.  The  meniscus  at  the  wall  provides  the  initial  surface  perturbation  for  the  un¬ 
stable  wall  wave  growth  during  reorientation.  This  vertical  flow  along  the  wall  is  fed 
with  liquid  from  the  annular  region  at  the  surface  adjacent  to  the  wall .  The  potential 
for  flow  Into  this  region  from  the  liquid  in  the  center  ie  low  due  to  the  flat  configuration 
and  the  resulting  absence  of  a  pressure  gradient.  Thus,  an  annular  depression  is 
developed  adjacent  to  the  wall  leaving  a  standing  wave  in  the  center  of  the  tank.  Whether 
this  center  wave  grows  in  amplitude  or  is  stabilized  such  that  the  central  liquid  is  forced 
— — '“~W  flow  outward  and  down  the  wall  is  dependent  on  the  ratio  of  the  surface  tension  to 
hydrostatic  pressure  gradients  as  expressed  by  the  reorientation  Bond  number. 

3.3.2  Wavefront  Trajectories .  The  trajectories  of  the  liquid  wavefront  at  the  cylinder 
wall  were  recorded  and  are  shown  In  Fig.  12.  The  displacement  of  the  liquid  at  the 
wall,  d*  ,  la  measured  from  original  liquid  level  at  the  wall.  All  times  are  normalized 
on  free-fall  behavior  except  the  zero-gravity  testa.  Included  on  this  plot  for  reference 
is  the  free-fall  trajectory  curve,  d*  *  (t* ) '  for  a  particle  Initially  at  rest. 
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The  most  obvious  feature  displayed  In  Fig.  12  Is  the  more  rapid  response  of  the  low 
Br  reorientation  wavefront  compared  with  those  of  the  runs  for  BR  =  185.  After 
this  initial  lead  is  obtained,  the  low  BR  trajectories  appear  to  parallel  those  for 
the  high  Bjj.  ' — *""" 

The  equilibrium  location  of  the  liquid  front  at  the  wall  under  a  zero-g  condition  with 
a  hemispherical  shape  (zero  contact  angle)  has  been  Indicated  at  d*  *  0. 07 .  Beyond 
this  point,  the  initial  accelerating  effect  of  surface  tension  In  relaxing  from  the  high 
Bond  number  Initial  condition  Is  no  longer  present,  and  the  wavefront  trajectory 
appears  to  parallel  that  for  the  high  BR  cases. 

Except  for  the  case  where  H/D  *0.3  and  PR  *  8. 7 ,  no  initial  Ucpitd  level  or  tank 
bottom  effect  Is  dlscernlblo  as  far  as  wave  growth  at  the  wall  is  concerned. 


Fig.  12  Wall  Wavefront  Trajectorlei 


V 


The  difference  In  response  of  the 
high  Br  and  low  BR  wavefronts 
at  the  wall  is  an  effect  of  the 
gravity -dominated  initial  condition. 
Figure  12  shows  that  the  character 
of  the  response  of  the  low  BR  flow 
is  initially  similar  to  that  for  the 
*ero-g  reorientation  (Fig.  13).  which 
was  surface-tension  dominated.  The 
initial  surface  shape  is  stressed 
relative  to  the  tero-g  configuration. 
Since  the  reorientation  flow  passes 
through  this  condition  when  the 
gravity  vector  is  reversed,  the 
Initial  effect  of  surface  tension  is 
to  aid  tho  reorientation.  In  the 
case  of  the  low  BR  flow,  this 
additional  force  is  noticeable, 
whereas  for  the  high  Br  ,  gravity- 
dominated  flow,  It  is  not. 

Another  feature,  displayed  in  Fig. 

12,  is  the  departure  of  the  wave- 
front  trajectories  from  free-fall 
behavior.  The  behavior  was  noted 
"also  by  Emmons,  Chang,  and  Watson 


0  0.2  0.4  0.6  0.6  .0 

f*  4 


Flfl.  13  Zero-g  Wove  Profile! 


In  a  series  of  experiments  on  the  instability  of  finite  surface  waves.  *  They  report  a 


wavefront  acceleration  at  a  wall  of  0. 6  to  0.  7  of  the  virtual  gravity.  The  curve  d*  * 
0. 65  (l*)  fits  the  high  data  very  well.  This  slow  response  probably  is  due  to 
a  combination  of  viscous  drag  at  the  wall,  thinning  out  of  the  sheet  in  accordance  with 


*H.  W.  Emmons,  C.  T.  Chang,  and  B.  C.  Watson,  "Taylor  Instability  of  Finite 
Surface  Waves,"  J,  Fluid  Mecn. .  Vol.  7,  Part  2,  1960. 
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continuity,  and  the  resulting  locally  high  surface  curvature  at  the  wavefront.  This 
curvature  creates  relatively  high  pressures  at  the  wavefront  that  retard  flow  into 
this  region  to  replenish  the  liquid  being  removed  in  the  boundary  layer. 

For  the  low  BR  wavefront  trajeCforUmthe  relation 

d*  =  0.65(1*  +  0.  35  )2 

fits  the  data  for  the  region  t*  >0.3.  The  initial  effect  of  surface  tension  during  these 
low  Br  tests  can  be  approximated  by  the  relation 

d*  =  t* 

0  £  t*  s  0. 3 

As  shown  in  Fig.  10  the  primary  effect  of  the  proximity  of  the  tank  end  is  that  it  produces 
a  thinner  wall  sheet  than  would  otherwise  occur  during  a  low  BR  flow.  The  results,  as 
shown  in  Fig.  12,  are  a  slower  wavefront  response  than  in  the  other  low  BR  runs,  and 
a  behavior  more  similar  to  that  for  a 
high  Br  .  This  effect  is  indicated  more 
clearly  in  Fig.  14,  which  shows  datafor 
the  hemispherical  tank  bottom  shapes . 

For  the  concave  tank  end,  no  bottom  ef¬ 
fect  is  apparent  at  H/D  =  0. 5 .  For 
the  convex  tank  end,  however,  the  effect 
of  the  protrusion  of  the  tank  end  into  the 
central  liquid  region  again  produces  a 
slower  wave  response  at  the  wall  at 
Br  -  8.7,  even  In  this  case  slower 
than  that  for  the  high  BR  data. 

3. 3. 3  Terminal, Flow  Effect,  It  was  fig,  u  Wo„  w0vefront  Trojectorlei  (Hem- 

decided  during  the  latter  phase  of  the  igjhericol  Tonk  Bottom,  H/D  =  0.5) 
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program  to  extend  the  scope  slightly  to 
include  an  Investigation  of  the  terminal 
behavior  of  the  centrally  rising  liquld- 
gas  interface  as  it  approaches  the  end  of 
a  hemispherical  tank  (concave  toward 
the  tank).  This  investigation  required 
additional  data  reduction  near  the  end  of 
the  concave  tank  bottom  runs.  These 
data  were  then  compared  with  the  simple 
theory  developed  id  Appendix  A.  Figure 
15  shows  a  typical  test  frame. 

From  the  film  record  the  displacement 
of  the  central  liquid  surface  relative  to 
the  hemispherical  tank  end  was  meas¬ 
ured,  along  with  the  elapsed  time.  Only 


the  runs  at  B 


R 


5.  G  could  be  used 


Fig.  15  Liquid  Reorientation  in  Tank  With 
Heaiitpherical  End 


since  for  the  runs  at  BR  =145  the 


standing  central  liquid  wave  previously 

discussed  prevented  the  formation  of  the  single-Taylor -bubble  flow  configuration.  One 
test  run  did  not  provide  sufficient  time  to  set  up  a  steady-state  draining  situation  at 
some  large  initial  liquid  depth  In  order  to  observe  the  entire  draining  of  the  hemispher¬ 
ical  tank  end.  Accordingly,  data  from  runs  at  liquid  depths  of  H/D  =0.7,  0. 5  ,  and 
0. 3  were  taken  with  the  objective  of  observing  the  entire  draining  process  in  t.iree  seg¬ 
ments.  The  data  from  each  run  were  related  to  data  from  the  former  at  the  oame  h* 
value.  The  data  obtained  In  this  manner  have  been  plotted  in  Fig.  16.  Equations  (A.  8) 
and  (A.  10)  of  Appendix  A  are  rlso  shown.  Since  the  value  of  t*  =  0  for  the  Taylor 
bubble,  Eq.  (A.  10) -and hence  the  position  of  the  data  on  the  t*  scale  -  is  arbitrary, 
the  curve  for  Eq.  (A.  10)  was  placed  so  as  to  match  the  slope  of  the  data  for  the  run  at 
H/D  =  0. 7  .  Smoothed  curves  were  drawn  through  these  displacement  points,  md  slopes 
determined.  The  results  arc  plotted  in  Fig.  17  along  whji  ihe  curves  for  fcqs. 

(A. 6)  and  (A. 9),  Appendix  A. 
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Fig,  16  Taylor  Bubble  Velocity  Approaching  Hemispherical  Tank  End 


Fig.  17  Taylor  Bubble  Trajectory  Approaching  Hemispherical  Tonk  End 


Transient  surface  velocities  are  present  during  die  transition  from  the  flat  Initial 
surface  shsn*  io  the  steady-state  draining  flow  pattern.  To  avoid  these  wave  oscil¬ 
lations,  readings  were  taken  as  late  as  possible  during  the  test  run.  The  higher-than- 
expected  velocities  for  1.0  <  b*  <0.7  are  residuals  from  this  transition. 

Notwithstanding  these  problems,  examination  of  Figs.  16  end  17  Indicates  that  a 
terminal  effect  Is  present  as  the  Taylor  bubble  approaches  the  tank  end.  Altnocgh  the 
h*  values  for  H/D  »  0. 8  do  not  agree  with  that  for  H/D  »  0. 3  ,  at  the  stUue  h*  the 
terminal  draining  effect,  aa  represented  by  Eq.  (A.  8), provides  a  good  approximation  to 
tha  data. 

1 

3.4  Correlation  Between  Experimental  and  Analytic  Results 

‘  \ 

During  the  final  phase  of  the  program  an  attempt  was  made  to  correlate  the  liquid 
behavior  in  die  experimental  runs  with  that  predicted  by  die  numerical  program.  The 
results  were  largely  unsatisfactory.  Starting  from  the  flat  Initial  condition,  the  numer¬ 
ical  program  developed  unstable  oscillations  In  the  surface  shape  after  a  short  period  of 
time.  Also,  the  means*  la  which  the  surface  tension  term  Is  Incorporated  in  the 
calculations  seems  to  tnfhenoe  the  progression  of  the  calculation  and  to  prevent  the 
growth  of  surface  shapes  that  can  be  correlated  with  'experimental  observation.  Improve¬ 
ments  la  the  numerical  procedure  are  being  Investigated  at  this  time,  with  the  expecta¬ 
tion  that  more  satisfactory  performance  can  be  obtained. 

Nonetheless,  s  certain  degree  of  qualitative  similarity  in  the  two  areas  of  Investiga¬ 
tion  was  noted.  Figure  13  is  a  computer  plot  i  f  liquid  reorientation  from  a  high  Bond 
number  (1.  e. ,  flat)  initial  surface  shape  with  no  surface  tension  during  the  reorien¬ 
tation.  This  corresponds  to  an  Infinite  reorientation  Bond  number  (0  •  1/Bp  *  0). 
Hie  development  of  an  annular  trough  next  to  the  wall  and  the  resulting  central  stand- 
lug  wave  can  be  seen.  This  configuration  was  seen  in  the  later  stages  of  development 
in  the  experimental  runs. 

The  computer  plot  shows  the  bottom  of  the  trough  st  an  r*  value  of  approximately 
0. 75.  Hie  wave  profiles  for  the  high  Bp  experimental  runs  also  indicate  the  initial 
position  for  the  bottom  of  the  annular  trough  at  r*  ar  0. 76. 
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Fig.  18  Computer  Plot  of  Liquid  Reorientation  From  o  Flot  Intorfoeo 
(Initial  Bond  No.  »  220)  Reorientation  Bond  No.  —•  ) 

The  numerical  program  behaved  more  satisfactorily  when  a  highly  curved  (J .  e. ,  low- 
or  arro- gravity)  initial  surface  shape  was  used.  Unfortunately,  this  initial  ooodltloo 
could  not  be  duplicated  experimentally,  Prior  to  initiation  of  the  reorientation  accel¬ 
eration,  a  period  of  Iov  or  aero  gravity  is  necessary  to  allow  the  formation  of  the 
highly  curved  surfaoe  shape.  This  feature  for  delayed  reorientation  during  the  drop 
was  not  designed  into  the  Stanford  drop-test  facility. 

4  CONCLUSIONS 

A  number  of  general  features  associated  with  the  reorientation  of  liquids  in  closed, 
partially  filled  cylindrical  containers  were  observed  during  this  investigation.  The 
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basic  configuration  of  the  flow  is  determined  by  the  shape  of  the  liquid  surface  At  the 
onset  of  the  adverse  acceleration  producing  the  reorientation  flow.  For  a  quiescent 
fattinl  condition,  as  in  this  investigation,  the  meniscus  at  the  wall  is  the  dominant  sur¬ 
face  perturbation  governing  the  subsequent  liquid  flow.  The  initial  flow  then  becomes  a 
cylindrical  sheet  of  liquid  flowing  "down"  the  tank  wall  with  the  gas  penetrating  the 
central  portion  of  the  liquid. 

For  large  reorientation  Bond  numbers  (BR  »  180  or  greater)  the  wall  wavefront  does 
not  follow  the  normal  tree -fall  trajectory.  In  these  esses  the  wavefront  trajectory  can 
be  approximated  by  the  relation 


2 

d*  =  0.«5(t*r 

For  reorientation  under  low-level  body  forces  where  BR  »  10  ,  wavefront  response  is 
quicker  in  aoodimensional  form  than  that  for  the  high  BR  response.  In  these  oases 
the  wavefront  trajectory  has  the  form 

d*  -  0.85  t*  for  0  <  d*  <  0.4 

\  \ 

d*  -  0.65(«*  ♦  0.35)2  tor  0.4  <  d*  <  1.2 

The  reorientation  flow  is  further  characterised  by  die  combination  of  initial  surface 
shape  and  the  magnitude  of  BR.  For  a  high-gravity,  flat  Initial  surface  shape  the 
flow  for  a  large  BR  during  reorientation  generates  centrally  located  standing  waves 
that  are  themselves  unstable  amt  grow  to  produce  liquid  flow  "down"  the  center  of  the 
tank.  For  Br  <  10  ,  this  oentral  flow  pattern  Is  stabilised  by  surfaoc  tension  so  that 
the  integral  Taylor  bubble  shape  results  in  the  entire  liquid  mass  traveling  along  the 
wall. 


Investigations  of  terminal  draining  behavior  as  the  liquid-gas  Interface  approaches  the 
top  of  s  hemispherical  tank  end  Indicate  that  a  decrease  in  the  interface  velocity  occurs. 
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The  departure  of  the  Interface  velocity  from  the  value  given  by  Taylor*  begins  at  as 
h/r  of  about  0. 23.  A  good  approximation  for  the  time -displacement  of  tbe  interface 
measured  from  the  tank  end  Is 

b*  -  0.23  fer  ^  >1>1? 

When  the  Initial  interface  shape  appraxlmatea  the  zero-g,  spherical  aagm—t  Interface 
shape,  die  central  bubble  and  wall  sheet  configuration  always  appears,  even  for  high 
values  of  BR. 


Appendix  A 

TERMINAL  FLOW  THEORY 

Ae  the  liquid  reorients  toward  the  drain  ead  of  the  tank,  it  fiowa  fat  a  relatively  fti« 
sheet  which  covers  the  cylindrical  walls  and  the  hemispherical  forward  end.  If  it  Is 
assumed  that  the  liquid  la  Incompressible  and  inriscid,  and  that  Its  {ration  It  Irrotatlonal, 
a  simple  theory  can  be  developed  to  account  for  the  effect  of  the  hem' spherical  end. 
Referring  to  Fig.  A-l,  the  continuity  equation  for  the  thin  sheet  of  liquid  in  tbe  hemi¬ 
spherical  tank  end,  using  subscripts  to  denote  partial  differentiation,  la 

hj  hug  ♦  uhg  +  gtthoot^  -  0  (A.L) 

where  s  la  a  curvilinear  coordinate  following  a  meridian  of  the  tank  walls.  The  Euler 
momentum  equation  la  this  direction  can  be  written;  11  it  Is  further  assumed  that  at 
any  point  along  the  meridian  in  tbs  thin  a  host  of  liquid  the  velocity  Is  a  function  of  Its 

*R.  II.  Davies  and  O.  E,  Taylor,  "The  Mechanics  of  Large  Bubbles  Rising  Through 
Extended  liquids  and  Through  liquids  in  Tubes."  Prop.  Roy.  Sac.  (London),  Series  A, 
Vol.  200. 

o 
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Fig.  A-l  Coordinate  Syitem 
for  Shoot  Flow 
Anolysls 


location  and  not  of  time,  then  thin  equation 
can  be  Integrated  to  give  the  Bernoulli  equa¬ 
tion  along  a  streamline  In  the  •  direction: 

g 

®  -  gR  (l  -  coo  J* }  *  constant 

(A.  2) 

The  gas  pressure  la  the  tank  Is  constant.  It 
can  be  deduced  that  the  liquid  pressure  also 
is  constant.  The  Bernoulli  equation;  then, 
can  be  written 

2 

i  *  g»(i  -  co*5)  (A*3) 


If  Eq.  (A.  1)  la  evaluated  at  s  *  0 ,  the  result  is 

ht  ♦  2u#  “0,  s  *  0 


(A.  4) 


Substitution  of  the  velocity  from  the  Bernoulli  equation  Into  Eq,  (A.  4)  at  s  *  0  gives 

1  \ 

the  following  result,  which  is  a  velocity  of  the  bubble  near  the  hemispherical  sad: 

••  2-{[^gK  (A,  8) 

This  relation  can  be  written  in  noodlmeos  local  form  as 

-^-2^2h*  (A.  6) 
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where 


h*  -  h/R 


Equation  (A.  5)  can  be  Integrated  to  determine  the  time  for  the  bubble  to  move  through  a 
given  distance  along  the  axis  of  die  cylinder  near  the  hemispherical  end.  The  result  Is 

2  <a.t> 

Rewriting  Eq.  (A.  7)  In  nondlmenslonal  form,  we  have 

**? 

tojT  '  2V2(t*  -  tf) 


or  — — 

h*  2/2(t*-tf) 

1?  “  •  (A.8) 

Taylor's  theory*  for  the  steady- state  use  rate  of  a  large  gas  bubble  in  a  liquid-filled 
cylinder  yields  the  retailor 

v  “  KfiR 

where  R  Is  the  cylinder  radius  and  g  la  the  local  gravltaticnal  acceleration.  The 
value  of  X  obtained  by  Taylor  from  potential  flow  theory  la  0.464.  Harms  thy** 


*R.  M.  Davies  and  Q.  E.  Taylor,  "The  Mechanics  of  Large  Bubbles  Rising  Through 
Extended  Liquids  and  Through  Liquids  In  Tubes, "  Proo.  Roy.  Boo. ,  Vol.  200. 

**T.  1.  Harmathy.  "Velocity  of  Large  Drops  and  Bubbles  in  Media  of  Infinite  or 
Restricted  Extent,"  Am.  Last  Chem.  Enar.  J. ,  Vol.  6,  No.  2,  Jim  1960. 
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reports  an  effect  of  surface  tension  on  the  gas  rise  rate.  Based  on  the  experiment*! 
data  of  Hutton,  Dumitresu,  Davies,  Taylor,  et  al. ,  Harmathy  specifies  a  value  for  K 
of  0. 46  for  the  reorient* tier  Bond  number  of  8. 7  obtained  during  this  low-g  reorientation 
test.  This  value  for  K  will  be  used  to  check  the  correlation  of  the  end-effect  theory. 

If  h  is  the  distance  from  the  tank  end  to  the  rising  bubble  interfr  co  along  the  cylinder 
axis,  we  can  write 


-  -v  -  -0.46 yJZK 

which  upon  normalization  becomes 

*  -°  <#  <*•»> 

Integrating  between  hQ  at  tQ  and  h  at  t ,  are  have 

f 

h*  -  h*  *  -0.68(t*  -  t*) 

8ettlng  h*  *  i  and  tj  *  0  yields 

h*  -  I  -  0.66  t*  (A.IO) 

To  connect  the  steady-state  relation  with  the  end-effect  theory  and  obtain  values  for  h* 
and  tj  we  equate  the  bubble  velocities  as  represented  by  Eqs.  (A.  6)  and  (A.  9),  yielding 
hf  ■  0. 23.  For  this  value  of  hj  we  obtain  tj  »  1. 17  from  Fq.  A-«. 
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INTERFACIAL  STABILITY  OF  LIQUID  LAYERS  ON  ELASTIC  SURFACES 

- Ij  V  I  Suit! 

LOCKHEED  MISSILES  t  SPACE  COMPANT 

TH  mttrial  in  this  pipir  will  cMitititi  part  if  i  Assertitim  ti  At  siHiittitf  fr 
IAj  PA  D.  DtprH  at  StarfuA  Caiwfitj.  Dtpar taunt  af  Airnisties  art  A»trw*stic*. 


ABSTRACT 

The  criteria  aaaoclated  with  the  dynamic  stability  of  a  liquid  layer  supported  by  an  elaatie 
surface  are  Investigated  theoretloeHy'bjrrteans  of  a  linear  vibration  analysis.  The 
Investigation  takes  into  consideration  certain  aspects  concerning  the  orientation  and 
stability  of  liquids  stored  In  elastic  containers  of  space  vehicles  operating  under  low- 
gravity  conditions.  It  vu  assumed  that  a  layer  of  incompressible,  lmrlscld  fluid  having 
a  flat  liquid-gas  Interface  Is  stored  In  a  two-dimensional  rectangular  channel  having 
either  flexible  wallr,  or  a  flexible  floor.  These  flexible  surfaces  are  elastic  pistes  sup¬ 
ported  at  their  edg*>s  In  such  a  manner  that  the  middle  surfaces  undsrgo  only  bending 
deflections.  Moreover,  the  boundary  oondlttous  are  assumed  to  be  of  the  simple  homo¬ 
geneous  variety  representing  either  clamped  or  hinged  edges. 

To  assess  low-gravity  conditions  realistically,  the  effect  of  surface  tension  at  the  free 
surface  of  the  fluid  layer  Is  taken  Into  account.  Particular  emphasis  Is  given  to  the 
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study  of  the  individual  effect*  of  the  flexibility  of  the  channel  wall*  and  floor  on  the 
stability  criteria.  The  influence  on  stability  of  fluid  depth,  plate  bending  stiffness, 
and  edge  conditions  Is  also  examined.  A  simplified  analysis  Is  used  to  evaluate  in  a 
qualitative  manner  the  nonlinear  e^'  to  in-plane  deflections  of  the  middle  sur¬ 
face  of  the  flexible  floor. 

The  dynamic  stability  criteria  are  given  in  the  form  of  a  set  of  inequalities  Involving 
the  net  unidirectional  body  force  intensity  g ,  both  for  channels  with  rigid  walls  and 
flexible  floors,  and  for  channels  with  rigid  floors  and  flexible  walls.  In  addition, 
verification  of  these  criteria  for  antisymmetric  osculations  of  the  fluid  In  the  chan¬ 
nel  having  rigid  wails  and  a  flexible  floor  is  presented  in  terms  of  s  plot  of  the 
squares  of  the  first  eight  eigenfrequencies  of  the  system  versus  the  body  force  intens¬ 
ity  g .  A  result  of  particular  Interest  with  regard  to  the  design  of  elastic  fluid  con¬ 
tainers  for  space  vehicles  Is  that,  fo**  a  channel  having  a  flexible  floor,  there  Is  a 
finite  upper  bound  Inr  the  range  of  values  of  g  required  for  the  dytamic  stability  of 
the  system.  This  upper  bound  Increases  monotonic  ally  with  the  bending  stiffness  of 
the  channel  floor. 


English  Symbols 


a 

c.  f 
E 

K 

G 

h 

L 

m 

P 

P0.  P, 


NOMENCLATURE 


Half  the  undeformed  length  of  the  flexible  floor 
Arbitrary  functions  of  time 
Young's  Modulus 

Net  unidirectional  body  force  intensity 
A  modified  Green's  function 

Height  of  the  fluid  layer  above  the  origin  of  coon  .nates  at 
static  equilibrium 

height  of  the  undeformed  flexible  walls 
Mass  per  unit  ares  of  the  flexible  floor  and  walls 
Pressure  field  in  the  fluid 
Constant  external  gas  pres*  ..res 


I 
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V  V  q3 


v  •  <V  V 


W1  •  w2 


wr  w, 

W1  '  w2 
(x.  y.  x) 

Greek  Symbols 


(JL 

\d%' 


*„(*)■  V*> 


Arbitrary  functions  of  time  1 

Time  \ 

Surface  tension 

Total  displacements  of  a  point  at  the  middle  surlace  ot  the 
flexible  floor  *a  the  +x  and  -r,  directions 

Two-dimensional  vectoi  velocity  field  of  the  fluid 

Static  component  of  w 

Dynamic  component  of  w 

Total  displacements  of  the  middle  surface  of  the  flexible 
walls  at  x  -  -a  and  x  =  a  respectively 

Static  components  of  Wj  and  w2 

Dynamic  components  of  Wj  and  w2 

Cartesian  coordinates 

Separation  constant 
Two-dimensional  gradient  operator 

Thickness  of  the  flexible  walls  and  floor 

free  surface  displacement  from  static  equilibrium  in  the 
+ 1  direction 

Poisson's  ratio 

Density  of  the  fluid 

Eigenfrequencies  associated  with  froe  vibradon  of  the 
flexible  floor 

Velocity  potential  functions 

Seta  of  orthonormal  eigenfunction*  fcr  the  respective  problems 
of  the  freejdbr&tlon  cf  the  flexible  floor  and  wall* 

System  eigenfrequency 
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INl'ERI  ACIAL  STABILITY  OF  LIQUID  LAYERS  ON  ELASTIC  SURFACES 
1  INTRODUCTION 


An  Important  o\  aside  ration  in  the  design  and  operation  of  apace  vehicles  la  the  ability  to 
predict  the  location  of  various  stored  liquids  In  their  respective  containers  In  a  low- 
gravity  environment.  Prediction  Is  necessary  so  that  the  engine  and  the  life-support 
equipment  may  be  activated  at  the  proper  time.  An  Important  step  In  predicting  the 
location  and  orientation  of  stored  masses  of  liquid  Is  to  determine  any  dynamic  Insta¬ 
bilities  that  may  arise  for  motions  of  the  liquid  about  given  states  of  static  equilibrium. 
Many  of  the  studies  performed  In  this  area  are  concerned  with  evaluating  the  effects 
of  surface  tension  at  the  liquid-gas  interface,  and  of  the  body  force  distribution  on  the 
dynamic  stability  of  static-equilibrium  liquid  configurations  in  containers  having  various 
geometries.  F.eurences  1  through  3  are  representative  of  such  analyses. 

R.  M.  Beam  (Ref.  1)  has  obtained  dynamic  stability  criteria  for  layers  of  liquid  of 
uniform  depth  spread  over  rigid  cylindrical  and  spherical  surfaces.  Wen  Y1  Pi  (Ref.  2) ' 
considered  various  two- and  three-dimensional  containers  whose  surfaces  (obtained  by 
an  inverse  method)  were  not  representable  in  a  simple  manner  In  a  coordinate  system 
where  the  "separation  of  variables"  technique  may  be  applied  to  Laplace's  equation.  A 
flat-bottomed  cylindrical  container  was  examined  by  H.  M.  Sitter  lee  (Ref.  3)  who  also 
Investigated  the  effects  on  the  stability  criteria  of  the  equilibrium  contact  angle  and  the 
dynamic  variation  In  the  contact  angle  at  the  liquid-gas  Interface.  In  all  cases  the  analy¬ 
ses  were  concerned  with  rigid  containers.  The  liquid  storing  containers  used  in  the 
space  vehicles  do,  however,  exhibit  elastic  properties.  This  is  particularly  true  of  the 
fuel  tanka  that  are  thln-walled  structures  with  dimensions  about  the  same  as  the  overall 
dimensions  of  the  vehicle. 

\ 

\ 

This  paper  presents  the  results  of  a  study  of  the  effects  that  container  flexibility  has  on 
the  stability  criteria  associated  with  the  stored  liquid  a',  a  given  state  of  static  equilibrium 
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■The  analysis  will  concern  Itself  with  a  two-d'mensional  channel-llke  container.  In 
which  is  stored  a  layer  of  Incompressible  lnvlscid  fluid  having  a  flat  static  equilibrium- 
free  surface.  The  floor  is  assumed  to  be  a  two-dimensional  Bernoulli- Euler  plate, 

1  while  the  walls  are  considered  rigid.  A  linear  vibration  analysis  Is  used  to  study  the 
[stability  of  small  motions  of  the  system  about  the  static  equilibrium  configuration. 
Instabilities  associated  with  the  flexible  floor  that  are  predicted  by  the  linear  analysis' 
are  more  extensively  studied  by  a  non-linear  representation  of  the  system. 

Stability  criteria  are  then  determined  for  a  container  with  flexible  walls  and  a  rigid 
floor.  As  In  the  previous  case,  the  flexibility  Is  simulated  by  simple  Bernoulli- Euler 
plates. 

t 

2  ANALYSIS  FOR  THE  CASE  OF  A  FLEXIBLE  FLOOR 

I  .  ' 

2. 1  Statement  of  the  Problem 

I 

[Consider  a  two-dimenstlonal  channel  ofr  octangular  cross  section  having  rigid  walls 

and  a  flexible  floor,  as  shown  In  Fig.  1.  In  this  channel  Is  stored  an  Incompressible, 

[I 

f\ 

■  \ 

:! 

;( 

•:i 


Fig.  1  Two-Dimensional  Channel  With  Flexible  Floor 
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Invite  id  fluid  of  density  P  tnd  surface  tension  T.  The  surface  of  the  fluid,  as  well 
as  the  region  below  the  floor,  is  characterized  by  a  constant  gas  pressure  Pj .  It  will 
also  be  assumed  that  the  density  of  the  gas  above  and  below  the  fluid  Is  so  small  that, 
during  vibratory  motions  of  the  system,  only  a  negligible  amount  of  energy  is  lost  by 
way  of  acoustic  radiation  into  the  gas. 

Let  (x  .  y  .  z )  denote  a  cartesian  coordinate  system  fixed  in  inertial  space  with  origin 
..located  as  shown  in  Fig.  1. 

2.2  Consideration  of  the  Dynamics  of  the  Interior  of  the  Fluid 

Since  the  fluid  has  been  assumed  lnvlscid.  the  condition  of  equilibrium  (in  the  sense  of 
D'Alembert)  at  a  point  can  be  characterized  as: 


V-?'W  -  (V-  v,v  +  f 


(1) 


Since 


(V  V)v  =  -  V  y  v  V  V 


(2) 


Equation  (1)  with  the  assumption  of  irrotational  flow,  l.e. ,  (V  x  v  »  0),  becomes 


*(S *■**!)  *f 


(3) 


Another  consequence  of  the  irrotational ity  of  the  flow  is  that  there  is  a  function  6  such 
that 


V  - 


(4) 
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Equation  (3)  then  becomes 


—  /  y2 

V  f-4-  + 


RZ 


+  E 

P 


3« 

3t 


)• 


(5) 


or 


2"  4  «*  '  If  *  f(t) 


(6) 


Where  f(t)  is  an  arbitrary  function  of  time.  For  convenience.  f(t)  will  be  taken  as 


f(t)  -  Rh  +  +  c(t) 

where  c  (t)  Is  equally  arbitrary  and  h  Is  the  heiRht  of  the  fluid  layer  above  the  origin 
of  coordinates  at  static  equilibrium. 

We  will  also  define 


+  (x  ,  z  ,  t )  ,  t )  *  f  c(t)dt 


Equation  (6)  then  becomes 


~2  +  R(I  -  h) + 


p  -  p 


1  .  9* 


8t 


(7) 


Since  the  operator  V  does  not  contain  the  variable  t  .  Eq.  (4)  can  be  rewritten  as 

V  -  -  V* 


9-1- 


(8) 


S.  3  The  Dynamics  of  the  Free  Surface  of  the  Fluid 

The  free  surface  of  the  fluid  is  assumed  to  have  a  static  equilibrium  position  denoted  by 
z  *  h  and  a  dynamic  displacement  in  the  +z  direction  from  the  static  equilibrium 
position  denoted  by  q(x ,  t)  for  the  range  -a  s  %  <  ».  The  microscopic  interactions 
of  the  molecules  of  the  liquid  and  the  gas  above  it  give  rise  to  a  macroscopically 
definable  surface  possessing  a  macroscopically  measurable  tension  of  constant  magni¬ 
tude.  This  surface  can  be  simulated  for  the  purposes  of  continuum  mechanics  by  a 
massless  prestretched  membrane  of  constant  tension  T. 

Another  macroscopic  manifestation  of  lnterftiolecular  interactions  is  the  "contact 
angle"  or  the  angle,  measured  in  the  fluid,  at  which  the  free  surface  Joins  the  walls. 

In  the  interest  of  reducing  the  complexity  of  the  analysis,  the  contact  angle  will  be 
assumed  to  possess  a  value  of  90  deg  for  any  motion  of  the  free  surface.  This 
assumption  corresponds  to  the  conditions: 

gJ|xLi)l  *  0  (12) 


1 

\ 

\ 
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The  dynamic  equilibrium,  in  the  sense  of  D'Alembert,  of  an  element  of  the  continuum 
model  of  the  free  surface,  can  be  expressed  as: 


-T 


8x2 


[■  *  (g)’ 


Tft 


-  p(x,n  +  nla.tl  ,t)  -  p, 


(IS) 


Using  Eq.  (7),  the  pressure  at  the  free  surface  can  be  expressed  as: 


p(x,h  +  qtx.tl  ,t)  -  Pj  +  Ppf  (x.h  +  TI,  t)  -  Ui)  _ 


(14) 


Substitution  into  Eq.  (13)  yields: 


-T 


s!n 

e*2 


vw 


(15) 


In  addition  to  Eq.  (15),  there  must  be  a  restriction  to  the  effect  that  no  fluid  passes 
through  the  idealized  free  surface  membrane.  This  restriction  takes  the  form  of 


§[t  -  n(x.t)]  -  0 


(1«) 


t-:  - 


Expending  the  substantial  derivative  and  using 


1  Fq.  (8),  Eq.  (16)  become 


gatexil  + 
at 


dn(x.t) 

8k 


I  X*h+T»(X  ,  t) 


2.4  Considerations  of  the  Dynamics  of  the  Flexible  Floor 

The  flexible  floor  will  be  characterized  as  a  simply  supported  plate  of  infinite  extent 
in  the  y  direction  that  possesses  the  following  parameters: 

E  -  Young's  modulus 
¥  ■  Poisson's  ratio 

m  -  mass  per  unit  width 
6  ■  thickness 

2a  x  undeformed  length 

The  total  deflection  of  the  middle  surface  of  the  plate  from  the  coordinate  plane, 
1*0,  in  the  -*  i  .recti  on  will  be  denoted  by  w(x ,  t)  .  It  will  be  assumed  that  only 
-''■'■'■'simple  bending  takes  place  such  that  plane  sections  remain  plane  during  deflection  of 
the  middle  surface.  It  will  also  be  assumed  that  the  strain  in  the  middle  surface  is 
negligible  in  comparison  with  the  maximum  strain  due  to  bending.  This  assumption 
limits  the  validity  of  the  analysis  to  the  range  of  deflections  for  which  |  w(x,t)  |  «  6 
Further,  this  assumption  gives  rise  to  the  requirement  that  one  ed^e  of  the  analytical 
model  of  the  floor  be  on  a  roller  support,  as  shown  in  Fig.  1.  Also,  the  effects  of 
shear  deflections  and  rotary  inertia  will  be  neglected. 

Under  the  above  restrictions,  the  condition  of  the  dynamic  equilibrium,  in  the  sense 
of  D'Alembert,  of  an  element  of  the  floor  can  be  written  as 


,  8  w(x ,  tj 


Plx,  -w(x,  t) ,  tl  -  p. 


(18) 


where 


D  - 


E8“ 


12(  1  -  V*  ) 


Using  Eq.  (7),  we  obtain 


p(x, -w,t)  =  Pj  +  <x,~w,t)  -  |  I  V*(x,-w,t)|  2  ♦  g(h  ♦  v)j  (19) 


Substitution  of  Eq.  (19)  into  Eq.  (18)  yields 


4  2  r  e 

d5-2  +  -  p  5±(Xf.w>t)  .  |  |v*(x,-w,t)!2  ♦  g(w  +  h)l 

8x  8t  l  J 


(20) 


As  in  the  cue  of  the  free  surface,  Eq.  (20)  must  be  accompanied  by  a  kinematic  con¬ 
dition  given  by 


^  it  -  (-w(x.tl)]  «  0 


/ 

(21) 


or 


3±i*t  g.t)  f  9»(x .  X ,  t)  8q(x,t)  0w(x  Lt)  .« 

8a  8x  8x  8t  ..  »! 

t  ■  -wpt ,  t) 


(22) 


Since  the  plate  is  assumed  simply  supported  at  x  «  a  a ,  the  conditions 


w(*a ,  t)  - 


8x 


x**a 


(28) 


must  be  imposed. 
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and 


at  ^  (** *•  t>| 


(27) 


If  the  total  floor  deflection  w(x,t)  Is  separated  Into  a  static  deflection  w(x)  and 
dynamic  deflection  w(x ,  t)  ,  and  If  a  harmonic  time  dependence  of  the  form 


f|(x.t) 

v(x) 

w(X  ,  t) 

,  *  < 

w(x) 

♦(x.a.t) 

*(x,  a) 

(28) 


is  assumed,  the  initial  value  problem  Is  converted  to  an  eigenvalue  problem  of  the 
form: 


82»  ,  82* 

ftt2  8x2 


(29) 


P 


gn 


lu>Tf 


8£ 

■  a-h 


(31) 


4 

D  ”“"t  “  (mu>2  +  pg)w 
8x 


8*0 


(32) 


r*tmxm>**t*****]!t « «*•**'*•  "• . *f  •*•.  .V; 


8£ 

ax 


X'il 


0 


luiw 


=  Ml 

*(.-o 


\ 


W(i».t) 


01*01 


ax 


x  =  ±a 


0 


where  u>  la  the  eigenvalue  and 


n(x) 

w(x) 

*(x,z) 


la  the  eigenvector. 


(33) 


(34) 


2.6  Definition  of  Stability 

The  stability  of  the  atatlc  equilibrium  poaltion  denoted  by  w(x ,  t)  =  v(*  ,  t)  =  0  for 
a  certain  value  of  the  net  unidirectional  body  force  magnitude  g  is  defined  in  the 
paragraphs  that  follow. 

The  ayatem  governed  by  Eqa .  (29)  through  (34)  la  stable  (aee  Ref.  4)  about  the 
equilibrium  position  w(x  ,  t)  =  rj(x,t)  *  0  if  and  only  if,  given  c  >  0  ,  one  ca;3 
find  y  >  0  so  that 


lw(x,t)J2  +  l*x,t)J2  +  [if  (*.»)]2  +  [aT?(9tLU]2 
for  a  given  x  and  for  all  t  whenever 

|iw(x,o)]2  +  in(x,o)i2  +  [Myj-oij2  +[^(x.o,]2 


1/2 

<  t 


1/2 

<  Y 


Such  a  condition  of  stability  can  be  assured  If  all  the  squares  of  the  elgenfrequencies 
2 

k  =  1,2,3,...  are  real  and  positive.  Since  the  system  is  conservative,  i.  e. , 
all  the  active  forces  can  be  derived  from  a  potential  function,  the  squares  of  the  eigen 
frequencies,  .will  be  real. 

The  stability  criteria  will  then  be  defined  aa  the  set  of  values  of  g  (assuming  that  all 
ether  parameters  remain  fixed)  for  which  all  the  squares  of  the  elgenfrequencies  are 
positive. 

2. 7  Solution  of  the  Eigenvalue  Problem 
The  general  solution  of 


-  0 

a*  dt 


subject  to 


x»*a 


0 


♦(x  .  x)  «  (C0  +  *D0)  +  ^  sin  (oBx)  |Cn  cosh  (<*„*)  +  Dn  sinh  («„*)! 

n«  1 
n  odd 


+  cos  (on«)  lCn  cosh  (®n*>  +  Dn  sinh  (®n*)  (35) 

n  =  2 
n  even 

where  r*  *  mr/2a  and  C ,  ti  ,  C„  ,  D„  ,  C„  ,  and  D_  are  arbitrary  constants  to 
n  oonnn  n 

be  determined. 
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The  function  w(x )  can  be  expressed  as 


w(x)  =  ]>  Vn<*> 

nx  1 


(36) 


where-  <f'n(x) 


constitute  the  set  of  orthonormal  eigenfunctions  of  the  problem 


and  are  given  by 


p  -  mo^ <>(x)  =  0 

dx 


(3T) 


and 


dx 


x**a 


V5 


n-  1 

(-1)  2  cos 
n 


(nirx\ 

\2a  / 


for  n  an  odd  integer 


(38) 


<-l)2  sin  for  n  *n  even  integer 


I 

\ 


with 


If  the  expressions  given  by  Eqs.  (35)  and  (36)  are  substituted  Into  Eqs.  (32)  and  (33), 
and  use  Is  made  of  the  properties  of  the  ^(x)  ,  the  coefficients  Ufl  maybe 
eliminated.  This  gives  rise  to: 


«0 

D0[m*’k  -  <****'  +  Pk  h  +  2  5nKlm*k  '  +  H  Pnk  I 


n  =  2 
n  even 


|  «,KPnk)  '  0 


(39) 


n  =  2 
n  even 


for  k  an  odd  Integer,  and 


•0 

2  Dn|anlm<rk-<mw2  +  «>|  Qnk!+  I  Cn(^nk)  "°  (40) 


n  =  1 
n  odd 


n  =  1 
n  odd 


for  k  ar.  even  integer,  where 


n  +  2k  -  2 
2 


r  2 

Pnk  *  J  Vx)oo#  (onx)tbt  *  4*k(T'(1i”-k2- 


9-17 


V- 


for  n ,  even,  and  k ,  odd  , 


A  n  -i-  2k  -  1 


for  n,  odd,  and  k  ,  even,  and 


k  "  l  *k<*»*  ■  K 


Since  the  contact  angle  is  assumed  to  be  90  deg  for  all  motions  of  the  free  surface, 
no  boundary  conditions  need  be  applied  to  rj(x,  t)  at  x  *  *a  The  function  tj(x,t) 
may  then  be  eliminated  directly  by  substitution  of  Eq.  (31)  into  Eq,  (30).  If  use  is 
made  of  the  harmoniclty  of  $  ,  there  results 


T  ZJ&  .  „  ££  2 

r  — x  +  g-st  -  w 


P  8*3 


Upon  substitution  of  Eq.  (35)  into  Eq.  (41),  with  recognition  of  the  fact  that 
1 1 ,  cos  (oflx  )  ,  sin  (onx)]  form  a  complete  set  «f  orthotronal  (unctions,  we  get 


-  w2C0  +  (g-  u>2h)DQ  *  0 

[an  (*  + 1  Unh  <*nh>  'w2J  £n  +  [°n  (*  + 1  *2)  *  “*  Unh  <«nh)]Bn  =  0  (42 
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for  n,  even ,  and 


[”n('!*|»S)“"1"“nh»-"2]C»  *  [“»(** *  0  ,43> 

for  n,  odd. 

The  four  Infinite  sets  of  linear  homogeneous  algebraic  equations  in  the  unknowns 
C0.Do.Cn.Dn.Cn.  and  Dn  may  be  divided  into  two  independent  groups.  The  first  is 
given  by  Eqs.  (39)  and  (42),  which  govern  symmetric  oscillations  of  the  free  surface 
and  the  flexible  floor;  the  second,  by  Eqs.  (40)  and  (43),  which  govern  the  antisymmetric 
!  oscillations. 


{ 

4 


i  In  each  case  a  nontrivial  solution  can  be  obtained  only  if  the  determinant  of  the 
;  coefficients  is  equal  to  zero.  This  condition  results  in  two  equations  of  infinite  order 
;  in  u>2  associated  with  the  respectivesymmetric  and  antisymmetric  oscillations  of 
,  the  system.  These  equations  can  be  cast  into  the  form 

I 

f 

I  IB)  |  =  0 

f 

i  where  (A]  and  ( B ]  are  square  matrices,  and  solved  for  the  respective  symmetric 
I  and  antisymmetric  frequencies  of  vibration  of  the  system  using  digital  computer  teeh- 
i  nlquea  for  any  given  order  of  I  A]  and  (B]  . 


2.8  Examination  of  the  Stability  Criteria 

The  necessary  and  sufficient  conditions  for  stability  of  the  system  as  previously 
2  2 

defined  are  Wj  >  0  for  all  Wj  of  the  ap;  lopriate  matrix  equation.  If  all  other 

[  >  •  parameters  are  held  constant,  then  the  boundaries  of  the  set  of  values  of 
I  2 

the  unidirectional  net  body  force  g  for  which  all  u.  >0  are  those  values  of  g 
2  ’ 

for  which  one  u.  •  0.  It  does  not  follow,  however,  that,  if  there  is  a  value 
J  0  2 

of  g  ,  say  g*  ,  for  which  one  ■  0  ,  uj  is  greater  than  0  for  g  on  one 
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*  is#**  *t  •*  **•■■%•'=■•*'■“' ' .  1 


side  of  g*  and  ojf  it  less  than  0  fcr  g  on  the  other  side*  Accordingly,  the 
J  2 

stability  criteria  are  arrived  at  by  setting  u  equal  to  zero.  The  resulting 
equation  is  then  factored  Into  the  fora 


77  ■  8jc> =  ° 

k  =  1 


For  a  given  root  g^  ,  the  value  g  *  g^  +  A  Is  then  substituted  Into  the  matrix  equa¬ 
tion,  which  Is  solved  for  ui2  .  The  same  Is  done  for  g  *  g^  -  A  .  The  positive 
quantity  A  is  taken  small  enough  so  that  A<l8jt  +  1'8jcl  and  A  <  |  g^  -  g^  j  |  . 
After  the  resulting  values  of  «2  have  been  examined,  the  region  of  g  for  stability  is 
determined  as  that  for  which  all  u>2  are  greater  than  zero. 

2 

If  <*>  is  set  equal  to  zero  then  the  symmetric  and  antisymmetric  equations  become, 
respectively:  , 


i'i  /7  («♦?•!)  -• 


1*2 


where  n  is  an  even  integer  and 
n+1 
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where  n  is  an  odd  Integer. 


j*i 


(44) 


(45) 


in  Eq.  (44),  the  following  roots  are  of  Interest: 


«n  ■-?(*.)  •  *1  212) 


where  gj  Is  the  smallest  root  of  J  B’  |  =0. 
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where  gj  was  solved  for  by  digital  computer  techniques 
and  n  2,  4(  6,  •  •  • 


Also,  for  Eq.  (45)  we  have 


g  " 
Bn 


_I„2 

pan  • 


m  2 
‘j  “  -p 


where 

n  ■  1,3, 5,7,  ,,, 

J  «=  2,4,6,  ... 

2.9  Stability  Criteria  for  Antisymmetric  Oscillations  of  the  Free  Surface 
and  Flexible  Floor 

The  negative  values  of  g  for  which  at  least  one  value  of  w2,  is  zero  in  the  anti¬ 
symmetric  case  are 


where 


n  *  1,3, 5,7,  ... 


The  values  of  g  are  the  same  as  would  be  encountered  for  the  case  of  a  rigid  floor 
and  are  thus  independent  of  the  elastic  and  inertial  properties  of  the  flexible  floor.  The 
positive  values  of  g  ,  however,  given  by 


(47) 
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,*.*•.*  ,  fl' 


where 

J  *  2,4, 6, 8,  ... 

are  dependent  on  the  elast'i:  properties  of  the  flexible  floor.  Although  the  analysis 
has  been  done  for  the  ca*  c*  a.  flexible  floor  with  simply  supported  edges,  examination 
of  the  character'.itic  deb  n  i  h.ant  shows  that  the  equation  gj  «  ~  o *  is  a  general 
result  applicable  for  the  case  of  general  identical  homogeneous  boundary  conditions  on 
the. edges  of  the  floor  at  x  *  la.  In  such  a  case  u  2  will  be  the  square  of  the  ( J/2 1th 
elgenfrequency  for  antisymmetric  free  vibration  of  the  floor  associated  with  a  given  set 
of  homogeneous  boundary  conditions  of  the  same  form  at  x  •  *a .  The  expressions 
for  gR  and  gj  for  a  given  j  and  n  are  also  valid  if  the  characteristic  determinant 
is  not  truncated  but  allowed  to  become  a  polynomial  of  infinite  degree. 

The  solution  of  the  matrix  equation  by  means  of  a  digital  computer  reveals  that,  with 
all  other  system  parameters  held  fixed,  the  system  is  stable  (i.e. ,  all  values  of  w2 
are  greater  than  0)  for  antisymmetric  initial  disturbances  for  those  values  of  the  uni¬ 
directional  body  force  magnitude  g  in  Ute  range 


— ^-“2  (if)2  <  g  <  — ~ 
p(2aT  p(2a) 


<2*)4 

IV  —  t  ■ 


The  results  of  the  digital  solution  for  the  squares  of  the  elgenfrequencies  for  the  anti¬ 
symmetric  case  are  given  below  for  the  case  of 


a  *  5  ft 
h  -  0.5ft 
D  «  6.2  ft-lb 
m  •  1.475  x  lo-2  slugs/ft2 
p  »1,94  slugs/ft3 

-  =  2.64  xl0-3ft3/sec2 

p 
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The  determinant  was  truncated  at  order  7 ,  These  parameters  are  characteristic  of 
water  at  room  temperature  and  a  simply  supported  magnesium  floor. 


Figure  2  shows  the  squares  of  the  first  eight  eigenfrequencies  associated  with  anti¬ 
symmetric  motions  of  the  free  surface  and  flexible  floor  plotted  against  values  of  g 
in  the  range  of 


Fig.  2  Numerical  Result* 
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Again  the  result  can  be  generalized  to  the  case  of  general  Identical  homogenecua 

2 

boundary  conditions  on  the  edges  of  the  floor  it  x  *  ii,  In  such  a  case  will 
'be'the  square  of  the  |  (J  ♦  1  )/2  J**1  elgcnfrequeney  of  symmetric  free  vibration  for 
the  given  homogeneous  boundary  conditions  that  are  of  the  same  form  at  x  *  *  a  . 

In  the  case  of  the  antisymmetric  oscillations ,  the  expressions  for  g.  and  g 

J  n 

remain  the  same  for  the  case  of  an  untruncated  characteristic  determinant. 

Considerations  similar  to  those  associated  with  the  antisymmetric  case  yield  the 
following  range  of  values  for  the  unidirectional  net  body  force  intensity  g  for  which 
all  w2  are  positive  for  the  symmetric  case: 

-  »2<  K  <  — -1  (i  f  C*.  212)  (r.O) 

pa  p{  a)4'J/ 

Since  a  general  disturbance  characterizable  as  an  Initial  condition  can  he  decomposed 
into  symmetrical  and  antisymmotrieal  Fourier  components  that  will  excite  the  sym¬ 
metrical  and  antisymmetrical  modes  of  oscillation  of  tlie  system,  the  general  stability 
criteria  for  the  system  will  be 


2. 11  Discussion  of  the  Stability  Criteria 

On  an  intuitive  basis,  the  lower  bound  of  the  range  of  values  of  g  for  the  stability  of 
antisymmetric  oscillations  Is  acceptable.  One  can  see  that,  for  some  negative  value 
of  g  (i.e. ,  the  body  force  vector  pointing  In  the  ♦  z  direction),  the  free  surface  of 
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the  liquid  will  become  unstable  and  the  liquid  will  eventually  undergo  displacements  of 
a  magnitude  comparable  with  the  static  equilibrium  fluid  depth  h. 

Regarding  symmetrical  oscillations  of  the  system,  one  of  the  Fourier  components  (of 
the  free  surface  displacement  function  rj  (x,t)  is  a  constant.  The  coupling  of  this 
Fourier  component  with  the  Fourier  components  of  the  floor  deflection  gives  rise  to 
the  transcendental  equation  |  B*  |  =  0  ,  as  opposed  to  the  simple  infinite  product  in 
the  antisymmetric  case. 

It  is  not  intuitively  obvious,  however,  that  there  should  exist  finite  up|fer  bounds  for 
the  stable  regions  in  contrast  to  the  infinite  upper  bound  obtained  for  the  case  of  the 
rigid  tank.  One  might  ask  how  the  liquid  can  become  unstable  if  it  is  in  a  state  of  static 
equilibrium  in  a  container,  with  the  net  body  force  vector  pointing  into  the  liquid  region. 


As  Eq.  (51)  shows  clearly,  if  the  bending  stiffness  parameter  of  the  floor  Is  increased 
indefinitely  (i.e. ,  the  plate  is  made  increasingly  more  rigid)  the  upper  bound  becomes 
positively  unbounded  and  we  havt  agreement  with  the  case  of  the  rigid  floor.  Since  the 
analytic  structure  of  the  upper  bound,  D/p  (a)*  ,  in  Eq.  (51)  is  similar  to  that  given 
for  the  lower  bound,  T/p(a)2  ,  given  in  Eq.  (49)  for  antisymmetric  motlono,  it  is 
conceivable  that  the  upper  bound  would  be  associated  with  an  instability  In  the  flexible 
floor.  This  association  would  lead  us  to  conclude,  from  the  viewpoint  of  deflections 
sufficiently  small  to  permit  the  linearisation  of  the  equations  of  motion,  that  the  static 
equilibrium  position  of  a  Bernoulli- Euler  type  of  plate  with  a  hydrostatic  fluid  pressure 


field  acting  on  its  upper  surface  becomes  unstable  when  the  net  body  force  Intensity 
reaches  a  certain  positive  magnitude.  This  instability  occurs  because  the  total  potential 
of  the  internal  bending  stress  distribution  in  the  beam ,  and  of  the  external  pressure  field 
applied  fay  the  gas  and  the  fluid,  has  a  negative  second  variation  with  respect  to  a  deflec¬ 
tion  parameter  at  the  static  equilibrium  position.  The  linear  equations  characterise  the 


Instability  in  terms  of  "deflection  without  limit." 


As  the  dynamic  displacements  of  the  flexible  floor  become  larger,  the  simple  Bernoulli- 
Euler  representation  that  leads  to  the  "deflection  without  limit"  characterization  becomes 
less  valid. 
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A  more  realistic  representation  of  an  actual  container  floor  undergoing  dynamic 
deflections  comparable  to  its  thickness  would  include  the  effects  of  middle-surface 
stretching.  These  effects  would  involve,  in  terms  of  the  physical  model  shown  In 
Fig.  1,  the  removr 1  of  the  roller  support  at  x  *  a .  Since  the  curvature  of  the  un¬ 
loaded  floor  is  zero,  the  effects  due  to  middle- surface  stretching  will  be  nonlln  ar. 

Such  effects  will  also  change  the  analytic  structure  of  the  total  potential  function,  and 
will  consequently  lead  to  a  modification  of  the  "deflection  without  limit"  character¬ 
ization  given  to  the  instability  by  the  linearized  equations  of  motion. 

3  CONSIDERATION  OF  NONLINEAR  ELASTIC  EFFECTS 

3. 1  Statement  of  the  Problem 

To  assess  the  Importance  of  uonllnear  elastic  effects,  the  edges  of  the  flexible  floor 
were  characterized  by  fixed  pin  supports.  Such  a  specification  gives  rise  to  nonlinear 
terms  In  the  elastic  restoring  forces  in  the  equations  of  dynamic  equilibrium  of  an 
element  of  the  flexible  floor.  These  nonlinear  terms  contribute  to  the  modification  of 
the  stability  criteria  given  in  section  2.  To  evaluate  these  modifications  in  a  relatively 
uncomplicated  manner,  it  was  necessary  to  make  some  further  amplifications.  Since 
the  finite  upper  bound  for  the  stable  range  of  values  of  g  given  in  section  2  depends 
only  on  the  elastic  properties  associated  with  the  flexible  floor  and  not  on  the  surface 
tension  T  ,  the  free  surface  was  assumed  constrained  by  a  rigid  flat  surface  at  z  -  h , 
as  shown  in  Fig.  3. 

Another  simplification  was  the  specification  of  a  static  equilibrium  position  for  the 
flexible  floor  involving  zero  static  deflection.  This  simplifi -ration  can  be  achieved  by 
providing  a  constant  gas  pressure  field,  pj  *p„  +  pgh,  external  to  the  flexible 
floor,  which  provides  static  balance  to  the  weight  of  the  liquid  layer  and  the  pressure 
pQ  ,  which  is  assumed  to  exist  at  z  =  h . 
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With  the  total  displacements  of  an  element  of  the  free  surface  of  the  flexible  floor  in 
the  +  x  and  -z  directions  denoted  as  u  and  w  respectively,  the  equations  of  equilibrium 

(Ref.  5)  of  the  element,  in  the  sense  of  D'Alembert,  become: 

e 


The  linearized  kinematic  condition 


»w  _  B± 
Bt  “  Bi 


0 


(55) 


Fig.  3  Two-Dimensional  Channel  Analyzed  To  Determine  Nonlinear  Effects 


will  also  be  used.  In  addition,  ♦  must  satisfy 


2  2 

^♦4-» 

8 x  »z 


M  =  o 


0x 


x=±a 


(56) 


a  and 


i 


3. 2  Approximate  Solution 

Because  of  the  nonlinear  terms  In  Eqs.  (53)  and  (54),  the  methods  used  In  section  2 
involving  a  superposition  of  particular  solutions  is  no  longer  valid.  As  an  approxima¬ 
tion,  the  simple  one-term  solution  to  be  used  in  conjunction  with  Galerkin's  method 
given  below  will  be  assumed 


w(x,t)  =  qj(t)  cos 

w 

u(x,  t)  *  q2(t)  sin 

(?) 

(57) 

♦(x .  i.t)  «  q3(t)  cos 

(?)"•*  [i  "■-*>] 

whera  ,  q^  are  arbitrary  functions  of  time  to  be  determined.  The  results  of 

the  nonlinear  analysis  indicate  that  the  simplified  nonlinear  system  is  stable  about  the 
aero-deflection  static  equilibrium  position  for 


0  <  g  < 


\ 

\ 
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These  results,  arrived  at  by  an  approximate  method  for  the  simplified  system,  give 
a  qua'ftative  picture  of  the  behavior  of  the  system,  considered  In  section  2  for  the  range 


The  nonlinear  elastic  restoring  forces  that  arise  because  of  the  stretching  of  the  mid¬ 
dle  surface  enable  the  system  to  establish  a  new  stable  static  equilibrium  position. 

The  new  equilibrium  configuration  involves  a  different  static  stress  distribution  In  the 
floor  as  well  as  different  analytic  representations  of  the  natural  frequencies  associated 
with  linear  oscillations  about  the  new  static  equilibrium  configuration. 
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4  ANALYSIS  OF  THE  CASE  OF  FLEXIBLE  WALLB 


4. 1  Statement  of  the  Problem 

The  system  discussed  In  section  2  was  modified  to  the  extent  that  the  fioor  was  assumed 
rigid  and  the  walls  flexible.  The  flexible  walls  were  Bernoulli- Euler  plates  of  infinite 
extent  in  the  y  direction  and  had  the  same  elastic  properties  as  did  the  floor  analysed 
in  section  2.  For  simplicity,  the  edges  were  considered  simply  supported,  with  the 
upper  edge  of  each  plate  mounted  on  a  roller  support.  This  description  neglects  the 
importance  of  middle- surf  ace  stretching. 

With  the  container  empty,  the  width  was  2a,  as  shown  in  Fig.  4.  In  the  static  equil¬ 
ibrium  position,  the  fluid  had  a  flat  free  surface  and  a  depth  h  .  The  sides  of  the 
container  adjacent  to  x  =  -  a  and  x  *  a  had  static  deflections  Wj(i)  and  w2( *) 
respectively.  The  free  surface  and  the  exterior  of  the  container  were  exposed  to  a 
gas  pressure  p}  ,  which  remained  constant  during  undulations  of  the  fluid  free  sur¬ 
face  and  the  walls  of  the  container. 
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Fig.  4  Two-Dimenilonol  Channel  With  Flexible  Wall* 
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Since  the  wall  boundary  conditions  are  much  more  involved  than  in  die  rigid  wall  case, 
a  direct  expansion  of  the  velocity  potential  in  "separation  of  variables"  type  product 
solution  was  not  attempted.  Rather,  the  present  problem  was  recast  into  an  integro- 
differential  equation  representation.  Such  a  representation  involves  the  use  of  a 
modified  Green's  function  having  the  following  properties: 


82G  82G 

8*2  8z2 


-  8(x  -  x')6(z  -  a')  + 


80 

8n(x, a) 


x  and  a  on  C 


*  jj  0  dxdz  *  0 

D 

where  n(x,  a)  denotes  the  direction  of  the  normal  on  C  pointing  outward  from  D. 

Application  of  Green's  theorem  to  the  functions  *(x,z,  t)  and  G(x,  a,  x' ,  a' )  f 
over  the  region  D  ,  together  with  the  harmonlclty  of  +(x,  a,  t)  and  the  reciprocity 
of  G  in  (x,  a)  and  (x* ,  a»)  ,  yields  the  representation 

♦  (x,  s,t)  -  ^0(x,  a,  X*,  a* )  (x\  a*  ,  t)  ds(x* ,  a' > 

C 

+  2a h  ff *(*’•*' 'V**' ,dz' 

D 

wheie  ds'  is  a  differential  element  of  arc  on  C  ,  the  boundary  of  D.  Application 
of  the  conditions  of  dynamic  equilibrium  (in  the  sense  of  D'Alembert)  at  the  free 
surface  and  the  flexible  walls,  ag  welLas  the  kinematic  conditions  on  C  ,  yields  a 
set  of  three  integro-differential  equations  in  the  deflections  of  the  free  surface  and 
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the  walls.  Expansion  of  these  deflection  functions  in  the  appropriate  sets  of  ortho- 

normal  eigenfunctions  with  nontrivial  expansion  coefficients  yields  a  frequency 

equation  associated  with  a  determinant  of  infinite  order.  Solution  for  g  with  the 
o 

condition  that  u  -  0  gives  rise  to  the  following  range  of  values  of  g  for  the 
dynamic  stability  of  the  system:  \ ; 


0  <  g  <  «o 

4.2  Discussion  of  the  Stability  Criteria 

In  contrast  to  the  container  with  a  flexible  floor,  there  is  no  finite  upper  bound  for 
the  range  of  values  of  g  for  stability  of  the  system  about  its  static  equilibrium  posi¬ 
tion.  The  primary  reason  is  that  the  walls  can  undergo  deflection  only  in  a  direction 
perpendicular  to  that  of  the  net  body  force.  The  lower  bound  g  “  0  arises  because 
of  a  constant  (zero  curvature)  component  In  the  Fourier  expansion  of  the  free  surface 
deflection  function.  In  an  actual  container  there  would  be  some  degree  of  elastic 
coupling  between  the  walls  and  the  floor.  This  coupling  would  lead  to  a  modification 
of  the  aforementioned  range  of  values  of  g  for  stability  about  the  static  equilibrium 
position. 
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DISCUSSION 

W.  E.  Jahsman.  Lockheed 

I  share  your  desire  to  see  the  effect  of  flexibility  on  the  stability  criterion  as  deter¬ 
mined  experimentally,  and  I  wonder  if  you  don't  already  have  that.  After  all,  how  do 
you  differentiate  between  a  flexible  wall  and  a  luclte  wall  which  possesses  finite 
modulus?  Isn't  this  also  flexible?  It's  interesting  that  when  cne  uses  a  completely 
rigid  solution,  a  negative  lower  bound  for  stability  results,  whereas  if  one  admits 
any  small  but  non-zero  amount  of  flexibility,  then  the  bound  Immediately  comes  up 
to  zero. 

Smith 

The  wall  thickness  of  the  fuel  tanks  used  in  apace  vehicles  is  much  smaller  in  com¬ 
parison  to  the  other  characteristic  tank  dimensions  than  is  the  case  for  the  lucite  tanks 
shown  in  the  movies.  Such  model  tanks  will,  in  general,  exhibit  much  less  overall 
flexibility  than  will  the  actual  fuel  tanks.  While  it  is  true  that  any  configuration  util¬ 
ized  in  a  drop  test  will  possess  flexibility .  it  would  be  instructive  to  compare  the 
results  obtained  from  the  drop  test  of  the  luclte  configuration  with  those  corresponding 
results  obtained  from  a  similar  test  of  a  more  flexible  tank. 

P.  0.  Bhuta.  TRW  Systems  Group 

1  share  the  view  with  you  that  there  is  more  need  for  experimental  work  in  this  area. 
We  did  some  experiments  in  which  it  was  found  that  the  shift  in  frequency  due  to  flexi¬ 
bility  was  very  small.  In  other  words,  take  a  completely  rigid  container  and  determine 
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the  frequency  experimentally.  Now  when  the  rigid  walla  are  replaced  by  a  flexible 
membrane,  the  frequency  shift  is  very  small.  With  a  flexible  w>ill  the  forced  response 
was  considerably  larger  than  one  might  expect.  This  of  course  has  got.  to  do  with  the 
stability  of  the  free  surface.  My_feelingis  that  information  on  flexible  containers  is 
needed  even  In  one-g'.  This  would  certainly  be  easier  to  do  than  drop  testing. 

Richard  Warren.  Lockheed 

I  was  wondering  how  reasonable  the  boundary  conditions  are  in  comparison  to  the  real 
case.  You  mentioned  that  the  linearization  limits  the  displacement  of  the  bottom  to 
the  thickness  of  the  bottom,  and  also  in  one  of  your  cases  you  assume  that  the  bottom 
was  restrained  such  that  it  is  less  stiff  in  the  radial  direction  than  the  walls  of  the 
container. 

Smith 

Since  linearized  equations  of  motion  are  of  questionable  validity  for  other  than  small 
motions,  and  analysis  was  made  of  the  non-linear  effect  of  middle  surface  stretching 
in  the  flexible  floor.  For  small  oscillations,  instability  Is  characterized  by  the  condi¬ 
tion  u>2  <  0  ,  which  is  indicative  of  an  exponential  growth  of  the  system  response.  In 
actuality  the  non-linear  effects  become  dominant  for  larger  amplitudes,  and  the  system 
assumes  a  new  configuration.  For  the  problem  considered  this  configuration  consisted 
of  a  new  finite  deflected  static  equilibrium  position. 


! 
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SL0SHIN6  Of  A  LIQUID  IN  A  DRAINING  OR 
FILLING  TANK  UNDER  VARIABLE  6  CONDITIONS 

If  r.  G.  Mutt*  ail  l  I.  Rival* 

TRW  SPACE  TECMM106Y  LABORATORIES 


AB8TRACT 

;  The  sloshing  of  a  liquid  In  a  tank  which  Is  subjected  to  variable  accelerations  along 
Its  axis  In  a  gravitational  field,  and  which  may  be  In  the  process  of  being  filled  or 
drained,  Is  studied  In  this  paper.  The  complete  formulation  pertaining  to  the  linear¬ 
ized  problem  of  the  tree -surface  oscillations  in  such  a  tank  is  given.  The  effects  due 
to  surface  tension  are  included,  ft  is  shown  that  the  equations  reduce  to  the  proper 
o  results  In  the  limiting  cases. 

The  solutions  of  Initial  value  problems  for  certain  specific  examples  are  given  and 
I  the  results  for  a  draining  tank  Indicate  the  possibility  of  a  blowthrough  of  the  vapor 
t  during  zero-g  draining.  The  results  for  a  filling  tank  In  a  low-g  environment  show 

|  the  need  for  the  provision  of  adequate  baffles  to  damp  the  free  surface  motion. 
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NOMENCLATURE 

Outer  radius  of  tank 
Function  of  time.  Eq.  (14) 

Function  of  time,  Eq.  (13) 

Function  of  time,  Eq.  (14) 

Function  of  time,  Eq.  (13) 

Generalized  coordinate  for  free-eurface  distortion.  Eq.  (16) 

Time  variation  of  outlet  velocity 

Acceleration  of  tank  along  z  axis 

Gravitational  acceleration  i 

Mean  free  surface  height  \ 

Initial  mean  free  surface  height 
Bessel  function  of  first  kind  and  order  m 
Separation  constant  for  Laplace's  equation 
Number  of  nodal  diameters,  Eq.  (27) 

Pressure 

Cylindrical  coordinates  ^ 

Time 

Components  of  liquid  velocity 
Amplitude  of  outlet  velocity 
Constant  rate  of  draining,  Eq.  (39) 

Radius  of  outlet 
Free  surface  displacement 
Liquid  density 
Surface  tension 
Velocity  potential 


SLOSHING  OF  A  UQUID  IN  A  DRAINING  OR  FILLING  TANK 
_  UNDER  VARIABLE  G  CONDITIONS 


1  INTRODUCTION 

Considerable  interest  in  the  dynamic  behavior  of  liquids  with  a  free  surface  has  arisen 
because  of  the  use  of  liquid  propellants  in  space  launch  vei.icles.  Recently  attention 
has  been  devoted  to  the  behavior  of  the  liquids  under  low-gravitational  conditions 
because  of  the  long  periods  of  weightlessness  or  near-weightlessness  which  will  be 
encountered  during  longer  missions  of  planet  explorations.  A  problem  of  particular 
concern  is  the  draining  and  filling  of  tanks  under  low-  or  zero-gravitational  conditions. 
Filling  of  a  tank  is  of  concern  for  refuelling  of  spacecraft  or  space  stations.  In  this 
paper  the  problem  of  draining  or  filling  under  low-g  conditions  is  studied.  Since 
extensive  bibliographies  (Refr.  1,  2,  3)  are  available  In  the  literature,  no  attempt 
will  be  made  to  reproduce  them  here.  Rather,  only  pertinent  references  are  cited. 

Axisymmetric  sloshing  of  a  liquid  due  to  the  outlet  velocity  fluctuations  at  the  bottom 
of  a  circular  cylindrical  tank  was  studied  by  Bhuta  and  Yeh  (Ref.  4)  with  the  object  of 
determining  the  forces  rather  than  the  stability  of  the  free-surface  motion.  They 
assumed  that  there  was  no  net  outflow  from  the  tank  -  i.e. ,  the  amount  of  liquid  in 
the  tank  remained  unchanged.  Miles  (Ref.  5)  studied  the  free  oscillations  of  a  liquid 
in  a  cylindrical  tank  and  analyzed  the  decrement  of  motion  caused  by  laminar  boundary 
layer  friction  and  time  varying  depths.  Miles  also  studied  (Ref.  6)  the  effect  of  damp¬ 
ing  on  free-surface  oscillations  due  to  drainage.  Although  the  mean  free  surface 
height,  h(t) ,  was  permitted  to  vary  slowly  with  time  the  variation  of  h  in  averaging 
over  one  cycle  was  neglected,  and  the  motion  of  the  free  surface  was  assumed  to  be 
approximately  simple  harmonic.  It  should  be  emphasized  that  the  objective  of  the 
work  of  Refs.  5  and  6  appears  to  be  to  study  the  nature  of  damping  provided  by  drain¬ 
age,  rather  than  to  study  drainage-induced  disturbances;  also,  zero-  or  low-g  con¬ 
ditions  were  of  no  concern.  It  may  be  remarked  tliat  the  report  of  the  experimental 
Investigation  of  Ref.  7  states,  "For  tanks  of  practical  size,  the  incremental  damping 
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as  given  by  Equation  (11)  is  extremely  small  and  no  experimental  data  have  been 
published  to  either  nubstantlate  or  refute  these  theoretical  predictions."  In  the  present 
investigation  the  problem  is  studied  with  the  object  of  studying  the  draining-  or  filling- 
induced  free-surface  distortions,  and  it  is  found  that  considerable  distortion  of  the 
free  surface  without  oscillations  can  occur  during  drainage  under  zero-g  conditions 
and  that  the  free  surface  can  continue  to  oscillate  during  filling  under  low-g  conditions. 


Saad  and  Oliver  (Ref.  8)  studied  the  motion  caused  by  draining  or  filling  of  a  tank  in 
the  presence  of  surface-tension  forces.  The  present  paper  considers  a  more  general 
problem  than  the  one  they  treated  and  takes  into  account  in  the  formulation  the  effects  of 
of  varying  the  acceleration  along  the  axis  of  the  tank.  It  is  found  In  the  limiting  case 
that  an  incorrect  linearized  free-surface  condition  was  used  in  Ref.  8  and  that  the 
Initial  value  problem  was  not  well  formulated.  It  was  concluded  in  Ref.  8  that  . .  the 
oscillation  may  be  either  damped  (in  the  case  of  the  filling  container)  or  exponentially 
enhanced  (in  the  case  of  the  emptying  container). "  Computer  solutions  of  the  governing 
differential  equation  given  in  the  present  paper  d6  not  show  a  damping  of  the  free- 
surface  oscillation!  during  filling  of  a  tank.  The  results  obtained  here  for  a  tank 
draining  in  a  zero-g  condition  Indicate  a  significant  distortion  of  the  free-surface 
Interface  and  a  possibility  of  a  vapor  blowthrough.  These  results  are  in  general 
agreement  with  the  experimental  observations  of  Nussle.  Derdul,  and  Petrash  (Ref.  9). 


.  2  MATHEMATICAL  FORMULATION 

Consider  the  cylindrical  coordinate  system  (r,  9,  z)  attached  to  the  bottom  of  the 
tank  as  shown  in  Fig.  1.  The  mean  free  surface  height  is  denoted  by  h(t)  .  The 
radii  of  the  tank  and  the  outlet  are  taken  to  be  a  and  6 ,  rerpectiveiy.  It  is  assumed 
tho  liquid  is  inviscid  and  incompressible  and  that  the  magnitude  of  the  free  surface 
_  wave  height,  t .  la  much  smaller  than  h .  Within  the  liquid  a  velocity  potential  <p 
exists  and  satisfies  Laplace's  equation 


£&  +  i»a  + 

Bra  r  r 2  993 


+ 


(!) 


10-4 


Fig.  1  Geometry  of  the  Problem 


The  components  of  the  veloctty'Felative  to  the  tank  in  the  radial,  tangential, and  axial 
directions  are  obtained  from 

The  requirement  that  the  normal  component  of  the  velocity  vanishes  at  the  wall  gives 


J--  '  V. 


******  ****** 


The  boundary  condition  to  be  satisfied  at  the  bottom  of  the  tank  is 


W(r.6)  f(t)  ,  0  s  r  s  « 
0  ,  0  <  r  s  a 


The  kinematic  free -surface  condition  which  requires  that  a  particle  on  the  free  surface 
moves  with  the  velocity  of  the  free  surface  in  the  vertical  direction  (Ref.  10)  yields 


at  “ar  rao  w 


where  t  is  the  free -surface  wave  height  measured  from  the  mean  free-surface 
height  h(t) .  t  is  the  time,  and  the  components  of  velocity  (u  ,v,w)  are  evaluated 
on  the  free  surface.  The  dynamic  condition  to  be  satisfied  on  the  free  surface  Is 
obtained  from  the  Integral  of  the  equations  of  motion,  viz. 

p  *  +  |<“2  4  y2  +  *2>  +  U  -  *(*)!*  *  F<t)  (6) 

where  p  is  the  pressure,  f(t)  denotes  the  prescribed  vertical  acceleration  of  the 
tank  along  its  axis,  and  F(t)  is  an  arbitrary  function  of  time.  Following  Benjamin 
and  Ursell  (Ref.  11),  the  quantity  f(t)  is  included  to  account  for  the  acceleration  of 
the  tank.  If  surface-tension  effects  are  included,  the  pressure  on  the  free  surface  is 
related  to  the  surface-tension  forces  in  the  linear  theory  by 


where  o  is  the  surface  tension  force  per  unit  length.  On  the  free  surface 


s  -  h(t)  ♦  t (r.g.t) 
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and  the  klnematlo  free-aurface  conditions,  Eq.  (5),  when  linearized  under  the  assump¬ 
tion  that  slopes  of  the  free -surface  waves  and  radial  and  tangential  components  of  the 
velocity  on  the  free  surface  are  small,  takes  the  form 


<9) 


where  the  dot  denotes  differentiation  with  respect  to  time  and  d<t>/da  is  evaluated  on 
the  mean  free-surface  height,  h(t)  .  Substituting  from  Eqs.  (7)  to  (9)  Into  Eq.  (8) 
gives 

|-  f  ^  ♦  l[(i?)2  ♦  (?«)2  ♦  (‘  *  If)2]  *  l«  -  '<•>!  *],.„„  ■  r"> 

(10) 


Neglecting  squares  of  |^,  and  |£  In  Eq.  (10)  gives 

®)  „  ♦  *•  f  ~  ? ^  *  +  I*  -  *<*>1  t  -  F(t)  -  |h2  -  (g  -  t (t)|  h  (11) 

z  «n 

where  dip/Si  Is  evaluated  at  z  «h  due  to  the  linearization.  Since  the  right-hand 
member  of  Eq.  (11)  Is  a  function  of  time  alone,  it  may  be  set  equal  to  zero  by  incor¬ 
porating  It  into  the  definition  of  <p~r — HSnee'the  dynamic  free-surface  condition  of 
Eq.  (11)  becomes 


(«)  ♦fc.l£-Jv*e  +  i«-f(t)i*  -  °  <i2> 

i  ■» 

Equations  (1),  (S).  (4),  (9),  and  (12)  define  the  boundary -value  problem  to  be  solved. 
The  Initial-value  problem  is  formulated  in  a  later  section. 
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It  may  be  noted  from  Eqa.  (3)  and  (9)  that 


Hence,  Bt/dr  equals  a  constant  (its  initial  value).  If,  further, 01.0  assumes  for  f 
the  same  functional  dependence  in  r  and  0  as  for  tp  ,  then  as  a  consequence  of 
Eqs.  (3)  and  (9)  the  angle  of  contact  of  the  free  surface  with  the  tank  wall  is  90  deg. 

Such  an  assumption  will  be  made  in  what  follows  and  hence  the  contact  angle  will  be 
restricted  to  90  deg. 

It  is  appropriate  to  remark  at  this  point  that  if  we  neglect  the  acceleration  f  (t)  due 
to  the  motion  of  the  tank  itself  in  Eq.  (12).  we  notice  that  h  does  not  appear  in 
Eq.  (1. 8)  of  Ref.  8.  The  contribution  of  this  term  will  be  small  only  when  h  is  of 
the  order  of  magnitude  of  Bt/dt . 

3  SOLUTION  OF  THE  BOUNDARY  VALUE  PROBLEM 

In  this  section  the  differential  equations  governing  the  time  variation  of  the  free -surface 
waves  and  the  velocity  potential  are  derived  for  the  axlsymmetric  case,  and  the  pro¬ 
cedure  for  obtaining  similar  equations  for  the  asymmetric  case  is  outlined. 

The  derivation  of  the  equations  will  involve  Bessel  functions  of  the  first  kind  and  all 
orders  and  expansions  of  these  functions  into  Fourier-Bessel  series.  The  axlsym- 
metric  case  will  be  treated  first  because  it  is  an  exceptional  case  (Ref.  11)  in  the 
Fourier-Bessel  expansion,  and  as  such  it  must  be  treated  separately. 
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3. 1  Axlsymmetric  Solution 


For  the  axlsymmetric  case  a  solution  of  Eq.  (1)  which  la  regular  at  the  origin  may  . 
be  written  as 

<*>  =  J  ( k  r )  [Aft)  cosh  k_  z  +  B  (t)  ainh  k_z  I  k_  *•  0  (13) 

n  o  n  i  n  n  n  ni  n 

where  An(t)  and  BR(t)  are  undetermined  functions  of  time,  kR  is  a  constant, 

and  J  is  the  Bessel  function  of  the  first  kind  and  order  aero.  When  k  *  0 ,  a 
o  n 

solution  of  Eq.  (1)  which  is  regular  at  r  *  0  is 

*o  =  A0(t)  +  B0(t)*  (14) 

where  AQ(t)  and  BQ(t)  are  to  be  determined.  The  total  potential  <p  la  given  by 
summation  of  <pQ  and  over  n  from  one  to  infinity.  Application  of  the  boundary 
condition  of  Eq.  (3)  to  Eq.  (13)  yields 

Jjt^a)  -  0  (15) 

which  determines  the  values  of  k  .  It  should  be  noted  that  k_  *  0  is  a  solution  of 

n  n 

Eq.  (15).  and  this  requires  a  treatment  of  the  axlsymmetric  case  separate  from  the 
asymmetric  case.  Equation  (14)  identically  satisfies  the  condition  of  Eq.  (3).  Let 
the  free-surface  wave  height  £  be  given  by 


t(r.t)  -  £  Cn(t>  W> 
n  *  1 


(16) 


For  the  axlsymmetric  ease,  the  boundary  condition  of  Eq.  (4)  takes  die  form 


(hg 

as 


a  *0 


W0f(t)  ,  0  s  r  s  6 
0  ,  6  <  r  s  a 


(17) 
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I.; *r’(, r  \ 


•. *  **.><*  '*'  ■- 


To  satisfy  the 
series: 


boundary  condition  of  Eq.  (17)  we  expand  ^  In  *  Fourler-Bessel 


W„  ,  2W0f(t)«  £  Ji<kna>Jo(knr) 

Wof(t)  -  7i(t)6  ♦  j  -  2  knlJo(kn.,|2 


Use  of  Eq.  (17)  yields 


a0(t)  •  w0f(t)% 


2Wof(t)aJ1(knd) 

®n  U)  *  22  2 

kna  |Jo(kna,l 


Use  of  ti\e  kinematic  free -surface  condition  of  Eq.  (9)  yields 


B0(t)  -  ii 


Kkn,Mknh  *  <‘nknc°,hV  '  4,i 


Equations  (19)  and  (21)  show  that  the  continuity  requirement  relating  the  rate  of 
change  of  mean  free-surface  height.  h(t) .  to  the  outlet  velocity  is  satisfied.  The 
dvnamlc  free-surface  condition  of  Eq.  (12)  requires 


and 


A  cosh  k  h  +  B„  slnh  k  h  +  h  C 
n  n  n  n 


6n+|?kn  +  *-r<t>]Cn  -  0  *  <M> 


Eliminating  A  In  Eqa.  (22)  and  (24)  results  in  an  uncoupled  equation  for  C  .  viz. 


6n  -  aW2k“h  +  (?S!  +  (*  "  *<»>)  kn)  t“hknhCn  “  ESJHTT  *  ifianTE 

n  •  9  HQ 


(25) 


By  the  use  of  Eqa.  (19)  to  (21),  Eq.  (25)  may  be  written  as 


2k  hd 


*•  “•»n  *5  I  _  •  ^  . 

Cn-il5farT*(?k.*l'-"',lk»|“^knl,en  ' 


2hJ,  (kn«) 


knaoo*hknhp0(kna)J- 


2h  J, 


<'lllhVI,o(kBl)| 


I  <2#> 


To  evaluate  the  free -surface  distortion  [  one  needa  to  aolve  Eq.  (26)  for  given  Initial 
conditions,  for  various  values  of  kR  given  by  Eq.  (15),  and  for  the  prescribed  outlet 
velocity.  One  then  uses  Eq.  (16)  to  sum  the  modes.  The  formulation  of  the  Initial 
value  problem  la  discussed  In  a  later  section.  If  surface  tension  and  drainage  effects 
are  neglected,  the  present  problem  reduces  to  that  of  Teh  (Ref.  12).  It  may  easily 
be  verified  that  the  present  formulation  reduces  to  that  of  Ref.  12  in  tbs  appropriate 
limiting  case. 


One  also  notices  that  In  Eq.  (6)  of  Ref.  6  the  right-hand  member  of  our  Eq.  (26)  is 
absent  -  because  the  problem  In  Ref.  6  Is  formulated  in  terms  of  a  sloshing  potential 
only.  In  such  a  formulation  our  boundary  condition  of  Eq.  (4)  Is  replsced  by  a 
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homogeneous  boundary  condition,  and  hence  the  homogeneous  equation  for  the  general¬ 
ized  coordinate  waa  obtained.  In  the  present  paper  the  problem  ia  formulated  in  terms 
of  the  total  potential. 

3. 2  Asymmetric  Case 

If  the  outlet  hole  is  located  eccentrically,  or  if  the  outlet  flow  Is  dependent  on  0 ,  the 

|  asymmetric  modes  will  be  excited.  Hence  an  outline  of  a  procedure  that  may  be 

i  followed  is  given  here.  One  proceeds  in  the  same  manner  as  for  the  axlsymmetrlc 

i  case  except  that  „  and  f _ now  are  taken  in  the  form 

mn  mn 

- - %  *  [Amn<t>co*hkmnI  +  6mn(t>  ,,nh  kmn‘l  Jm  <kmnr  >  co"  m  9  <27> 

and 

^mn  =  Cmn^  ^m  ^kmnr^  co*  m  ®  <28> 

In  obtaining  the  potential  <p  or  the  free-surface  wave  height,  f ,  one  sums  over  m 
from  1  to  infinity  and  over  n  from  0  to  Infinity. 

4  THE  INITIAL  VALUE  PROBLEM 

To  solve  the  initial  value  problem  for  wave  height,  £  .  or  velocity  potential,  <p  ,  we 
need  to  prescribe  the  initial  conditions  over  the  entire  field.  In  Ref.  8.  Saad  and 
Oliver  concluded.  "The  condition  on  velocity  is  more  readily  formulated  in  terms  of  the 
potential  function  since  it  is  not  obvious  that  the  initial  surface  velocity  can  be  pre¬ 
scribed  arbitrarily;  in  fact,  it  cannot. "  The  initial  value  problem  for  surface  waves 
is  a  classical  one  and  is  discussed  in  an  expository  article  by  Wehausen  and  Laltone 
(Ref.  13),  which  refers  to  the  early  work  of  Cauchy  and  Poisson.  In  the  problems 
discussed  in  Ref.  13  it  is  shown  that  one  needs  only  to  prescribe  at  the  instant  t  «  0 
the  shape  of  the  free  surface  and  its  vertical  velocity  to  describe  the  subsequent  motion. 
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In  the  present  problem  the  fluid  is  of  finite  extent  end  we  have  an  Inflow  or  outflow 
through  the  circular  hole  in  the  bottom  of  the  tank.  Since  some  of  the  recent  experi¬ 
mental  investigations  of  Nussle,  Derdul.and  Petrash  (Ref.  9)  concern  drainage  from 
quiescent  initial  conditions,  the  formulation  is  given  for  these  Initial  conditions.  The 
formulation  may  be  extended  easily  to  other  arbitrary  Initial  conditions.  It  will  be 
shown  that  for  the  draining  or  filling  problem  it  is  also  necessary  to  prescribe  the 
outlet  liquid  velocity  and  the  outlet  liquid  acceleration. 

<• 

For  the  flow  starting  from  rest 

t(r.O)  -  0  (29) 

and 

I 

\ 

|f  (r,  0)  -  0  (30) 


Using  Eq.  (16),  one  then  obtains 


CB(0)  »  0  *  (31) 

and 


Cn(0)  *  0  (32) 

From  Eqs.  (19)  and  (20),  one  requires 


V°> 


(33) 
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V 


,4V‘-  ' 


.w—-  «■*'*>  ' 


and 


2W„f(0)«  J^k^) 


V°>  •  TO 


*;•  iw>r 


It  also  followa  from  Eqa.  (19)  and  (20)  that 


Bo(0)  =  Woi(0)^ 


(34) 


(35) 


and 


2W  t(0)6 J.(k  6) 

b  (0)  -  —rr, - -J- 

"  kS* IW'I 


(36) 


To  obtain  the  Initial  condition  on  A  one  uses  Eqa.  (32)  and  (22)  to  obtain 


-2W  f(0)«J,(kn«) 

=  ,.2.2 


o  1  .  n —  cot),  k  h  (0) 


k;*' iw>i 


(37) 


The  correapondlng  initial  value  of  An  le  obtained  by  making  use  of  Eqs.  (31),  (32), 
and  (24),  and  la  given  by 


2W  1(0)4  J.  (k  $) 
A  (0)  =  -  — £-5 - 

k^a  (Jo(kn#)i 


2  tanhknh(0) 


(38) 


Hence  the  Initial  condltiona  for  the  entire  field  are  preacribed.  It  la  clear  that  the 
name  procedure  appliea  alao  for  any  arbitrary  initial  condltiona. 
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5  NUMERICAL  EXAMPLES 


In  this  section,  digital  computer  solutions  of  Eq.  (26)  are  given  for  certain  specific 
examples  (for  the  first-mode  contribution  (n  -  1)  ,  and  for  f(t)  =  0)  to  illustrate 
the  method.  For  any  specific  application  it  will  be  necessary  to  evaluate  the  contribu¬ 
tion  from  higher  modes  also.  It  is  possible  to  obtain  asymptotic  solutions  of  Eq.  (26) 
for  certain  values  of  the  parameters  involved.  However,  the  regimes  where  such 
solutions  are  valid  are  not  necessarily  the  ones  where  principal  physical  interest  lies, 
and  hence  such  solutions  will  not  be  given  here.  In  all  the  examples  presented,  quies¬ 
cent  initial  free-surface  conditions  are  assumed. 


In  Fig,  2,  the  free-surface  distorted  shapes  are  given  for  various  values  of  time  dur¬ 
ing  zero-g  drainage  of  a  liquid  at  a  constant  rate  from  a  tank  of  radius  a  *  60  in. 
through  an  outlet  radius  6  =  6  in.  For  drainage  at  a  constant  rate,  h  =  0  In  Eq.  (26) 
and  h  is  given  by 


I  (39) 

I 


where  h  is  the  value  of  h  at  t  =  0  and  a  denotes  the  constant  rate  at  which  h 
o 

changes.*  For  the  example  considered  in  Fig.  2.  a  /a  ~  -0.015,  g  -  0,  <r/p  * 
0,446  in.tysec2  .  and  hQ/a  *  1.0.  The  right-hand  portion  of  the  figure  shows  that 
(based  on  the  contribution  from  the  first  mode)  the  possibility  of  the  vapor  blowing 
through  exists  since  the  free-surface  distortion  is  rapidly  increasing.  Such  results 
were  obtained  In  the  experimental  Investigations  given  in  Ref.  9. 


In  Fig.  3,  the  time  history  of  the  free-surface  distortion  at  the  center  of  the  tank  dur- 
ing  drainage  at  a  constant  rate  is  given  for  g  »  38.6  in. /sec  .  In  this  example,  again 
a  ■  COin.,  6  **  6.0  in.,  a/a  ■  -0.015,  c/p  *  463.2  ln.3/sec2,  and  ho/a  ■  1.0. 


*For  draining,  a  is  negative. 
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where  for  simplicity  the  coefficient  of  the  vena  contracts  has  been  assumed  to  be  unity. 
The  values  of  the  various  physical  constants  used  are  given  in  the  legend  of  Fig.  4. 


Figure  Selves  the  time  history  of  the  free-surface  distortion  at  the  center  of  the  tank 
during  filling  at  a  constant  rate.  It  will  be  noted  that  during  filling  the  oscillations  are 


TIME  IN  SECOND) 


Fig.  3  Time  HUtory  of  Free-Surfbee  DUtortlon  of  Center 
of  Tank  During  Filling 
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not  damped.  This  fact  la  explained  by  examination  of  the  terma  in  Eq.  (26).  One  ob¬ 
serves  that  the  damping-like  term  (second  term  in  the  left-hand  member)  and  the 
forcing  term  (second  term  in  the  right-hand  member)  approach  aero  as  h  increases, 

whereas  the  coefficient  oCth#**€-r'  term  approaches  a  constant  value  -  since 
.  n 

tanh  kRh  *  1. 0  as  h  increases.  Hence  one  would  expect  that  free  oscillations,  once 
started,  would  persist  unless  adequate  damping  is  provided. 

On  the  other  hand,  during  drainage  at  a  constant  rate,  the  forcing  term  in  the  right- 

hand  member  of  Eq.  (26)  appears  to  dominate  the  damping  term  containing  C  as  h 

n 

decreases.  It  is  this  domination  which  gives  rise  to  large  free-surface  distortion  and 
the  possibility  of  a  vapor  blowthrough  during  zero-g  drainage. 

6  SUMMARY  AND  CONCLUSIONS 

This  paper  presents  a  formulation  for  studying  the  distortions  of  the  free  surface  of  a 
liquid,  during  variable  low-g  conditions  Induced  by  draining  or  filling  of  a  tank.  The 
formulation  also  provides  the  appropriate  conditions  for  the  solution  of  the  initial-value 
problem.  It  is  shown  that  the  equations  derived  reduce  to  the  appropriate  results  in 
the  corresponding  limiting  cases.  Several  specific  examples  illustrate  the  method  to 
be  used  in  the  solution  of  the  drainage-  or  filling- Induced  disturbances  of  the  free 
surface  during  variable  aero-  or  low-g  conditions.  The  stability  of  the  free  surface 
may  also  be  studied  using  the  given  formulation. 

One  of  the  examples  considered  for  drainage  at  a  constant  rate  under  zero-g  conditions 
indicates  the  possibility  of  a  vapor  blowthrough  such  as  the  ones  reported  in  Ref.  9. 

An  interesting  result  of  this  study,  of  concern  for  refueling  of  spacecraft  or  space 
stations,  points  to  the  necessity  of  providing  suitable  baffles  in  tanks  to  damp  the 
motion  of  the  liquid  free  surfaoe  induced  by  the  refueling  operation.  Unless  such 
motion  is  damped  adequately,  it  may  adversely  affect  the  attitude  stabilization  of  the 
spacecraft  or  space  station, 

Only  a  limited  number  of  examples  are  presented  to  illustrate  the  method  and  the 
trends  predicted  by  the  present  study.  It  is  recommended  that  additional  specific 
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examples  be  studied  to  delineate  the  problems  which  may  be  encountered  by  space¬ 
craft  during  periods  of  weightlessness  or  near-welghtleasness.  The  present  analysis 
also  provides  a  means  of  studying  the  problems  theoretically  to  supplement  the  current 
experimental  work  using  a  drop  tower  facility  where  only  relatively  short  periods  of 
weightlessness  are  available.  ^ 

i 

\ 

\ 
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DISCUSSION 


Michel  Saad.  University  of  Santa  Clara 

I  have  three  comments.  I  would  like  to  call  attention  to  the  following  equation: 


2  2  - 
«*>  =  p„  tanh  k  h 

m  m  m  o 


1  - 


(k  A  tanh  k  R, 

m _ m  G 


4p; 


m 


dfi 

dt 


vA 


This  is  an  equation  for  the  frequency  of  oscillation.  It  is  equation  4-4,  page  90  in  our 
paper  last  year*.  The  velocity  of  the  surface  is  v  .  The  bars  indicate  nondimensional 
quantities.  We  note  from  this  equation  that  if  fi  is  large  we  have  damping.  The  state¬ 
ment  was  made  that  by  filling  and  draining  the  tank  we  could  enhance  or  damp  the 
oscillation.  This  is  not  true,  and  this  statement  should  be  deleted.  Our  paper  was 
restricted  to  small  h  and  the  alledged  damping  term  is  of  higher  order  in  h' s,  hence 
to  the  order  of  approximation  in  our  work,  the  oscillation  frequency  is  purely  real. 
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Now,  as  to  the  comment  on  page  10  of  your  paper  that  the  Initial  surface  velocity  can 
be  arbitrarily  specified.  The  velocity  of  the  free  surface  should  be  consistent  with  the 
continuity  equation.  In  other  words  you  cannot  take  any  velocity  at  the  free  surface. 
You  have  to  specify  a  velocity  distribution  consistent  with  the  continuity  equation  in 
which  the  mass  flux  at  the  outlet  is  explicitly  included,  which  I  think  is  what  you  had  in 
mind  there. 

Now,  the  third  comment  is  that  the  problems  of  filling  the  tank  and  draining  the  tank 
are  quite  different..  One  cannot  Just  take  a  tank  and  assume  a  general  velocity,  V  , 
at  the  exit,  obtain  a  solution,  and  then  Just  write  minus  V  and  think  that  this  solution 
will  be  applicable.  One  may  assume  lrrotational  Row  while  draining  a  tank,  but  this 
assumption  is  not  acceptable  when  filling  the  tank.  In  draining  a  tank  one  can  assume 
isentropic  Row,  but  filling  a  tardcjnvolvss  dissipative  effects  and  one  cannot  assume 
isentropic  conditions. 

P.  G.  Bhuta.  TRW  Systems  Group 

I  would  like  to  thank  you  for  your  paper  because  that  is  what  gave  us  the  impetus  for 
doing  this  particular  Investigation;  without  that  I  probably  wouldn't  have  ever  done  it 
myself.  The  assumption  of  irrotationality  for  draining  the  tank  is  not  strictly  valid 
either.  We  know  this  because  we  have  to  install  anti-vortex  baffles  in  tanks. 

Saart 

I  have  one  other  comment.  The  curves  at  the  end  of  our  paper  are  correct  since  they 
do  not  involve  the  oscillatory  part  of  the  surface  displacement,  but  only  the  non- 
osclUatory  part  of  the  motion. 

Bhuta 

Oh,  sure,  I  didn't  mean  to  imply  that  they  weren't- what  I  said  was  that  those  solutions 
are  valid;  however,  they  are  not  applicable  in  practical  situations  because  more  inter- 
esting  tilings  happen  like,  as  you  point  out,  when  h  is  small.  Unfortunately,  you  can't 
find  analytical  solutions  when  h  is  real  small,  anyway. 


• .  :» •  •»'* '  »  V»  " 


Robert  Smith.  Lockheed 

In  practical  applications  in  the  space  vehicle  is  there  coupling  between,  say,  the  pump 
and  this  oscillation? 


Bt.uta 

For  the  examples  considered  in  our  paper  f  (t)  is  equal  to  aero,  but  f  (t)  does  not 
have  to  be  zero  and  this  would  have  definite  effects  on  stability.  The  formulation  given 
in  the  paper  permits  one  to  consider  such  effects.  The  paper  by  Tong  and  Fung  con¬ 
sidered  this  aspect;  not  the  draining  case,  but  the  stability  aspect  when  you  do  shake 
the  tank.  Of  course,  you  have  an  addltional.damping-like  term  now  which  might  cause 
additional  instability  or  stability  depending  upon  whether  you're  filling  or  draining  the 
tank. 
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TENSION  ON  THE  FORCED  OSCILLATIONS  OF  A 
LIQUID  IN  A  CYLINDRICAL  CONTAINER 
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ABSTRACT 

The  stability  of  a  fluid  contained  in  a  circular  cylindrical  tank  with  a  flat,  flexible 
bottom  under  a  periodic  axial  excitation  is  studied.  A  variational  approach  is 
formulated.  An  approximate  solution  results  in  a  pair  of  coupled  ordinary  differ¬ 
ential  equations  with  periodic  coefficients.  A  method  of  handling  the  stability  of 
the  solutions  of  such  a  system  of  equations  is  presented.  Numerical  results  are 
discussed. 

NOMENCLATURE 

Constants 
Membrane  number 
Bond  number 
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«(t) 

*0 

*1 

0(7) 

h 

H 


I»,l*  ^2  ’  *3  ’  X4 


J0  »  Jl 


1 

L 

L1 

L2*  L3 
**!•  M2,M3 

Nr 

Pa« 

P 

P 

ro 

1irr»  ,  *) 

(R  ,  e  ,  •£) 


Amplitude  of  the  n^1  sloshing  mode 

Potential  of  the  solld-liquid-gas  interlace 

Potential  of  the  edge  load  acting  on  the  rim  of  the  tank 
bottom 

Gravitational  acceleration,  time  dependent 
Mean  local  gravitational  acceleration 
Amplitude  of  the  imposed  axial  acceleration 
Nondimensional  gravitational  acceleration 
Membrane  thickness 
Nondimensional  free  surface  shape 
Functionals 

Bessel  functions  of  first  kind 
n**1  root  of  die  equation  (k^  =  0 
Depth  of  liquid 

i 

Nondimensional  depth  of  liquid 

\ 

Pressure  energy  in  nondimensional  form 
Lagrangians  in  nondimensional  form 
Matrix 

Midplane  stress  resultant 

n111  sloshing  frequency  tor  rigltj  tank 

Pressure 

Nondimensional  pressure 
Radius  of  the  tank 
Cylindrical  coordinates 
Nondimensional  cylindrical  coordinates 
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t 

u 


w 

W 

z 

Z 

Greek  Symbols 


a 


or 

T 


* 

W 

n 


Surfaces 

Time 

Modal  matrix 

Transverse  deflection  of  membrane 
Nondlmensional  transverse  deflection  of  membrane 
Vertical  coordinate 
Nondlmensional  vertical  coordinate 

Nondlmensional  imposed  axial  acceleration 
Constants 

Boundary  curves  of  ,  Sg  respectively 
Constants 
Free  surface  shape 
Azimuthal  coordinate 
Mass  ratio 
Constants 
"Constants 

Density  of  membrane 
Density  of  liquid 
Surface  tension 
Nondimeasional  time 
Velocity  potential 
Nondlmensional  velocity  potential 
Forcing  frequency 
Nondlmensional  frequency 
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t  -  ■+*+  -  -*7  *■  *?  '  *  * 


“M 

°a 

V2.*2 


2 

...  (n-m, ...  ,  N)  Eigenvalues  of  D  where  M  .....  N  Indicate  the 
fluid  mode*  which  are  chosen  for  the  approximate 
solution 

Frequency  parameter  for  the  membrane 
Frequency  parameter  for  surface  tension 
Two-dimensional  Lapis  or  operator 
H*2  “  **  -  7  £i  rtr  +  ji  fj  ^cylindrical 


V.  S 


coordinates^ 

Three-dimensional  gradient  operator 


a  .  r-  _8_ 

To  *  *- 


v  -  v  -  r  —  +  — 

Vr0  v  v  r  8rf  r 

In  cylindrical  coordinates;  for  the  free  surface  and 

the  membrane.  Ignore  the  ~  term) 
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THE  EFFECT  OF  WALL  ELASTICITY  AND  SURFACE  | 

TENSION  ON  THE  FORCED  OSCILLATIONS  OF  A  \ 

LIQUID  IN  A  CYLINDRICAL  CONTAINER  \ 

1  INTRODUCTION 

Dynamics  of  large  liquid-fuel  rockets  naturally  Involve  the  motion  of  a  liquid  in  a 
flexible  container.  The  symmetric  modes  of  the  fluid  motion,  which  influences  the 
pr««ur?  at  the  tank  bottom,  and  therefore  influences  the  pressure  in  the  pump  and 
in  the  combustion  chamber,  as  well  as  thrust  and  rocket  acceleration,  have  an  impor¬ 
tant  effect  on  the  structural  dynamics  of  a  rocket.  In  some  instances  the  longitudinal 
oscillations  were  so  serious  as  to  affect  the  safety  of  the  vehicle.  For  this  reason, 
the  analysis  of  the  forced  oscillations  of  the  liquid  container  is  Important. 

At  ground  level,  perhaps  the  effects  on  fuel  sloshing  of  the  flexibility  of  the  tank  wall 
and  the  surface  tension  of  the  free  surface  are  negligible.  At  reduced  gravity  condi¬ 
tions,  these  effects  become  more  evident.  It  is  the  purpose  of  this  article  to  evaluate 
the  effects  of  tank  flexibility  and  surface  tension  on  the  stability  of  liquid  motion  In  the 
symmetric  modes. 

Sloshing  of  liquids  has  been  studied  by  many  authors.  Although  most  of  there  considered 
rigid  containers  (Ref.  1) ,  Miles  (Ref.  2)  considered  bending  modes  of  a  flexible  con¬ 
tainer,  and  Bleich  (Ref.  3)  investigated  the  longitudinal  modes.  Recently,  Bhuta  and 
Koval  (Refs.  4  and  S)  studied  the  coupled  oscillations  of  a  liquid  in  a  tank  with  a  flexible 
bottom.  They  defined  the  normal  modes  of  the  system,  and  treated  the  orthogonality 
and  expansion  theorems.  Bhuta  and  Yeh  (Refs.  6  and  7)  considered  the  problem  of 
arbitrarily  assigned  velocity  dietrfflttttOn'on  the  tank  bottom. 

On  the  other  hand,  there  is  substantial  literature  about  the  Influence  of  surfaco  tension 
on  sloshing,  e.g. ,  Yeh’s  bibliography  (Ref.  8)  and  papers  by  Bond  and  Newton  (Ref.  9) 
and  Reynolds  (Ref.  10).  Most  of  these  studies,  however,  are  concerned  with  free 
oscillations.  Very  little  has  been  done  about  the  influence  of  surface  tension  on  forced 
oscillations,  and  no  work  seems  to  have  been  done  on  coupling  with  the  flexibility  of 
the  tank. 
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In  the  present  paper,  a  circular  tank  with  a  flexible  bottom  under  vertical  periodic 
excitation  is  studied.  The  problem  is  first  formulated  in  the  form  of  differential 
equations  and  then  in  the  form  of  a  variational  principle.  An  approximate  solution  is 
presented,  which  results  in  a  pair  of  coupled  ordinary  differential  equations  with 
periodic  coefficients.  The  stability  of  the  solutions  of  these  equations  is  discussed. 

2  STATEMENT  OF  THE  PROBLEM 


A  circular  cylindrical  container  with  rigid  side  walls  and  it  flat,  flexible,  bottom 
contains  a  liquid  with  a  free  surface.  The  tank  walls  are  subjected  to  an  oscillatory 
axial  acceleration,  in  addition  to  a  constant  mean-local-gravitational  acceleration 
directed  along  the  axis  of  the  cylinder.  Above  the  liquid  surface  is  a  gas  with  con¬ 
stant  pressure.  No  external  force  acts  underneath  the  tank  bottom.  The  situation  is 
pictured  in  Fig.  1.  The  problem  is  to  determine  the  motion  of  the  liquid  and,  in 
particular,  its  stability. 

The  fluid  properties,  including  the  surface  tension,  are  assumed  to  be  uniform, 
constant,  incompressible,  and  inviscid. 


The  mean  free  surface  of  the  liquid  is  assumed  to  be  a  plane  perpendicular  to  the 
cylinder  axis.  In  low-gravity  and  finite  surface  tension,  one  may  have  to  consider 
a  curved  mean  free  surfac*.  The  governing  criterion  is  the  Bond  number  defined 
below.  In  this  paper,  we  assume  that  the 


Bond  number  is  sufficiently  large  so  that 
the  tree  surface  is  approximately  a  jlane. 

The  case  of  low  Bond  number  is  discussed 
later.  / 

i 

\ 

As  a  further  simplification,  we  assume  that 
the  deviation  from  the  static  equilibrium  con¬ 


dition  is  small,  so  that  the  deflections  of  the 
free  surface  and  of  the  tank  bottom,  the  fluid 


Fig.  1  Geometry  of  the  Problem  in 
Nondimemionol  Variable! 


velocity,  and  hence  the  velocity  potential. 


ll-« 


may  be  considered  infinitesimal  quantities  of  the  first  order.  Under  this  assumption 
all  the  equations  can  be  linearized,  and  the  mathematical  problem  is  relatively  simple. 
A  number  of  interesting  nonlinear  problems  are  ruled  out  by  this  assumption.  But, 
as  an  investigation  of  the  initial  tendency  toward  instability,  the  linearized  theory 
should  be  adequate. 

\ 

3  MATHEMATICAL  FORMULATION  \ 

Consider  a  quantity  of  invlscid  liquid  situated  in  a  cylindrical  container  of  radius  rQ 
es  is  shown  in  Fig.  1.  The  cylindrical  polar  coordinate  system  is  chosen  so  that  the 
+  z  direction  is  directed  upward  away  from  the  liquid,  the  zero  on  this  axis  being  fixed 
on  the  mean  free  surface.  If  the  fluid  is  assumed  inviscid  and  Incompressible,  and  the 
motion  irrotaiional,  the  eq  iatlon  of  continuity  may  be  expressed  In  terms  of  the  velocity 
potential  <p , 


(i .  JL  r  I-  +  i 

\r»r  r3r_^2 


and  the  velocity  components  a ,  v  ,  w  are 


W  -  *r  ,  V  -  J  .  w  * 


The  usual  subscript  notation  is  used  to  denote  partial  differentiation. 


The  kinematic  conditions  at  the  tank  walls  and  the  free  surface  are 


"  t?  "  0  on  r  *  r0 


.  di'  8w  , 

w  "  §f  -  8t  OB  8  ■  -* 


i  .  *£  .  Sa 

8z  8t 


on  z  ■  0 


(5) 


whore  w  lie  notea  the  deflection  of  the  tank  bottom ,  and  t|  denotes  the  deflection  of 
the  free  surface,  both  positive  In  the  +  t  direction,  and  both  assumed  to  be 
Infinitesimal. 


Since  the  motion  is  irrotational,  Bernoulli's  equation  is  satisfied  throughout  the  liquid 
domain.  In  particular,  at  the  free  surface,  we  have 


JL 


f  (V*)2  -  *(t)t»  -  +  c(t) 


(6a) 


g(t)  *  Ro  +  gjcos  ut 


(6b) 


where 


c(t) 

*0 

EjCoa  ut 

P 


aibltrary  function  of  time 
mean  local  gravitational  acceleration 
imposed  axial  acceleration* 
pressure  Just  Inside  the  interface 


Taken  as  positive  if  they 
are  directed  toward  the 
tank  bottom  (along  the 
-a  direction) 


The  pressure  p  is  related  to  the  pressure  just  outside  the  liquid,  pQ ,  by  the 
relation 


p0  -  p  -  <rK 


(7) 


where 

a  *  surface  tension 
K  ■  total  curvature  of  the  free  surfaces 


*Here  we  just  write  out  a  special  form  cf  Imposed  axial  acceleration.  The  method 
developed  later  can  be  applied  to  a  general  periodic  imposed  axial  acceleration. 


1 

\ 


In  linearized  form,  under  the  assumptions  that  n/rfl  «  1  and  | grad  n|  <  1 .  we 
have 


If  the  pressure  of  the  gas  p_  is  a  constan* ,  then  without  loss  of  generality  we  may  set 

V  _  o 

pQ  =  0.  The  function  c(t)  can  be  absorbed  in  .  We  can  also  neglect  |V$|  '  in 
Eq.  (6)  and  evaluate  on  the  surface  z  *  0  under  the  scheme  of  linearization.  Thus 
we  obtain  the  linearized  free  surface  condition,  l 

Similarly.  Bernoulli's  equation  gives  the  pressure  on  top  of  the  bottom  wall 

(p)z  =  -!+w  *  po[~  '  g(tM_l  +  W)]  (10) 

No  other  forces  are  assumed  to  be  acting  on  the  tank  bottom .  If  the  tank  bottom  is 
very  thin  and  is  prestressed  so  that  it  behaves  like  a  membrane ,  then  the  equation  of 
motion  of  the  bottom  is  -  ~  " 


Nf  V2  w  =  pt 


where 

Nr  -  tensile  stress  resultant,  in  the  tank  bottom  (assumed  to  be  a  constant) 
p  «  density  of  the  tank  bottom  material 
h  ■  tank  bottom  wall  thickness 
ph  *  mass  per  unit  area  of  the  tank  bottom 


-  •  r 


V- ' "  -V"  -  •.  '  • 

•  "I*. ;■  s^->.  ;**■ 


is^vV.  *.f 


r 


A  combination  of  Eqs.  flO)  and  (11)  give*  Jam  linearized  equation  of  motion  of  the 
elastic  bottom  a*  a  membrane; 


V^w  -  ph^f  -  P0g(t)w  -  P„( +  <ph  +  V>«(t> 


(12) 


In  reality,  a  tank  with  flat  bottom  develops  both  bending  and  stretching  stresses  under 
fluid  pressure.  Equation  (12)  is  a  good  approximation  only  if  a  membrane  tension  Is 
built  ip  at  ti  e  edges,  by  stretching  the  bottom  onto  a  rigid  cylinder  before  the  two  are 
welded  together. 

It  is  necessi  ry  to  specify  the  boundary  conditions  for  ij  and  w  at  the  edge  r  *  rQ . 
Wifchoose 


®!2 

8r 


when 


wlten 


(13) 


(14) 


The  last  condition  Is  a  special  case  of  zero  capillary-hysteresis.  It  is  consistent  with 
the  simplifying  assumption  that  the  undisturbed  free  surface  is  a  plane  z  *  0 .  In  a 
very-low-gravity  condition,  the  mean  free  surface  is  curved,  and  Eq.  (14)  should  be 
replaced  by  the  condition  8rj/8r*  yi)  at  the  wall  where  y  is  a  physical  constant. 

These  equations  define  the  linear,  inviscid  problem  of  sloshing  under  appropriate 
Initial  or  periodicity  conditions. 

4  DIMENSIONLESS  EQUATIONS 

Taking  the  radius  of  the  cylinder  rQ  as  the  characteristic  length,  the  gravitational 
acceleration  g^  as  the  characteristic  acceleration,  and  u  as  the  characteristic 
frequency,  we  define  the  dimensionless  variables  as  follows; 
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-B  CH-  0  «1* 

9\BTI  7«o  Q 

v2  w  -  X02m  +  °m(|7)v  l  +  bmq<t,w  -  «*  ♦  MBm°(t)  -  o  (20) 
with  the  boundary  condition* 


Ji.  o 

OR 

on 

R  -  1 

(21) 

2*  -  fiS 

0Z  or 

on 

7  -  -L 

(22) 

2£.  til 

OZ  0» 

on 

Z  -  0 

(23) 

W  *  3 

on 

R  "  1 

(24) 

tl-12 


\ 

\ 


Both  Eqs.  (21)  and  (25)  are  satisfied  ii  the  k^s  are  the  roota  of  the  equation 

(kjj)  »  0  n  =*  1  ,  2  ,  3 .  \  (31) 

Eq.  (24)  la  satisfied  by  taking 


VT' 


» 

I ‘.I 


VT> 


,H  W  ‘  0 


n=l 


(32) 


and 


f(P) 


(X  ♦  L)  1 


J 


Here,  f(R)  la  the  static  deflection  of  the  membrane.  We  assume  that.  If  BM  is 
poaltlve,  la  less  than  the  first  root  of  JQ  <x)  -  0,  namely,  2.4048.  To  satisfy 

Eqs.  (19)  and  (20).  we  substitute  ♦  ,  H  ,  W  from  Eqs.  (28)  through  (30),  collect 
terms,  and  represent  the  lefthand  side  as  a  Fourier-Bessel  series  in  JQ  ( R ) .  Since 

the  series  vanishes,  every  coefficient  of  JQ  (kn  R ) ,  n  *  -  ,  2 .  must  vanish. 

Thus,  from  Eq.  (19)  we  obtain  the  necessary  conditions 


nJS0(r)  +  d0^  “  0 


(33a) 


and 

Sn<r)  +  kttUnhlSi  L[14  +  Bff°<T>]  dn(T)  *  0  (33b) 

To  avoid  the  divergent  difficulty,  we  modify  Eq.  (20)  by  multiplying  by  R;  integrating 
with  respect  to  R  from  0  to  R,  we  get 


"If  *B„oJ,W(R.T,iB.  xa2„^J 

o  o 


r)  RdR 


-  L-+2  L)  Bm  GR2  +  fl 


Any  function  W(R,r)  of  class  C;  in  the  closed  interval  0  to  1  for  R  satisfying 
the  above  equation  will  satisfy  Eq.  (20).  A  substitution  of  Eqs.  (28),  (28),  and  (SO)  into 
it  gives 

I  ^ -  d»»  J1 «"»  *»  4  BM  °  *  t  (*.  -  V  Jl  «■»  *>] 

n-1  1  "  1  1 


-l  ‘'m[¥  *  £, <J.  -  Wk.  *']  4  °L  — ^r- 


w> 


1  (X  +  L)y5^T  _ 

(e  coth  k  L  -  d  tanh  k_  L)  -  a - ===■■■  J.  (^577  R)  -  0 

a 


By  expanding  R  and  r)  in  terms  of  ( k#  R ) ,  we  can  collect  the  coefficients 

of  Jj  (  k^  R )  and  set  them  equal  to  aero,  to  obtain 

2 

K<«»  S,  L  4  k  k.*  -  k.  L  4  »  k»'l  4  K  -  BM°K  -  V 

"m  BM°.l  *><k4  L)VS^4,(VB^)  4 

k»Jo(k.'[  0  0  IJf  °|  k,,»(‘.>'c<VSS>  B M  -  k* 
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Now,  If  we  went  to  tnmcete  the  Infinite  series  in  Eqs.  (28)  through  (30)  by 

*  *  ® . . N  ,  we  see  that  Eqs.  (32),  (33),  end  (36)  always  Involve  2(N  -  m  +  2) 

unknowns  end  2(N  -  m  +  2)  equations,  which  lh  general  have  solutions. 

Of  course,  we  can  do  the  same  thing  for  Eq.  (19)  to  obtain 

♦  ("J  *  B„°N<**”,'ki.l>d.  ■  TTTTT ("’ °o  *  (S 


However,  since  we  have  assumed  8H/8R  -  0  at  R  -  1  ,  the  series  of  Eq.  (29),  after 
twice  term-by-term  differentiation,  is  still  convergent.  Thus  Eq.  (37)  coincides  with 
Eq.  (33). 

We  shall  now  discuss  the  solution  for  Eqs.  (32),  (33),  and  (36).  For  the  case  of  free 
vibration,  i.e.  0-1  or  or  -  0,  solutions  for  cft  ,  dn  can  be  obtained  rather  easily 
If  we  let 


cn  "  Cne 


dn  “  Dn« 


then,  from  Eq.  (33),  we  obtain 


c»  ’ 


„  .  k«(k»* ■•H'l'ki 


and  from  Eqs.  (36)  and  (39), 


where 


qm“2  j7 


A1 


=  B  D 
Ha  n 


(40) 


nJjpJ  (coth  knLUkB,- a2M  n2(tanh  kn  L  4  X  kB 


Substituting  into  Eq.  (30),  wo  have 


W  = 


1  + 


«Q 

2 


02(L.X)/  pJ\j0(knH) 

«.  ^ '  By  w 


+  f(R) 


(42) 


Now  we  can  easily  see  that  the  coefficient  of  JQ  ( R )  in  the  above  series  is  of  order 
l/(k$/2)  for  large  n  ;  so  the  series  is  actually  divergent  after  twice  term-by-term 

2 

differentiation  with  respect  to  R  ,  At  R  *  1  ,  W  *  0  ,  we  have  Dc  m  0  for  0^  m  0 
o 

(ilJjSO  corresponds  to  rigid  tank);  therefore, 


«<n2) 


*2 


nM<L  +  >>k. 

0. 


o 

This,  equation  will  determine  the  eigenvalue  0  .  It  can  be  shown  that,  for  pn  s  0  . 

^  20  ,  all  the  roots  11  are  real,  and  no  double  roots  exist.  In  the  case  flj^  — 0,  some 
fl's  can  be  obtained  asymptotically  in  a  rather  simple  fashion.  Let 

1,2  ■  °l  '  »?(*  -«inM  -  52QM  -  J3nM  )  <«> 

Then  we  have 

/?!  -  [p|  (coth  kf  L  +  Xk|)  -  p^(l  -  ^  “  fi2  °M  •**  )<tanhk|L  +  hk|) 

*  *1  ®1  °M  *  (?2  *  5l)°M  *  ••  ] 

■  [«!  X|  -  P|  (coth  kj  L  -  tanh  !.fL)  ] 

- -  |  (*1  +  ^2)  xi  -  P?  <*">»»  k,  L  +  >kf>]  nj, 

+  [  («1  +  a2  +  «3)  X|  -  vt  «2  (tanh  k{  L  +  X  kf )]  nj,  +  0  (llj,)  (45) 

where 

xl  =  kl(kf  "  ®m)  <4®> 

Equation  (43)  becomes 

t  _ _ P|(L^x)(a1.52n^.„)n^ _ 

«!  Xf -pf  (coth  kfL- tanh  kjL)*  [  +  *2  )  ‘  P|2  (tanh  kf  L  +  Xty)^*  ... 

1 

kf  "  BM 


+  0  (°m)  “  0  <47> 
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In  order  that  the  above  equation  be  valid  as  0^—0 ,  we  must  have 


*1  * 


coth  k|L  -  tnnh  k,L  2 

- * - ”pi 


(48) 


(49) 


Eq.  (43)  becomes 


i  - 


pin. 


(«J  ♦  *2)*,  -  pJ^iUnhk,!.*  Ak,)  ♦  |x,(*J  ♦  2«,«2  ♦  «,,)  -  j,(*«2<Unh  kj L  ♦  Ak,)j  nj,  ♦  ... 


A 


i(V^) 


"M  kJ-»M 


♦  0 


(«&)-• 


(50) 


2 

Expanding  the  left-hand  side  In  power  series  of  UT. ,  and  putting  the  coefficient  of 

2n  *” 

equal  to  zero,  we  get 


p?(L+  X)« 

1  -  Ti - \ -  2 - 1 -  “  0  («> 

\fil  +  *2)  xf  "  P|6i(t,mh  kf  L  +  xkf> 


pJ(L  +  X)  «2  -  («J  ♦  25^2  ♦  «3)  X|  ♦  pf«2<Unh  kfL  +  *k|> 
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4.  ■ ,  ,  . 

mf‘  -  m  - 


*lPf  *  6?*t 


ikp?-.  -  (•?  *  *v2) «,  ♦  |p?«-  *  m|2  [-1=  -  -AKvL 


k5-BM 


Therefore,  after  some  rearrangement,  we  get 


2  (h  x/V?\  i,  v\a  ,\(‘-AX>  A 

p*  U  '){*■  r  l -JU '  )\ \ )  \= 


where 


1  n2 

“m 


From  Eq.  (53)  we  make  two  interesting  observations: 


•  The  term  is  the  lin  nondimensional  natural  sloshing  frequency  of  the 
liquid  in  a  rigid  tank.  Since  (»yV( )  >  1,  we  conclude  that  1?^  <  p2 . 

•  The  elastic  effect  is  at  least  of  order 
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I 

I 

i 

l 


Because  of  the  presence  of  the  elastic  bottom,  the  sloshing  mode  shapes  are  no  longer 
as  simple  as  those  in  a  rigid  tank;  but,  in  rigid  tanks,  the  influence  of  cross  coupling 
of  different  fluid  modes  on  the  natural  frequency  is  of  order  flM  . 

2 

The  other  limiting  case  is:  pQ ,  t’»e  density  of  the  fluid,  tends  to  zero  while 

are  bounded  away  from  zero;  then  Eq.  (43)  will  tend  to  the  free- vibration  frequency 

equation  for  a  circular  membrane  -  l.e. , 
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, yfc v-*v ' • "  *'  ■  -r  : ril'-  ‘ 


where  Bq  *  Aq  ,  Aq  >  0  .  Bq  >  0  .  A_j  -  Bj  -  0  ,  £  0n  (where  0n  -  |  AJ  or 

B* 

|Br|)  is  an  absolutely  convergent  series.  Equations  (56)  are  Invariant  when  t  is 
changed  to  t  +  * ;  therefore  if  y  (t)  is  a  solution  of  Eqs.  (58),  y  (t  ♦  w)  is  also  a  solu¬ 
tion.  By  the  Floquet  theorem  (Ref.  13),  Eqs.  (56)  have  solutions  of  the  following  form: 


y(t)  -  e*‘#(t) 


where 


--C;) 


The  term  j)(t)  is  periodic  function  mod  ( w ) .  If  Re{>0,  y  — »  as  t  —  *  an  unbounded 
solution  exists,  which  is  said  to  be  unstable.  For  a  periodic  solution  mod  (x)  to  exist, 

Im{  must  be  equal  to  an  integer,  whereas  Ret  *  0 . 


at  I 


Let  us  assume  a  solution  of  the  following  form: 


mi 

V*>  '  e{t  2  r2n  *l 


F,(t)  -  e‘ 


“2 


r2n+l  * 


„  -j  2  _ 2 

where  2-  n  T^n  •  <t-  B  >2n*l  ,r*  absolutely  convsrgent  series, 

n-  -  m  ()■  -  m 
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Substituting  Into  Eqs.  (56),  we  get 


m*  -  • 


f  +  \  A  e2mIt  \  v  e<2ai+«)t  .  „ 

Z  2m-l*  Z  y2n+l*  0 

m*  - 

(57) 

t  i  r*,,  .<“*«* 


n=  -•» 


m  =  -  « 


n*  -• 


2  2 


wi  r  .  m 


n» 


On  rearranging  the  termsofthe  absolute  convergent  series,  and  equating  the  coefficients 
of  to  aero,  we  obtain 


-r 


2n 


(»4  r... 2n 


2 


m 


Ao-4n‘  »--Ao"4n 


?  y2n  - 1 


(88) 


r2n+l 


2 

-  4nz  ** 


B_ 


UL _ _  , 

B  -  4n2  ^  Be  "  4b 

0  m«.»  v 


Iy2n+l-m  "  0 


provided  that  AQ  -  4n2  *  o  ,  B0  -  4n2  *  o.  The  divisors  A0  -  4n2  and  B„  -  4n2  are 
Introduced  in  order  to  make  an  Infinite  determinant,  which  will  be  formed  below,  to  be 
convergent. 


?■ 


Li  imi.1"  iwiirmn  : 


Equations  (SS)  arc  a  Mt  of  homogeneous  equstions.  For  yB  to  have  nontrivial  solutions, 
the  determinant  formed  by  the  coefficient*  of  the  equations  hum  vanish.  Call  this 
determinant  A(i{);then 


A(4>  -  Idyl  -  0 


<S«) 


where 


2m  ,2m 


A  -  (i|  -  2m ) 


A#  -  4m* 


2m+ 1 ,2m*  1 

•  . .. 

'2m,  n 


B.  -  (4  -  2m)* 

“  - - 1 - \ 


B0  -  4m* 


2m -n 


A 


A0  ~  4m 


for  2m  -  a  «•  0 


®2m+i«n  “7*7^  tor  2m  ♦  I  -  a  »  **  0 

,  J;  Bo  ‘  “*  ■  V  -  •  ' 

-  <1:  V  /  ‘ 


*•“  V 


-  0  ,  *1  ,  42,... 


We  consider  another  infinite  determinant  Aj  (4)  *  |/}y|  where 


B  /»  1 
pm  ,a 


(60a) 


- -2m^— v  for  2m  -  n  .<  0 

°2m,2m  AQ  -.(4  -  2m)z  / 


(60b) 


02m+l  n  "  “  - -m-  ~l> . ;  for  2m+l-n*0  (60c) 

2m+l.n  a2m+l,2m+t  BQ  -  (4  -  2m)2 
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Since 


\ 

\ 


77  p  *  1 


00 

•  1  IVml 

m,n=  -« 
m*-  n 


converges,  provided  {  does  not  have  such  a  value  that  one  of  the  denominators  of 
P  ( i{  )  vanishes.  Thus,  the  infinite  determinant  A.  ( <{ )  is  absolutely  convergent. 
Then  (Ref.  14),  _ _ — 


m 

Am  -  n 

n=  -m 


A0  -  (U  -  2n )2|  [b0  -  (4  -  2n )2] 

(A0  -  -  «"2) 


rs 


VU) 


sin |  (i{  -  /^)  «inf(i{  +  v^)  sin \  (U  -  -/ffi  Jlr.  §  ( l*  4  vll^) 


(61) 


We  note  some  interesting  properties  of  Aj  ( If, ) :  (1)  Aj  ( U  )  ia  a  meromorphic  function 
of  {  and  tends  to  1  as  Re  (  -»  *«  ;  (2)  A^  ({  )  is  a  periodic  function  of  {  with  period 
2i  .  If  we  form  another  function, 

F({)  =  A1(U)  -  Kj  [cot|(4  +  /S^)  -  cotf(U  -  v^)] 

-  Kj  (col  2 ( ^  +  +  otftU  -  v^)] 

-  KsHftU  +  -  ®otf (14  -  ^p) 

-  K4[jot|(lt  +  SB^)  4  eotf(U  -  /B^)]  (62) 
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where  Kj’s  are  ao  chosen  that  F({)  has  no  poles  at  4  *  ±/X^,  •  Wien,  since 

Aj  ( 4  )  Is  a  periodic  function  of  $  ,  it  follows  that  F(4  ) *  has  no  poles  at 

4  *  2n  *  /Xjj1,  2n  *  /Bjj  ,  n  *  el  ,  *2  ..... 

Thus,  F (4  )  is  a  me rom orphic  function  with  no  pole  on  the  entire  plane.  F  (4  )  is 
certainly  bounded,  therefore,  by  Liouvllle’s  theorem,  F  (4  )  must  be  a  constant,  say 
C.  As  Re 4  —  *•  ,  Aj(4)  »  1.  Therefore, 

C  «  1  +  2(1*2  +  K4)i  as  Re  4  —  - 

-  I  -  2(1*2  +  K4)i  as  Re  4 - • 

Hence,  Kj  +  Kg  *  0  ,  and  F  (4  )  *  1  for  all  4  .  Using  this  result  and  Eqs.  (61)  and 

(82),  we  get 


(83) 


j  where  6j  are  some  constants  relating  to  K-’s  ,  AQ  ,  and  BQ .  Put  4*0,  1/2  and 

{  1  in  Eq.  (63)  and  we  get 

|  -  A<0)sin2(§VX;).atn2(;§^) 

j 

I 

2*2  “  1  +  ,la2(f^)  ,la2(f  ^)|A<°>  *  At1))  (M) 

ami 

2*s  -  |+  ■ln2(f/r0)  sin2(f  /^)|2A(i)  -\a(0)  .  A(1)J 
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In  a  special  cate,  if  the  coefficients  of  Eq.  (56)  are  even  functions  of  t ,  then  Eq.  (56) 
is  unchanged  when  we  change  t  to  -t ;  we  see  that,  if  £  Is  a  solution,  then  -(  is  also 
a  solution.  Therefore,  if  A(i|Q)  *  0  and  sin(i4^ir)e  0  ,  then  6j  ■  0  .  Therefore, 
when  we  want  to  find  the  roots  for  4(i()  ■  0  ,  we  always  have  6a  sin(*j  f )  ■  0  and 
the  root*  of  Eq.  (63)  can  be  written  out  in  a  simple  form, 


,i»2  *|! 


'  «2* 


ft7? 


For  a  bounded  solution,  l.e.  for  Re  5  »  0  ,  we  must  have 


1  *  «2  *  Va2  *  *1  *  ° 


In  Eq.  (63),  by  putting  A(i£ )  -  0  ,  we  can  compute  {  ,  and  determine  whether  tills 

is  an  unbounded  solution  or  not.  Then,  from  Eq.  (53),  we  can  compute  y  ,  and  obtain 

n 

the  complete  solution  of  Eqs.  (56).  For  a  periodic  solution,  we  must  have  4(0)  »*  0  or 
4(1) -  0. 

If  a  periodic  solution  of  an’ inhomogeneous  counterpart  of  Eqs.  (56)  is  considered,  e.g. 

X*  A(t)x  -  B(t) 

where  B  (t)  is  a  column  matrix  with  Its  elements  as  periodic  function,  we  can  use 
Eq.  (57)  (with  non-rero  rlghthand  side)  by  putting  f  ■  0  ,  whereas  Eqs.  (58)  become 
Inhomogeneous.  If  4(0)  is  not  equal  to  0  ,  we  can  solve  for  ra  uniquely.  If  4(0)-  0 
we  are  on  the  boundary  where  Eqs.  (56)  have  an  unbounded  solution.  Therefore,  for 
such  an  inhomogeneous  equation-*e-tn  ourproblem,  the  acne  of  instability  is  determined 
by  the  homogeneous  solution. 


*  V. 


t t  ~ i •'•  *  **r,' 


7  APPROXIMATE  SOLUTIONS 


We  choose 


^o<T)Z  ♦  C0(f)  + 


*J  r  coehk  Z  slnhk  Z1 

1  Jo«k.R»  l'»(T>  IEST^l  *  ^STST.] 

n»m  1 


N 

H  -  do(r)  +  ^  dn(T) 
n*m 


VV^ 

cosh  k  L 
n 


(67) 


(68) 


sod 


N 

W  3  do(T)  +  2  kn  Idn(T>  -  cn<T)l  Jo(k„R>  +  *<R> 


n»  m 


(69) 


where 


17 

do<T»  ■  2  s(*.«-v”lw 


n  -  .-n 


(TO) 


These  equations  satisfy  Eqs.  (18),  (19),  and  (21)  through  (23).  Then  the  equations 


dt  o  Jr)  ♦  B_  O  (r)  d  (r)  .  0 


«4 Sn<T>  ^tanh^L  [k£  +  B, 0<t)]  dB(T)  -  0 


(Tla) 

(Tib) 


hold  for  n  ■  m  ,  m  +  1 , ...  N,  Now,  N  -  (m  -  1)  of  the  cn,dn  are  left  arbitrary. 
To  determine  these  arbitrary  functions,  we  use  the  Rita  method  by  substituting  4 , 
H,  and  W  ot  Eqs.  (6T)  through  (70)  Into  the  variational  equation 
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(73b) 


which  is  the  same  as  neglecting  all  the  terms  in  the  summation  of  Eq.  (43)  except  the 
m1**  term.  If  we  take  two  terms,  i.e. ,  N  -  m  +  1  ("two-term  approximation" ),  we 
get  the  following  characteristic  equation  for  R  : 


8  NUMERICAL  RESULTS 

Some  numerical  results  are  obtained  using  the  method  discussed  above.  In  Figs.  2 
through  5,  the  first  three  natural  frequencies  normalized  by  the  first  sloshing  frequency 
Pj  ,  which  equals 
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of  the  corresponding  rigid  tank,  versus  the  membrane  number  Bu ,  which  equals 
/  2\ 

tp  g  r  )/N  ,  were  plotted  for  parameters  B  ,  L,  X.  Siitce  0  is  normalised 

'Ooo/r  2  2  o  /  .  v 

by  pj  ,  the  parameters  and  fi^ ,  which  equals  [  BM/B  1  can  b*  eliminated. 

The  computation  was  based  on  Eq.  (73)  (one-term  approximation),  with  m  *  1 ,  and 

on  Eq.  (43).  In  most  of  the  calculations,  the  one-term  approximation  and  exact  solution 

gave  almost  identical  results  for  the  lowest  frequency ,  which  cannot  be  distinguished  in 

the  figures  shown. 

From  these  figures,  we  see  the  general  trend  clearly  that  frequencies  decrease  as 
Bm  Increases.  In  Fig.  2,  the  Bond  number  Is  large  (Bff  ■  10),  and  BM  does  not 
have  much  effect  on  the  lowest  frequency.  As  Bff  decreases  (see  Figs.  3  and  4,  I 
Bff  *  1 ,  0. 1),  the  great  effect  of  B^  can  be  seen.  At  certain  ranges  of  3M ,  the 
lowest  frequency  decreases  sharply  aa  BM  increases;  and  the  range  is  approximately 
determined  by  the  ratio  of  B^  to  ,  and  the  depth  of  liquid  L.  This  relationship 
can  be  seen  clearly  from  Eq.  (43).  if  the  terms  in  the  summation  sign  are  normalized 
in  a  slightly  different  form,  i.e. ,  for  Bff,  BM  small, 


•  o 


(75) 


NORMALIZED  FREQUENCY,  a/p 


MEMBRANE  NUMBER,  BM  -  (P0Vo)/Nr 


Fig.  3  FroquencU*  Computed  From  Eq*.  (43)  and  (73),  With 
Bond  Number  1 .0 
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A  ■ 


Apparently  the  roots  lor  Q/p^  depend  on  B^/S^  only  for  fixed  L,  X.  Physically  It 
•ays  that,  at  low  Bond  number,  the  surface  tension  plays  an  important  role;  its  effect 
depends  mainly  on  B^/B^  (the  ratio  of  the  surface  tension  to  midplane  stress  resultant 
of  the  membrane).  The  argument  holds  for  any  N-term  approximation. 

— In  Tigs.  4  and  5  we  can  see  the  effect  of  the  depth  of  the  liquid  to  radius  ratio  L .  It 
causes  the  sharp  decrease  of  frequency  occurring  at  smaller  B^  for  larger  L . 

In  Fig.  6  (a  and  b),  the  stability  boundary  with  a  (”gj/gQ)  is  plotted  versus  forcing 
frequency  normalized  by  the  rigid  tank  first  sloshing  frequency,  according  to  Eq.  (A-9) 
in  the  Appendix,  with  1  *  j  *  I  for  one-term  approximation  only. 

9  CONCLUSIONS 

From  the  exact  solution  for  free  vibration,  we  make  four  conclusions  for  the  eigenvalue 

fl ;  (1)  n  is  always  real,  for  p*  ,  x„  >  0  ;  (2)  the  elastic  effect  lowers  the  natural 

vibration  frequency;  (3)  the  elastic  effect  on  each  sloshing  frequency  is  of  order 
2 

0M/slnh  2kn  L  ;  (4)  because  of  the  presence  of  the  elastic  bottom,  coupling  of  different 
"  sloshing  modes  occurs,  and  the  effect  of  one  sloshing  mode  on  the  natural  frequency  of 
cnother  due  to  this  elastic  coupling  is  of  order  n£j . 

Numerical  results  Indicate  a  great  effect  of  surface  tension  on  the  natural  frequency  and 

stability  boundary  at  low  Bond  numbers.  If  Bff  ,  are  both  small  (<1),  then  the 

frequency  depends  on  the  combination  of  parameters  B../B  . 

m  a 
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,IZED  FREQUENCY,  B/p. 


•OND  NUMBER,  • 


RATIO  OF  IIOUIO  PERTH  TO  RADIUS,  t  ■  0.* 


MASS  RAT)  a  A 


.  -4-  •  0.04 


- IQ.  (43) 

- EO.<73> 

Dj(»  -2) 


LO,,  D,(m  -  \)J  - - - 

"  0*4 

O  MEMBRANE  NUMBER,  lM 

Fig.  4  frequencies  Computed  from  Eqt.  (43)  ond  (73),  With  Bond  Number  0.1 
and  Lower  Ratio  of  Liquid  Depth  to  Radius 


a  | 

.  2.0  ■ ! 
6  ! 


p  %  ? 

•OND  NUMBER,  I,  ■  -S-~~S-  -  0.1* 

RATIO  OF  LIQUID  PERTH  TO  RADIUS,  t  -  0.4 


MASS  RATIO,  A  •  •  0.04 

pe  e 


- IQ.  (43) 

- EQ.  (73) 


|  i.o  -I" 


0|(m  ■  1) 


0.25  0.3  0.73  1.0 

MCMMANE  NUMHR,  »m  •  (p.Ro'J/n, 


Fig,  3  frequencies  Computed  From  Eqs,  (43)  ond  (73),  With  Bond  Number  0.1 
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Appendix  A 

APPROXIMATE  BOUNDARY  FOR  A  SYSTEM 
OF  DIFFERENTIAL  EQUATIONS  WITH  PERIODIC  COEFFICIENTS 
TO  HAVE  UNBOUNDED  SOLUTION 


Following  Struhle's  (Ref.  15)  approximate  stability  boundary  for  Mathieu's  equation, 
we  extend  it  to  a  system  of  N  equations: 


! 
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jj[  +  Dy  ■  a  cos  t  Ay 


(A- 


where 


and  tys  are  different  from  aero,  a  la  a  small  parameter,  a^  are  constants.  We 
assume  that  y^s  have  the  expansions 

o'  yt  -  E,(t)  cos(ntt  -  t)  +  a  yj1^  +  a2  y[2)  + . 

•  o  *2  ••  *  ■ 

where  Et(t) ,  «t(t)  are  slowly  varying  parameters,  and  that  Et  ,  y  ,  Ej  ,  6{  Ej 

y  can  be  neglected  as  compared  with  E^  ,  y.  Substituting  (A-3)  into  (A-l),  we  get 

2nllEi®i ♦  0  (*?.*?•  ••  •)]«°»<nlt  -  ®i>  *'  2n4(Ei  + - )sin (QjV  -  «t)  +  o[y^V+  nf  yj1 

n 

-  f  2  SjjEj  |cos|(l  +  Oj)t  -  j  +  cos|(l  -  Oj)t  +  )+  O(o^)  i  -  1.2 . 


'f  •  •  .  . '  ,  - 

W;  —"W 


For  flj  ••  1  ±  Jlj  ,  we  may  solve  for  Immediately  by  taking  Ej.Oj  to  be  constants. 

But  there  Is  a  possibility  that  the  expansion  for  yj1  f  breaks  down  because  of  zero  or 

small  divisors  for  the  solution  of  y^.*  In  order  to  avoid  this  difficulty,  we  can  use 
to  cancel  those  terms  that  cause  trouble.  We  shall  consider  the  case  that 
0^  +  flj  =  1  +  0(ar )  for  only  one  pair  of  bpeciflc  1,  j . 

In  this  case,  we  remove  the  troublesome  terms  in  (A -4)  by  putting 

2fli  Ej  cos(Oi  t  -  flj)  -  20j  sln(Qj  t  -  0j) 

*  f  alj  Ej  COB  [(l  *  Bj)*  +  ®j] 

=  §• ayE^cosJtl  -  ai  -  B,)t  +  ej  +  OjJcos^t  -  Oj) 

V  \  j 

-  sin  j(l  -  1^  -  ffj)t  +  flj  +  0J]sin(nit  - 

(A-5) 

- and  a:  similar  equation  with  the  subscripts  i ,  j  Interchanged.  Then  by  equating  the 

coefficients  of  cos  ( 0r  t  -  ®  ) ,  sin  ( 0  t  -  fl  )  ,  r  *  l ,  J  we  get 

2tlj  Ej  *  jSjj  E,  cos  J(1  -  ilj  -  fl,)t  +  dj  +  flj] 

»l  fc,  -  f  atJ  Ej  sin  [(1  -  «t  -  n,)t  +  +  6,) 

20, rf,  E,  -  y  Sjj  Ej  cos  J<  —  Oj  -  0,)t  +  +  0,J 

20,  Ej  -  f  a,j  E,  sin  [(1  -  0£  -  Oj)t  ♦  9,  *  9,]  (A-6) 

—— *StfuL)IcY  R.  A. ,  Nonlinear  Differential  Equations.  New  York,McGraw-Hlll  Book 
Company,  1962,  Chapter  8,  pp.  221-227 
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It  can  be  easily  shown  that 


vjie?  “  vuEj 


9i  * 


Substituting  into  Eq.  (A-6),  it  becomes 


2D1 *'i  ■  f l<‘  -  0,  -«,)*♦  »J 

/a  a  n 

2Ri  Ei  ■  E.  “■  |d  *  »,1 


The  values  of  R{ .  Rt .  a^ ,  a^ .  a  will  determine  whether  Ej ,  E^  in  the  above  equation, 
has  unbounded  solutions  or  not.  We  note  that  Eq.  (A-8)  has  exactly  the  same  form  as 
that  obtained  by  Struble  for  a  single  Mathieu's  equation.  If  a^  a^  flj/flj  is  less  than  0 
from  Struble's  result,  all  solutions  of  Ej  are  bounded;  if  a^  a^  flj  0^  is  greater  than  0, 
its  stability  criterion  is 

1/21 

^  /®ii  t..  \  I  Stable 

|i  -  n.  -  n.|  f  Up-/  (A-») 

l  1  <  z\ni”j/  Unstable 


Unstable 
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DISCUSSION 


P.  G.  Bhuta.  TRW  Systems  Group 

Do  you  have  a  physical  explanation  for  the  line  you  get  for  instability?  Genera'ly  there 
is  a  region  of  instability. 

Tong 

These  curves  are  computed  using  Hsu's  first  order  approximation.  In  the  case  of  very 
large  forcing  amplitude  you  cannot  use  that  approximation  for  the  coupled  Mathieu 
equation.  This  is  only  the  initial  trend.  Physically,  it  says  that  the  stability  zone  is 
narrow  for  relatively  small  forcing  amplitude.  \ 
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SHAPE  AND  STABILITY  OF  THE  LIQ0ID-6AS  INTERFACE 
IN  A  ROTATING  CYLINDRICAL  TANK  AT  LOV  f 

ly  J.  fi.  SiitelJ*  ai<  W.  C. 

STAMFORD  UNIVERSITY 


ABSTRACT 

The  equilibrium  liquid-gas  interface  in  a  cylindrical  tank  rotating  at  constant  angular 
velocity  about  its  axis  in  an  axial  body  force  field  is  discussed.  A  variational  princi¬ 
ple  leads  to  a  boundary  value  problem  associated  with  the  equilibrium  free  surface 
and  an  eigenvalue  problem  associated  with  the  stability  of  that  surface.  The  principle 
results  are  a  parametric  stability  map  governing  the  existence  of  stable  menisci  and 
shape  parameters  of  the  possible  equilibrium  interface  configurations.  Experimental 
results  provide  quantitative  support  for  the  analysis. 


♦Presently  with  Lockheed  Missiles  b  Space  Company. 
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SHAPE  AND  STABILITY  OF  THE  LIQUID-GAS  INTERFACE 
IN  A  ROTATING  CYLINDRICAL  TANK  AT  LOW  g 


1  THE  PROBLEM 

This  paper  presents  a  description  of  a  study  of  the  shape  and  stability  of  the  axis- 
symmetric  liquid-gas  interface  in  a  cylindrical  container  rotating  at  constant  angular 
velocity  about  its  axis  in  an  axial  force  field.  The  objective  of  this  study  was  to  deter¬ 
mine  the  Influence  of  rotation  on  the  capillary  hydrostatics  of  the  system,  particularly 
in  a  low-gravity  environment. 

The  r^'-tive  importance  of  capillary  and  body  forces  is  indicated  by  the  Bond  number, 

2 

Bo  =  pgL  /a .  *  When  the  Bond  number  is  very  large,  as  usually  is  the  case  on  earth, 
capillary  forces  can  be  neglected.  But  in  a  low-gravity  (low  Bond  number)  environment. 

or  when  the  characteristic  dimension  of  the  system  is  small,  such  forces  must  be 

f 

considered.  This  is  the  regime  of  capillary  hydrostatics. 

\ 

Rotational  effects  are  of  interest,  not  only  for  their  own  sake  and  for  the  sake  of  a 
more  complete  understanding  of  capillary  hydrostatics,  but  also  because  many  systems 
do  rotate  or  could  be  made  to  rotate  if  this  would  prove  advantageous.  Applications 
that  immediately  come  to  mind  are  liquid-vapor  separation,  positive  liquid  positioning 
and  expulsion,  and  optimum-position  storage  pf  volatile  liquids.  ' 


*p  is  liquid  density,  a  is  surface  tension,  g  is  the  acceleration  of  a  free  particle 
in  the  body  force  field,  and  L  is  a  characteristic  dimension  of  the  system. 


2  METHOD  OF  ANALYSIS 


There  are  three  principle  idealizations  associated  with  the  analysis  upon  which  this 
paper  is  based.  *  Perhaps  the  most  restrictive  is  the  assumption  that  the  contained 
liquid  is  in  a  state  of  solid  body  rotation.  The  importance  of  this  idealization  depends 
upon  when,  after  initiation  of  rotation,  one  chooses  to  apply  the  results. t 

A  second  assumption  is  that  all  liquid  properties,  including  p  and  a  ,  are  uniform 
throughout  the  system  and  constant  in  time.  It  is  also  assumed  that  the  liquid-solid 
contact  angle,  0,  is  uniform  and  constant  in  time.  The  contact  angle  is  sensitive 
to  changes  In  surface  and  environmental  conditions,  and  some  dynamic  hysteresis  of 
the  contact  angle  is  commonly  observed  except  in  the  case  of  very  pure  liquids  on 
clean  surfaces. 

Constancy  of  the  contact  angle  then  implies  that  the  liquid  is  pure  and  uncontaminated, 
the  surface  is  clean  and  homogeneous,  and  the  environment  is  constant. 

The  third  important  assumption  is  that  the  meniscus  stability  may  be  determined  from 
an  lnvlscld  treatment.  There  arejheoretlcal  results  indicating  that  static  and  dynamic 
stability  analyses  yield  the  same  results  for  the  inviscid  case  and  that  viscous  forces 
do  not  appreciably  Influence  the  stability  limit  in  a  dynamic  analysis.*  Hence,  this 
assumption  is  felt  to  be  both  legitimate  and  expedient. 


‘The  study  upon  which  this  paper  is  based  was  supported  by  the  National  Science 
Foundation  under  grant  NSF-GP-2720;  the  results  are  reported  in  complete  detail 
in:  Stanford  University,  Configuration  and  Stability  of  a  Rotating  Axisymmetrlc 
Meniscus  at  Low-g,  by  J.  G.  Seebold  and  W.  C.  Reynolds,  Mech.  Engrg.  Dept. 
Report  No.  LG-4,  Stanford,  Calif.,  1965 
t  Development  time  for  solid-body  rotation  cannot  be  predicted  by  simple  viscous 
diffusion  theory.  Estimates  based  on  viscous  diffusion  are  found  experimentally  to 
be  over-predictive  by  orders  of  magnitude.  A  much  better  estimate  is  given  by: 

H.  P.  Greenspan  and  L.  N.  Howard,  "On  a  Time-Dependent  Motion  of  a  Rotating 
Fluid,"  J,  FI.  Mech.,  Vol.  17,  Part  3,  1963 
‘See,  for  example:  P.  Concus,  "Capillary  Stability  In  an  Inverted  Rectangular  Tank," 
Symposium  on  Physical  and  Bilogl  M  Phenomena  in  a  Weightless  State.  Vol.  14, 
American  Astronautical  Society,  edfi  ed  by  E.  T.  Benedikt  and  R.  W.  Halliburton; 


Stanford  University,  The  Dynamics  of  the  Free  Liquid  Surface  In  Cylindrical 

Containers  Under  Strong  Capillary  and  Weak  Gravit 

y  Conditions,  by  H.  M.  Satterlee 

and  W.  C.  Reynolds,  Mech,  Engrg.  Dept.  Report  h 
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fo.  LG-2.  Stanford.  Calif..  1864 

In  addition,  we  neglect  the  density  of  the  covering  gas  in  describing  both  the  shape  and 
stability  of  the  surface.  The  gas  density  can  be  included  by  replacing  the  liquid  density 
by  pjtq  -  in  the  results  of  the  present  analysis.  * 

There  are  two  methods  by  which  one  might  formulate  the  theory.  One  method,  which 
might  be  termed  the  direct  approach,  is  to  set  up  the  differential  equation  of  the  free 
surface  by  considering  a  force  balance  on  an  infinitesimal  annular  ring  of  the  surface. 
The  meniscus  shape  is  obtained  by  integrating  this  equation.  Stability  can  be  investi¬ 
gated  by  formulating  the  dynamic  problem  for  infinitesimal  motion  within  the  liquid  in 
terms  of  the  velocity  potential.  If  a  periodic  time  variation  of  the  velocity  potential 
is  assumed,  characteristic  frequencies  can  be  obtained  from  the  resulting  eigenvalue 
problem.  The  resulting  normal  modes  of  vibration  possess  either  real  or  imaginary 
frequencies.  If  the  frequency  is  real,  the  disturbance  simply  oscillates  in  time  and 
the  surface  is  stable.  An  imaginary  frequency  implies  that  the  disturbance  amplitude 
will  grow  in  time,  hence,  that  the  surface  is  unstable.  A  system  with  no  unstable 
modes  is  considered  to  be  stable  to  small  disturbances,  t 

An  alternative  method,  which  may  be  termed  the  indirect  approach,  is  to  formulate 
the  problem  in  terms  of  a  variational  principle,  ♦  In  this  case  Hamilton's  principle. 

This  principle  is  an  extension  of  the  familiar  proposition  that  a  conservative  mechanical 
system  is  in  a  condition  of  stable  equilibrium  when  its  total  potential  energy  is  a  mini¬ 
mum.  In  this  circumstance,  a  small  perturbation  produces  only  small-order  changes 
in  the  potential  energy  of  the  system,  and  the  small  forces  that  are  developed  are  of 
restoring  tendency.  Hamilton's  principle  allows  consideration  of  kinetic  ,  as  well  as 
potential,  energy  terms.  It  asserts  that  the  motion  must  be  such  that  the  integral  over 


♦This  gives  an  "exact"  correction  for  shape,  and  a  good  approximate  correction  for 
stability.  \ 

f  For  an  example  of  this  type  of  analysis,  see:  Stanford  University,  The  Dynamics 
of  the  Free  Liquid  Surface  in  Cylindrical  Containers  Under  Strong  Capillary  and 
Weak  Gravity  Conditions,  by  H.  M.  Batter  lee  and  W.  C.  Reynolds.  Mech.  Engrg. 
Dept.  Report  No.  1X3-2,  Stanford,  Calif. ,  1964 
♦  P.  Concus,  "Capillary  Stability  in  an  Inverted  Rectangular  Tank",  Symposium  on 
Physical  and  Bilogical  Phenomena  in  a  Weightless  State,  Vol.  14,  American 
Astronautlcal  Society,  edited  by  E.T,  Benedikt  and  R.W,  Halliburton 
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time  of  the  difference  of  the  kinetic  energy  and  potential  energy  functions  is  minimized. 
This  difference  is  called  the  "Lagrangian"  of  the  variational  problem.  The  necessary 
condition  for  minimization  yields  the  Euler- Lagrange  equation  of  the  variational  prob¬ 
lem,  which  is  Identical  with  the  differential  equation  for  the  equilibrium  free  surface. 
The  Euler- Lagrange  equation  can  be  Integrated  to  oV*sin  the  surface  shape,  as  before. 
The  sufficient  condition  for  minimization  Is  that  the  second  variation  of  the  dlffefonce 
integral  be  positive.  The  critical  condition  of  "neutral"  or  "marginal"  stability  is 
then  obtained  by  setting  the  second  variation  equal  to  zero.  The  result  is  the  Jacobi 
equation  of  the  variational  problem,  and  an  eigenvalue  problem  for  the  stability  limit.41 

The  important  contrast  between  these  two  approaches  lies  in  the  difference  in  stability 
analyses.  In  the  direct  approach,  a  dynamic  analysis  is  employed  that  must  yield 
dynamic  stability  limits.  In  the  indirect  approach,  stability  is  investigated  by  means 
of  a  variational  principle  which  can  give  only  static  results.  The  crucial  link  between 
the  two  stability  analyses  is  that,  under  certain  circumstances,  the  eigenvalue  prob¬ 
lems  for  the  stability  limits  that  result  from  each  of  the  two  methods  are  identical,  t 
In  this  circumstance,  static  stability  implies  dynamic  stability,  a  condition  not  com¬ 
monly  found  in  mechanics.  'When  this  is  the  case,  one  can  determine  stability  limits 
by  either  method,  preferably  by  the  easier.  In  this  study,  the  indirect  approach  was 
employed  for  stability  analysis.  The  equivalence  of  static  and  dynamic  stability 
criteria  for  the  nonrotating  cylinder  has  been  established  analytically.  ♦  This  corre¬ 
spondence  is  assumed  to  hold  with  rotation,  and  the  results  of  a  companion  experiment 
appear  to  Justify  this  assumption.  * 


♦For  a  thermodynamic  formulation,  see:  Stanford  University,  Capillary  Hydrostatics 
and  Hydrodynamics  at  Low  g,  by  W.  C.  Reynolds,  M.  A.  Saad,  and  H.  M.  Batter  lee, 
Mech.  Engrg.  Dept.  Report.  No.  LG-3,  Stanford,  Calif. .  1964 

*  P.  Coneus,  "Capillary  Stability  in  an  Inverted  Rectangular  Tank",  Symposium  on 
Physical  and  Blloglcal  Phenomena  in  a  Weightless  State.  Vol.  14,  American 
Astronautlcal  Society,  edited  by  E.  T.  Benedtkt  and  R.  W.  Halliburton 

*  Stanford  University,  The  Dynamics  of  the  Free  Liquid  Surface  in  Cylindrical  Containers 
Under  Strong  Capillary  and  Weak  Gravity  Conditions,  by  H.M.  Satterlee  and 

W,  C.  Reynolds,  Mech.  Engrg.  Dept.  Report  No.  LG-2,  Stanford,  Calif.,  1964 

*  Stanford  University,  Configuration  and  Stability  of  a  Rotating  Axlsymmetrlc  Meniscus 
at  Low-g,  by  J.  G.  Seebold  and  W.  C.  Reynolds,  Mech.  Engrg.  Dept,  Report  No. 

LG-4,  Stanford,  Calif. ,  1965 


12-5 


3  NATURE  OF  RESULTS 


The  result  of  integrating  the  surface  equation  is  the  shape  of  the  Interface.  The  result 
can  be  presented  in  a  number  of  ways.  The  most  useful  information  for  design  purposes 
appears  to  be  the  height  of  rise  of  the  liquid  up  the  wall  of  its  container  and  the  depth 
of  penetration  of  the  meniscus  toward  the  bottom.  In  order  to  make  feasible  the  graph¬ 
ical  presentation  of  such  information,  at  least  one  of  the  parameters  of  the  problem 
should  be  fixed.  Since  the  case  of  zero  g  is  of  particular  Interest,  we  have  presented 
the  height  ratios  (height/tank-diameter)  for  the  case  of  zero  axial  body  force. 

The  result  of  the  stability  analysis  is  a  stability  map  that  one  can  enter  with  the 
parameters  of  a  particular  situation  and  find  out  if  a  stable  rotating  meniscus  can 
exist.  The  most  commonly  observed  type  of  instability  is  the  "falling  out"  type.  In 
a  small  enough  system,  such  as  a  thermometer  at  1  g,  the  liquid  can  be  maintained 
at  the  top  of  an  inverted  cylinder  and  stabilized  by  the  capillary  forces.  Now.  suppose 
we  are  able  to  dilate  the  cylinder  very  slowly  in  some  way.  Intuition  tells  us  that 
eventually  the  interface  would  fail  and  the  liquid  would  fall.  Instabilities  in  which  the 
fluid  on  top  displaces  the  lighter  fluid  on  which  it  rests  are  often  called  "Taylor" 
instabilities.  *  We  will  adopt  this  designation  in  order  to  distinguish  the  "falling  out" 
type  of  instability  from  another  that  will  be  discussed  presently. 

When  the  cylinder  is  not  rotating,  instabilities  are  of  the  Taylor  type;  whenever  the 
critical  Bond  number  is  exceeded,  the  heavier  fluid  on  top  displaces  the  lighter  fluid 
upon  which  it  rests.  Thus,  if  we  have  a  tube  partially  filled  with  some  liquid,  when¬ 
ever  the  Bond  number  is  less  than  the  critical  value  we  will  be  able  to  invert  the  tube 
without  disturbing  the  meniscus,  t  This  can  be  done  rather  easily  with  a  1/4 -in. 


♦Even  though  his  name  is  often  used  in  connection  with  this  kind  of  instability,  Taylor 
did  not  consider  surface  tension  effects. 

*  Provided  that  the  inversion  process  does  not  itself  destroy  the  meniscus. 


diameter  tube  and  water,  for  example,  while  it  cannot  be  done  with  a  1/2-in.  diameter 
tube.  The  Inverted  configuration  is  impossible  in  the  1/2-in.  tube  because  the  magni¬ 
tude  of  the  Bond  number  associated  with  the  inverted  meniscus  Is  too  great.  The 
dependence  of  the  critical  Bond  number  on  the  contact  angle  0  of  the  liquid-solid  sys¬ 
tem  in  a  nonrotating  cylinder  has  been  thoroughly  investigated.  *  The  curve  of  critical 
Bond  number  versus  contact  angle  is  symmetrical  about  the  most  stable  case,  which 
occurs  for  the  flat  interface  (0  *  90  deg). 

The  stability  results  presented  in  this  paper  show  that,  when  rotation  is  introduced, 
two  Important  differences  arise.  First,  the  curve  of  critical  Bond  number  for  Taylor  \ 
instability  is  no  longer  symmetrical;  wetting  liquids  become  unstable  at  smaller  nega¬ 
tive  Bond  numbers,  and  nonwetting  liquids  become  unstable  at  larger  negative  Bond 
numbers.  *  Thus,  in  general,  rotation  tends  to  destabilize  the  wetting  liquids  and  to 
stabilize  the  nonwetting  liquids.  A  second  effect  of  rotation  is  to  introduce  another 
type  of  instability.  Suppose  we  have  a  specific  container  and  a  specific  liquid  so  that 
0  and  Bo  are  fixed;  it  can  happen  that  as  we  Increase  rotation  no  Instability  of  the 
Taylor  type  will  be  encountered,  but  that  as  soon  as  the  rotation  exceeds  a  critical 
value  a.  solution  to  the  meniscus  equation  cannot  be  obtained.  We  interpret  this  as 
implying  that  there  is  no  meniscus  that  will  span  the  cylinder.  The  rotational  instability 
is  one  of  nonexistence.  The  results  of  this  study  show  that  when  the  limit  of  rotational 
stability  is  exceeded,  no  mlnlscua  canexist  and  the  liquid-gas  Interface  undergoes  a 
transition  to  a  bubble  or  pseudoannular  configuration.  The  limit  of  rotational  stability 
depends  on  the  contact  angle  of  the  liquid-solid  system,  the  systems  with  small  con¬ 
tact  angles  being  the  most  easily  disturbed. 


*ln  the  latter  half  of  the  1 9  th  century,  Bashforth  and  Adams  were  already  conducting 
investigations  on  this  subject. 

t  We  regard  wetting  liquids  as  those  that  exhibit  contact  angles  less  than  90  deg,  and 
nonwetting  liquids  as  those  exhibiting  greater  contact  angles.  Bond  number  is  con¬ 
sidered  to  be  negative  when  the  liquid  is  on  top. 
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4  SUMMARY  OF  RESULTS 

Numerical  integration  of  the  differential  equations  obtained  from  the  variational  formu- 
;  lation  leads,  in  principle,  to  a  description  of  all  possible  neutrally  stable  menisci, 

j  For  the  nonrotating  cylinder,  the  Bond  number  (Bo)  and  the  contact  angle  (0)  suffice 

j  to  completely  determine  both  the  shape  and  stability  of  the  meniscus.  The  introduction 

i  of  rotation  has  the  concomitant  effect  of  requiring  an  additional  descriptive  parameter. 

|  We  call  this  parameter  the  ’’rotational  Weber  number",  Q2  *  ( prf/a  J  u2 ,  where 

rj  is  the  radius  of  the  cylinder  and  u  is  the  speed  of  rotation.  To  each  neutrally 
stable  meniscus  there  belongs  a  Bond  number,  a  contact  angle,  and  a  critical  rotational 
Weber  number.  In  Fig.  1,  the  lines  of  constant  critical  C2  on  a  Bo  -  9  plane  are 
- *  shown.  The  line  II2  »  0  represents  the  familiar  relation  between  critical  Bond  num¬ 
ber  and  contact  angle  for  Taylor  Instability  in  the  nonrotating  cylinder.  The  dashed 

line  separates  the  regions  in  which  Taylor 
instability  and  nonexistence  instability  of 
the  meniscus  occur.  In  the  region  above 
the  dashed  line ,  where  no  Taylor  Insta¬ 
bilities  occur,  solutions  to  the  meniscus 
equation  can  be  found  only  if  the  rotational 
speed  is  not  too  great.  Thus,  the  lines  of 
constant  fl2  above  the  dashed  line  mark 
the  regions  in  the  Bo  -  0  plane  in  which 
no  solutions  of  the  meniscus  equations  can 
be  found.  This  region  includes  two  special 
cases  of  Interest,  zero  Bond  number  and 
zero  contact  angle,  which  are  shown 
separately  in  Figs.  2  and  3. 

Consider,  for  example,  rotation  with  O2  ■  8. 
The  curve  O2  »  8  in  Fig.  T  defines  the 
critical  Bond  number  as  a  function  of  con¬ 
tact  angle  for  the  given  rotational  condition. 

I 


Fig.  1  Stability  Mop 
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Fig.  2  Existence  Map  (Zero  Bond  Number)  Fig.  3  Existence  Map  (Zero 

Contact  Angle ) 


I 

\ 


For  Bo  -  0  combinations  tbovo  the  curve,  menisci  exist  and  are  stable  to  small 
disturbances.  Below  the  curve  and  below  the  dashed  line  the  meniscus  exists,  but  It 
will  exhibit  Taylor  instability.  Below  the  curve  and  above  the  dashed  line  no  solution 
to  the  meniscus  equation  exists,  and  a  shape  transition  will  occur. 


Point  (a)  of  Fig.  1  can  be  calculated  by  considering  the  differential  equation  of  the 
Interface  and  a  perturbation  about  the  zero  contact  angle  point.  Since  the  surface  slope 
at  the  wall  Is  positive  infinite  and  the  curvature  is  non-negative  for  rotational  surfaces 
that  exhibit  zero  contact  angle,  one  finds  that  02  s  4  is  required  for  existence  of 
zero-gravity  aero-contact  angle  solutions.  The  procedure  for  calculating  this  existence 
limit  was  extended  to  include  annular  tanks.  The  result  is 


3  2 

*  pro w 
0  «  — r —  s 


(1  -  r/r0) 


where  rj  and  rQ  are  the  inner  and  outer  radii  of  tbs  tank. 
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A  convenient  means  of  characterizing  tlw  zero-g  meniscus  shape  is  to  present  the 
extreme  dimensions  of  the  meniscus  (the  height  of  rise  at  the  wall  and  depth  of  fall  at 
the  center)  normalized  by  dividing  by  tank  diameter.  These  height  rm  ios  as  functions 
_of  thetither  pertinent  parameters  are  probably  the  most  slgniiK  ant  aspects  of  the 
meniscus  shape  from  the  standpoint  of  tank  design.  This  Information  is  presented 
In  Pig.  4.  where  Lj  is  the  height  of  rise  of  the  liquid  up  the  tank  wall,  and  Lg  is 
the  depth  of  penetration  of  the  meniscus  toward  the  tank  bottom.  Both  distances  are 
measured  from  the  mean  liquid  level  and  normalized  on  tank  diameter.  The  dashed 
lines  correspond  to  the  nonexistence  limit  discussed  previously. 

The  stability  analysis  shows  that  as  long  as  rotational  speed  is  below  a  certain  critical 
value  a  stable  zero-g  meniscus  a  ill  exist.  As  the  rotational  speed  is  increased,  the 
meniscus  becomes  more  distended  and  may  eventually  reach  the  top  or  bottom  of  a 
tank  of  finite  length.  This  contact  with  tank  top  or  bottom  leads  to  destruction  of  the 
meniscus,  so  it  is  of  considerable  Importance. 

"For'example,  even  in  the  regime  of  sub- 
critical  rotation,  the  meniscus  will  fall 
to  exist  when  the  mean  liquid  level  is  too 
high.  In  such  a  case,  a  meniscus  that 
could  span  the  tank  does  exist,  but  the 
presence  of  the  tank  top  prevents  the 
liquid  from  rising  to  its  equilibrium 
height.  It  seem  inevitable  that  a  bubble , 
possibly  attached  at  the  tank  top,  will  be 
formed.  This  condition  is  characterized 
by  lack  of  sufficient  ullage. 

If  we  define  a  factor  that  is  descriptive 
of  tank  loading  and  geometry,  y  • 

L<  1  -  f )/D  ,  we  can  obtain  from  the  Fig.  a  Msniicut  Configuration 

(N-0) 
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surface  integrations  an  "insufficient  ullage  criterion.  "*  This  criterion  Is  shown  in 
Fig.  5.  Points  above  the  applicable  y-line  represent  "topped-out"  menisci  resulting 
from  insufficient  ullage. 

As  an  example  of  the  use  of  Fig.  S,  suppose  we  have  a  liquid  that  exhibits  a  contact 

angle  of  4-1/2  deg  contained  in  a  tank  of  L/D  »  3.  Suppose  that  this  tank  will  be  rotated 

at  such  a  speed  that  O2  «  2,  and  we  want  to  know  how  high  we  can  fill  the  tank  and 

still  maintain  a  meniscus.  Figure  S  shows  that,  at  9  ■»  4-1/2  deg  and  il2  ■  2  (since 

L/D  =  3),  f  should  not  be  greater  than  about  0.867  if  a  meniscus  is  to  be  maintained. 

Consequently,  if  the  tank  were  filled  to  90  percent  we  should  expect  to  see  a  bubble. 

and  if  filled  to  80  percent  we  should  expect  to  see  a  meniscus.  Photographs  of  zero-g 

drop-tower  experiments  involving  methanol  in  a  tank  (with  L/D  *  3),  which  gives  a 

contact  angle  of  about  4-1/2  deg.  are  shown  in  Fig.  6.  In  the  bottom  row.  the  tanks 

2 

are  rotating  at  a  speed  such  that  fl  *  2  .  Thus,  all  the  conditions  of  this  example 
are  fulfilled,  and  we  see  that  the  80  percent  surface  is  indeed  a  meniscus  while  the 
90  percent  surface  is  a  bubble. 


Destruction  of  the  meniscus  will  also  occur, 
even  for  aubcritical  rotation,  if  the  mean 
liquid  level  is  too  low.  In  this  case,  the 
meniscus  Is  prevented  from  falling  to  its 
equilibrium  depth  by  the  presence  of  the 
tank  bottom.  The  bottom  must  then  be  par¬ 
tially  exposed,  and  the  liquid  must  form  a 
sort  of  pseudoannulus.  We  have  coined  the 
term  "annuloid"  to  describe  this  surface 
because,  while  it  is  not  an  annulus,  it  is 


*L  is  the  length  of  the  tank.  D  in  its  diam¬ 
eter,  and  f  Is  the  fraction  of  tank  volume 
that  is  filled  with  liquid. 


•i 


Fig.  5  Imufficient  Ullage  Criterion  for 
Svbcrltlcal  Rotation  (Bo  »  0) 
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tank  voiumi  fiare  tv  liquid  <%) 


Fig.  6  Zero-Gravity  Teit-Run  Photograph* 

Uke  an  annulus  since  both  ends  of  the  tank  are  at  least  partially  exposed.  If  we  define 
— - "another  tank  loading  and  geometry  factor,  fi  =  fL/D  ,  we  can  obtain  an  "insufficient 
liquid  criterion"  from  the  surface  integrations.  This  criterion  is  shown  in  Fig.  7. 
Points  above  the  applicable  6 -line  represent  "bottomed -out"  menisci  due  to  insuffi¬ 
cient  liquid. 

Consider  an  example  in  which  a  tank  of  L/D  *  3  contains  a  liquid  that  exhibits  a  con¬ 
tact  angle  of  4-1/2  deg.  This  tank  will  be  rotated  at  a  constant  speed  such  that  02  -  2, 
and  we  want  to  know  how  little  liquid  should  be  present  so  that  the  tank  bottom  will  not 
be  exposed.  Figure  7  shows  that,  at  02  ■  2  and  0  »  4-1/2  deg  (since  L/D  *  3), 
as  long  as  f  exceeds  about  0,07  a  meniscus  should  exist  and  no  part  of  the  tank  bottom 
should  be  exposed.  This  example  has  been  chosen  to  correspond  to  the  parameters 
of  Fig.  6:  methanol  exhibits  a  contact  angle  of  about  4-1/2  deg,  the  tanks  have  L/D  *  3, 
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and  in  the  bottom  row  the  tanks  are  rotating 
with  fi2  =  2. 


I  ic  i  rex  our 
(AMNUtOIOI 


We  see  that,  even  when  the  tank  loading 
is  reduced  to  10  percent,  the  tank  bottom 
remains  unexposed  as  this  example  would 
lead  us  to  expect. 


No  meniscus  can  exist  in  the  region  of  /  /  /  | 

supercritical  rotation.  The  evidence  of  pToj  y'  /  /  “  *  5 

Fig.  6  and  many  similar  observations  L— ^ 

seems  to  indicate  a  bubble  or  an  annuloid  * — £ — £ — £ — u  x — ton — to — w 

is  produced.  The  bubble  forms,  as  co*t*ctamou, *  mgi 

expressed  in  oversimplified  terms,  when 

.  Fig.  7  Insufficient  Liquid  Criterion  for 

liquid  Is  forced  up  the  wall  In  order  to  Subcritlcol  Rotation  (Bo  *  0) 

reduce  the  effective  diameter  that  must 

be  spanned  by  the  liquid-gas  Interface. 

If  a  sufficient  reserve  of  liquid  is  available,  the  annular  layer  thus  created  becomes 
sufficiently  thick  that  an  equilibrium  meniscus  can  span  the  reduced  diameter.  If 
not,  the  bottom  of  the  tank  is  exposed  and  an  annuloid  results.  The  bubble  configura¬ 
tion  fails  when  the  length  of  the  required  bubble  exceeds  the  length  of  the  tank.  By 
examining  the  zero-g  surface  Integrations  that  exhibit  zero  contact  angle,  we  can 
obtain  both  the  configuration  characteristics  of  rotating  zero-g  bubbles  and  an  insuffi¬ 
cient  length  criterion  for  the  existence  of  such  bubbles.  The  bubble  major  and  minor 
axes  normalized  on  tank  diameter  are  presented  in  Fig.  8.  The  insufficient  length 
criterion  for  the  supercritical  rotation  region  is  shown  in  Fig,  9.  Above  the  appro¬ 
priate  lino  corresponding  to  tank  L/D,  we  find  the  annuloid  regime;  below  the  line  lies 
the  bubble  regime. 


As  an  example  of  the  use  of  Fig.  9,  suppose  we  have  a  tank  of  L/D  *  3  rotating  at 
such  a  speed  that  il2  ■  8 .  We  wish  to  know  how  little  liquid  can  be  present  so  that  a 
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Fig.  8  Bubble  Configuration  (Bo  =  0)  Fig.  9  Insufficient  Length  Criterion  for 

Supercritical  Rotation  (Bo  *  0) 

bubble  Is  still  maintained.  Figure  9  shows  that,  when  fl2  =  8  and  L/D  =  3 ,  as  long 
as  f  exceeds  about  0.2  the  bubble  length  should  be  contained  in  the  tank  and  an  annuloid 
should  not  result.  The  experiments  shown  In  the  top  row  in  Fig.  6  correspond  to  the 
stipulations  of  this  example  (I?2  =  8  and  L/D  =  3).  We  see  that  when  the  tank  load¬ 
ing  is  reduced  to  20  percent,  a  bubble  Is  no  longer  contained  and  the  annuloid  config¬ 
uration  results. 

5  CONCLUSION 

While  we  tend  to  think  of  the  liquid-gas  equilibrium  Interface  as  a  meniscus,  it  has 
become  clear  that  two  other  interface  shapes  may  arise,  either  inadvertantly  or  inten¬ 
tionally,  in  rotating  tanks  at  zero  g.  All  three  classes  of  shapes  are  represented  In 
Fig.  6.  The  classes  are  menisci,  bubbles,  and  a  third  shape  in  which  both  the  top  and 


bottom  of  the  tank  are  at  least  partially  exposed.  Though  this  shape  is  not  an  annulus, 
It  is  like  an  annulus,  and  we  have  coined  the  term  "annuloid"  to  describe  it. 

There  are  three  regimes  In  an  02  -  f  plane  in  which  these  distinctly  different  liquid- 
gas  equilibrium  Interfaces'lffiouTd'be  expected.  In  the  region  of  subcritical  rotation, 
a  meniscus,  annuloid,  or  bubble  may  appear;  in  the  region  of  supercritical  rotation 
only  the  latter  two  shapes  may  be  expected.  An  example  of  the  location  of  these  three 
regimes  is  given  in  Fig.  10  for  a  liquid  that  exhibits  a  contact  angle  of  zero  deg  (a 
perfect  wetter)  ard  a  tank  of  L/D  =  2 .  This  example  is  obtained  directly  from  the 
three  criteria  presented  In  the  foregoing  section  (Figs.  5,  7,  and  9).  Interface  shape 
characteristics  are  given  for  zero-g  menisci  and  bubbles  in  Figs.  4  and  8.  The 
characteristics  of  the  annulolds  are  that  both  ends  of  the  tank  are  at  least  partially 
exposed,  and  all  the  liquid  Is  on  the  wall  of  the  tank. 


Fig.  10  Regime  Graph  With  I/D  *  2,  0  18  Odeg, 
and  Bo  *  0 
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DISCUSSION 


Paul  Concua.  Lockheed 

You  pointed  out  that  when  the  liquid  is  rotating,  wetting  and  non-wetting  liquids  would 
be  affected  differently.  Did  you  try  any  experiments  with  non-wetting  liquids? 

f 

See  bold  \ 

We  didn't  try  non-wetting  liquids.  We  were  not  interested  in  them  because  spacecraft 
propellants  are  typically  very  good  wetters.  The  non-wetting  results  were  included 
simply  to  complete  the  presentation  of  the  theory. 

W.  E.  Jahsman.  Lockheed 

Why  did  you  choose  to  characterize  your  results  in  terms  of  a  rotational  Weber  number 
rather  than  a  Bond  number? 

See  bold 

2 

ILwe  interpret  urQ  as  a  velocity,  the  dimensionless  grouping  f l  looks  like  a  Weber 
number.  By  regrouping  the  factors,  a  rndinl  Bond  number  would  be  obtained.  What 
is  important  is  that  f l  is  a  number  that  compares  the  Importance  of  radial  body 
forces  with  surface  forces. 

Jahsman 

In  a  practical  case  for  large  tanks  such  as  the  Saturn  where  a  small  thruster  is 
employed  to  generate  axial  Bond  numbers  of  the  order  of  200,  wouldn't  these  large 
axial  Bond  numbers  overpower  the  destabilizing  effect  of  the  smalt  rotational  rates 
you  spoke  of? 


Scobold 


I'm  sure  they  would.  I  pointed  out  that,  in  a  zero-g  environment,  the  critical  rotational 
rates  for  large  tanka  would  bo  quite  low,  being  measured  in  terms  of  a  few  revolutions 
per  hour.  When  the  net  axial  acceleration  is  not  zero,  as  is  usually  the  case,  the  im¬ 
portant  comparison  would  be  between  the  resulting  axial  Bond  number  and  the  radial 
Bond  number  you  spoke  of  in  your  first  question.  There  are  parametric  stability  data 
in  the  paper  for  the  low  axial  Bond  number  range.  If  the  axial  Bond  number  were  not 
small,  then  the  rotational  rate  required  to  overpower  the  axial  acceleration  would  also 
not  be  small.  -  ■ 

Merto,  University  of  Michigan 

In  your  presentation  you  referred  to  the  simple  viscous  theory  for  predicting  time  to 
achieve  solid  body  rotation.  Were  you  referring  to  pure  radial  diffusion  or  do  you  in¬ 
clude  the  axial  diffusion  to  ralculate  this  time? 

Seebold 

No,  I  onlv  refer  to  the  propagation  of  a  viscous  boundary  layer  inward  from  the  wall  in 
order  to  illustrate  the  absurd  development  time  that  results,  but  I'm  sure  the  estimate 
will  still  be  far  off  if  you  consider  propagation  from  the  bottom  of  the  tank  as  well.  A 
much  closer  estimate,  referenced  in  the  paper,  is  given  by  Greenspan  and  Howard. 
Viscous  processes  lead  to  the  formation  of  an  Ekman  layer,  which  promotes  a  torroidal 
circulation  that  seems  to  be  the  primary  development  mechanism  of  solid  body  rotation. 
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MENISCUS  SHAPE  UNDER  REDUCED-GRAVITY  CONDITIONS 


I j  H.  M.  Sittirlii  ini  J.  H.  Chin 
LOCKHEED  MISSILES  I  SPACE  COMPANY 


ABSTRACT 

The  shape  of  the  capillary  surface  In  a  right  circular  cylinder  is  a  function  of  the  Bond 
number,  B  (ratio  of  gravitational  forces  to  surface  tension  forces  acting  on  the  liquid), 
and  the  contact  angle,  9  (measured  from  the  solid  surface  to  the  limiting  tangent  to 
>he  liquid-gas  interface).  The  derivation  of  the  differential  equation  for  this  capillary 
surface  is  given  along  with  the  results  of  numerical  calculations  for  0  <  B  <  81  and 
0  deg  s  I  s  90  deg.  An  ellipsoid  of  revolution  approximation  to  the  capillary  surface 
shape  is  also  developed.  Experimental  data  regarding  the  shape  of  the  capillary  sur¬ 
face  are  reported  together  with  the  experimental  techniques. 

Comparison  of  experimental  data  with  numerical  solutions  Indicates  good  agreement. 
Comparison  of  the  ellipsoidal  approximation  to  the  numerical  solutions  indicates  that 
the  ellipsoidal  approximation  can  be  used  for  engineering  calculations  in  the  range 
0  s  B  s  10. 


MENISCUS  SHAPE  UNDER  REDUCED-GRAVITY  CONDITIONS 
1  INTRODUCTION 

The  design  of  a  rocketship  for  operation  In  space  nearly  always  involves  consideration 
of  liquid  behavior  under  nearly  weightless  conditions.  Because  the  body  forces  that 
act  on  liquids  under  normal  conditions  on  the  earth  are  very  much  reduced,  the  liquids 
will  behave  quite  differently.  Liquid  motions  will  ordinarily  be  much  slower  and  the 
interface  shapes  will  be  highly  curved.  The  shape  of  the  liquid-gas  interface  in  cylin¬ 
drical  rocket  tanks  under  reduced  gravity  is  the  subject  of  this  paper. 

Knowledge  of  the  shape  of  liquid  masses  in  rocketships  in  flight  is  necessary  for  sev¬ 
eral  reasons.  For  example,  the  different  shape  of  the  liquid  in  the  tank  results  in  a 
different  wetted  area  from  that  under  ordinary  high-gravity  conditions.  In  addition, 
the  distorted  free  surface  will  ordinarily  have  a  larger  area.  In  the  first  example, 
knowledge  of  the  difference  ir.  wetted  area  can  be  used  to  calculate  the  heat  transfer 
between  the  tank  walls  and  the  liquid.  In  the  second,  the  larger  surface  area  can 
change  the  calculated  heat  and  mass  transfer  between  the  liquid  and  the  ullage  space. 

The  differential  equation  for  the  shape  of  liquid  masses  when  surface  tension  in  im¬ 
portant  has  been  known  for  some  time.  In  fact,  knowledge  of  the  properties  of  the 
solution  of  this  differential  equation  has  been  used  as  a  means  for  measuring  the  sur¬ 
face  tension  of  liquids  from  measured  heights  of  sessile  dropi. 

Long  ago,  Rayleigh*  reported  a  number  of  theoretical  observations  concerning  the 
meniscus  shape  in  cylindrical  containers.  This  effort  grew  out  of  discussions  of 
corrections  of  surface-tension  measurements  made  by  the  capillary  rise  method. 
Rayleigh,  in  fact,  studied  the  capillary  shape  under  what  would  today  be  considered 
very  low-  and  high-gravity  conditions.  In  his  works,  he  refers  to  a  suggestion  of 
Hagen  and  Desains  that  the  capillary  surface  in  a  cylinder  is  similar  in  shape  to  an 

•Baron  Rayleigh  (J.  W.  Strutt),  "On  the  Theory  of  the  Capillary  Tube,"  Scientific 
Papers,  Vol  VI,  Cambridge  Univ.  Press,  1820,  p.  355 
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oblate  spheroid.  The  work  of  Bashforth  and  Adams*  is  often  quoted  by  workers  in 
surface  chemistry  in  connection  with  precise  surface-tension  measurements.  More 
recently  Jahsmant  used  a  series  expansion  method  applicable  for  low  Bond  numbers.4 
The  work  of  all  of  these  researchers  can  be  used  to  p*x>vlde  insight  into  the  shape  of  a 
meniscus  under  low-gravity  conditions.  However  the  results  of  these  efforts  have  not 
been  presented  in  such  a  way  aa  to  be  readily  useful.  Recently,  Reynolds*  presented 
the  results  of  a  large  number  of  calculations  on  the  shape  of  capillary  surfaces  in  a 
more  useful  manner.  However,  only  the  volume  contained  within  the  curve  and  its 
rise  height  at  the  container  wall  were  presented. 


Use  of  the  capillary  shape  in  measuring  surface  tension  is  an  adequate  verification  of 
the  differential  equation  of  the  free  surface.  However,  experimental  confirmation  has 
been  limited  to  examination  of  nonwetting  drops  of  ,'iquid  on  top  of  horizontal  surfaces 
or  of  bubbles  in  a  wetting  liquid  on  the  lower  side  of  horizontal  surfaces.  In  other 
words,  previous  observations  have  been  made  with  drop  or  bubble  shapes  that  are 
double  valued  with  respect  to  the  vertical  coordinate.  Measurements  are  made  more 
easily  when  referenced  to  the  width  of  the  drop  or  bubble  measured  where  the  slope  is 
vertical  (see  sketch  at  right). 


In  the  remainder  of  this  paper,  the  differ¬ 
ential  equation  of  the  capillary  surface  Is 


7777777777 


r _ j\ 

■  width  "  * 


—  I . 

height 

- ? 

77777777 


*lt  is  interesting  to  note  that  many  famous  investigators  of  the  last  century  were  inter¬ 
ested  in  this  subject.  Among  these  were  Poincalre',  Mathleu,  and  Bashforth  and  Adams. 
See:  F.  Bashforth  and  J.  C.  Adams,  An  Attempt  to  Test  the  Theoiles  of  Capillary 
Action.  Cambridge  Unlv.  Press,  1883 

tW.  E.  Jahsman,  "The  Equilibrium  Shape  of  the  Surface  of  a  Fluid  in  a  Cylindrical 
Tank,"  Developments  In  Mechanics.  Vol.  1,  Eds.  J.  E.  Lay  and  L.  E.  Malvern, 

Plenum  Press,  New  York,  pp  803-612 
♦  The  ratio  of  gravitational  forces  to  surface  tension  forces. 

t Stanford  University,  Capillary  Hydrostatics  and  Hydrodynamics  at  Low  g,  by  W.  C. 
Reynolds,  M.  A.  Saad,  and  H.  M.  Satterlee,  Mech.  Engr.  Dept.  Report  1X1-3, 

Stanford,  Calif. ,  1  Sep  1964,  p.  34 
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briefly  outlined  and  successful  techniques  for  numerical  integration  are  described. 

An  approximation  to  the  capillary  surface  using  the  ellipeoid  suggestion  of  Hagen  and 
Desains  is  developed.  The  experimental  data  are  compared  with  both  exact  and 
approximate  theories. 

2  DEVELOPMENT  AND  SOLUTION  OF  DIFFERENTIAL  EQUATION  FOR 
FREE-SURFACE  SHAPE 

The  shape  of  the  free  surface  of  a  liquid  may  be  determined  from  Bernoulli's  equation: 


2  +  gZ  *  constant  (1) 

P 

The  Individual  terms  of  this  equation  may  be  recognized  as  the  pressure  head  and 
gravity  head,  respectively. 

Consider  a  liquid  resting  In  a  right-circular  cylinder  of  radius  R  as  shown  in  Fig.  1. 


Fig .  1  Geometry  U*ed  for  Analysis  of 
Liquid  Surfoce  Under  Reduced 
- -  Gravity  Conditions 


The  coordinate  system  Is  chosen  so  that 
the  vertex  of  the  surface  is,  for  conve¬ 
nience,  at  the  origin.  Replacing  z  by 
f  ( r )  and  assuming  the  pressure  above 

I 

the  free  surface  Is  uniform,  Eq.  (1)  yields 

\ 

P  "  Pg  "  <pg  ’  po>  '  pgf  (2) 

In  this  equation,  p^  is  the  pressure  in 
the  space  above  the  capillary  surface  and 
pQ  Is  the  liquid  pressure  In  the  free  sur¬ 
face  at  the  vertex.  The  quantities  p  and 
g  are  the  liquid  density  and  the  local 
acceleration  directed  as  indicated  in  the 
figure.  The  pressure  difference  across 
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an  axlaymmetrlc  capillary  surface  can  be  written  in  terms  of  the  surface  derivative 
and  the  surface  tension,  assuming  constant  surface  tension: 


_  a  d  **r 

Pg  '  P  "  f  dr  ,  ,, 


(>♦'§) 


Here,  a  Is  the  surface  tension.  The  subscript  notation  Indicates  differentiation  with 
respect  to  the  subscript  coordinate.  The  complete  differential  equation  In  dimensional 
form  can  be  obtained  by  substituting  Eq.  (3)  Into  Eq.  (2): 


2  d 

f  dr  "  77172 

.('*<?) 


-  aU  4. 

v  1  r  dr 


(>  *  4) 


-  pgf  *  o 


This  equation  can  be  made  nondlmenslonal  by  defining  the  following  dimensionless 
quantities: 


r“R  *  F  "  £  .  B  »  pgR2/o 


where  R  is  the  tank  radlusjuxi  J&  the  Bond  number.  The  result  Is 


The  boundary  conditions  for  Eq.  (6)  are: 


— - — 

Fr(l)  -  cot  0 

(7) 

Fr(0)  >  0 

(8) 

where  0  is  the  contact  angle  defined  in  the  conventional  way.  By  expanding  the 
derivative,  which  ia  evaluated  at  r  *  0  ,  and  using  Eq.  (8),  the  following  equation 
Is  obtained: 


1  _d 
r  dr 


rF_ 


L(1  +  FJ) 
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2  F^O)  -  BF  *  0 


(9). 


Two  numerical  methods,  the  integral  method  and  the  Runge-Kutta  method,  were 
developed  to  integrate  Eq.  (9)  with  boundary  conditions  (7)  and  (8).  These  methods 
are  described  in  the  following  subsections . 


2. 1  Integral  Method 

Multiplying  each  term  of  Eq.  (9)  by  r  dr  and  integrating  from  r  *  0  to  r  «  r  with 
boundary  condition  (8)  gives: 


rF 


r 


(10) 


where 


(11) 


F  .  f _ Elrldr _ 

_  — l  |r~*-E(r)J1/Z  |r  -  E(r)|1/2 


(13) 


where  F  *  0  at  r  *  0  has  been  used  for  a  convenient  datum.  Equations  (12)  sad 
(13)  are  the  basic  Integrals  for  successive  approximations.  An  assumed  Initial  F 
distribution,  based  on  the  ellipsoidal  approximation  to  be  discussed  later,  is  used  to 
calculate  E  (r)  which  is  then  used  to  calculate  F  .  The  process  is  continued  until 
the  relative  difference  between  two  consecutive  approximations  of  F  is  reduced  to  a 
small  value.  Experience  in  using  this  method  with  a  computer  program  indicates  that 
the  convergence  is  very  rapid  for  small  Bond  numbers  ( B  <  10).  However,  Instability 
was  encountered  with  large  Bond  numbers. 


When  B  -  0  .  Eq.  (13)  may  be  Integrated  directly  to  yield 


F  ■  555-9  [l  -  ('  -  r2"»2»)'/'!]  <•<> 

which  la  an  equation  of  a  circle  with  radius  l/cos  0  and  center  at  ( r  =  0  . 
JP-s-l/cos  9).  The  meniscus  rise  for  this  case  is 


m  _  _  .  _  1  -  sin  9 

R  r  * ' ’  cos  9 


(15) 


2. 2  Runge-Kutta  Integration 

A  fourth-order  Runge-Kutta  numerical  scheme  of  integrating  a  second-order  ordinary 
differential  equation  was  also  used  to  integrate  Eq.  (9).  An  Iteration  procedure  is 
required  which  involves  assuming  a  value  for  Frr(0)  and  checking  the  resulting 
contact  angle  at  the  wall.  The  Runge-Kutta  method  has  the  advantage  over  other 
numerical  methods,  since  no  special  techniques  are  required  to  start  the  computation. 
Experience  in  using  the  computer  program  based  on  this  approach  indicates  that 
convergence  is  very  rapid  at  all  Bond  numbers. 

3  APPROXIMATION  OF  FREE-SURFACE  SHAPE  BY  ELLIPSOIDS  OF  REVOLUTION 

This  approach  is  suggested  by  reference  to  the  work  of  Hagen  and  Desalns  in  one  of 
Rayleigh's  papers.  *  These  workers  approximated  the  free  surface  in  a  narrow 
capillary  tube  with  a  segment  of  an  ellipsoid. 


♦Baron  Rayleigh  (J.  W.  Strutt).  "On  the  Theory  of  the  Capillary  Tube."  Scientific 
Papers.  Vol  VI.  Cambridge  Univ.  Press.  1920..  p.  355 
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Therefore. 


(20) 


Equations  (17)  and  (20)  may  be  used  to  define  a  Bond  number  in  terms  of  0  .  p  .  and 
and  o 


Manipulation  of  Eq.  (19)  yields 


Therefore.  Eq.  (20)  may  be  written  as 


(21) 


4  4  <  sin  0  f3  *  i2  -  (2  *  B  -  sin  0)  4  -  2  sin  0  =  0  (22) 

>  \ 

which  may  be  solved  for  £  .  Once  £  is  obtained,  o  and  p  may  be  calculated  from 
Eqs.  (21)  and  (J9).  When  0  -  0  .  Eq.  (22)  reduces  to 


_  {3  +  t,  -  (2  +  B)  =  0  (23) 

which  may  be  solved  analytically.  Note,  for  this  case. 

o  =  l  and  p  -  1/4 


Once  o  and  p  are  obtained,  the  nondimensional  meniscus  rise  is  simply  calculated 
by 


(24) 
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Figure  2  shows  the  results  of  parametric  calculations  based  on  the  ellipsodal 
approximation. 

It  may  be  desirable  to  calculate  theWetted  area  In  the  tank.  This  may  be  done  by 
integrating  the  volume  under  the  meniscus  and  comparing  it  with  a  known  volume  of 
liquid.  However,  in  order  to  moke  the  calculations  in  this  paper  most  useful,  the 
volume  contained  within  the  meniscus  (as  if  it  were  a  cup)  Is  presented.  This  is  given 
in  dimensionless  form  by 


(25) 


The  ratio  of  the  increased  wetted  side  wall  height  to  tank  radius  s  simply  (2/3)  of  the 
foregoing  dimensionless  volume.  Another  quantity  of  interest  is  the  free-surface  area. 
This  also  may  be  obtained  by  Integration.  The  result  In  dimensionless  form  is  given  by 
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i 


f 


2,2  l/2  2  <  2  2 

Introducing  the  ellipse  eccentricity,  e  *  ( 1  -  0  fa  )  .  so  that  fi  fa  -  1  -  e 


and  a 


2  2 

1  +  ( 1  -  e  )  tan  6  ,  Eq.  (26)  may  be  manipulated  to  yield. 


L_  .  1  2 

,2  2° 


1  -  e2  cos2  8 


Figure  3  shows  the  results  calculated  with  Eqs.  (25)  and  (27). 


The  preceding  results  are  derived  for  liquids  inside  a  cylindrical  container.  However, 

with  appropriate  transformations,  these  results  may  be  applied  to  other  axisymmetric 

containers.  For  instance,  consider  liquid  in  a  conical  tank  of  half-angle  <t>  and  contact 

angle  6  .  Then,  by  using  an  effecti\e  tank  (  • 

radius  (see  sketch  to  the  right)  in  def  in-  \  }•"  ^ 

ing  the  Bond  number  and  an  effective  contact  'V  * 

angle  =  ®  +  <t>  <  the  foregoing  results 

become  directly  applicable.  }  Jr 


3 .  2  Ellipsoidal  Approximation  for  "Swallowed  Bubbles" 

If  the  ullage  volume  Is  small,  the  liquid  may  wet  the  top  of  the  tank.  The  result  is 
that  the  vapor  bubble  will  be  "swallowed"  and  will  rest  against  the  top  of  the  tank  in 
an  undetermined  location.  The  ellipsoidal  approximation  may  be  extended  to  cover 
this  case  as  well. 

The  differential  equation  of  the  free  surface  and  the  ellipsoidal  approximation  can  be 
used  again  to  obtain  relations  to  describe  the  swallowed  bubble.  Equation  (4)  is  non- 
dtmenslonallzed  in  a  different  manner  that  is  based  on  the  semimajor  axis  of  the 
bubble.  Here, 


pga2/ir 
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0.05 


\ 

\ 

The  results  sre 


The  plus  sign  refers  to  the  upper  limb  of  the  ellipse  and  the  minus  to  the  lower. 
Equation  (30)  Is  substituted  Into  Eq.  (29)  and  the  result,  evaluated  at  rb  >  1  ,  Is 


(31) 


The  contact  angle  constraint  In  this  case  Is 


(32) 


where  r  -  r  /a ,  and  r  la  the  radius  of  the  dry  area  at  tank  top.  This  equation 

OB  I 

can  be  used  to  find  an  initial  value  of  rQ  for  calculation  purposes: 


tan2  9 


tan2  9*  fil 


(33) 
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The  volume  of  the  bubble  la  dimensionless  farm  Is 


(34) 


Since  a  la  usually  not  known,  it  may  be  eliminated  from  Eqs.  (31)  and  (34)  to  yield: 


B 


BE.  (|VV 


V  a  \4»  / 


2/3 


2/3 


(35) 


Where  By  la  a  Bond  number  baaed  on  the  bubble  volume.  Equations  (33)  and  (35) 
determine  rQ  and  for  given  8  and  By  .  Since  V  la  also  known,  a  may  be 
calculated  from  Eq.  (34). 

From  the  foregoing  results,  the  following  quantities  may  be  derived:  dimensionless 
depth  of  bubble, 


i -*[*♦(• -a1"] 


(38) 


and  dimensionless  free -sin  face  interface  area  of  bubble, 


A 


,JL S 


cos  8 


1  -  ej  cos2  8 


1  -  e? 

+  In 


**b 


mi? 


«b  cos  V\ 


•b°os  8} 


(37) 
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/  2\1/2 

where  e^  *  { 1  -  /?"  j  ,  the  bubble  eccentricity.  Grap!'«  of  bubble  eccentricity 

versus  bubble-volume  Bond  number  end  other  useful  ratios  such  as  r  /a  ,  d/a  , 

3  2  ® 

3V/4  it  a  ,  and  A/4  ir  a  may  be  easily  prepared.  However,  experimental  data  with 

"swallowed  bubble"  conditions  were  not  obtained.  Graphs  of  parameters  calculated  \ 

from  these  relations  (as  in  Figs.  2  and  3)  have,  therefore,  not  been  presented. 

4  EXPERIMENTAL  PROCEDURES  AND  RESULTS 

The  following  paragraphs  Indicate  the  procedures  followed  In  the  subject  experiments 
of  this  paper  and  the  results  of  the  experiment*. 

4. 1  Equipment  and  Procedures 

The  me  nice  us  information  was  gathered  using  equipment  assembled  at  Stanford 
University  to  study  the  aloshtng  of  liquid  In  circular  cylinders  under  weak  gravity  and 
strong  capillary  forces.  The  equipment  consisted  of  a  high  speed  18-mm  movie  cam¬ 
era,  *  a  front  surface  mirror,  a  378-w  reflector  photoflood  lamp,  a  mlrror/scaleAight 
assembly,  and  a  black-light  mask. 

The  specimens  were  fabricated  from  lucite  blocks  approximately  2  bv  2  by  4  in. 
Different  diameter  holes  were  machined  In  the  blocks  from  end  to  end,  and  the  cylinder 
walls  were  given  a  high  polish.  The  holes  In  the  six  specimens  were  0. 900,  0. 750, 
0,629,  0,500,  0.375,  and  0.285  In.  indlatneter.  Sepurate  top  and  bottom  pieces,  each 
with  an  O-rlng  seal,  were  fastened  to  the  blocks  with  ;tmall  screws.  The  experimental 
setup  Is  shown  schematically  In  Fig.  4.  The  mtrror/scale/llgbt  assembly  end  the  light 
mask  are  not  shown  In  the  figure.  This  assembly  was  mounted  to  one  side  of  the  speci¬ 
men  so  the  image  of  a  scale  appeared  in  the  object  plane.  The  light  mask  surrounded 
the  specimen  and  admitted  llght-eniyiKrough  a  0. 25-ln.  horizontal  slit  In  line  with  the 
meniscus.  This  was  to  cause  the  light  to  enter  the  back  of  the  specimen  aa  undlree- 
tlonally  as  possible.  This  lighting  technique  produced  an  excellent  black  shadow  profile 
of  the  meniscus  shape  except  at  the  very  ends  of  the  meniscus. 


•A  movie  camera  was  used  because  tht  data  reported  here  were  part  of  a  larger  pro¬ 
ject  to  obtain  low-gravity  sloshing  data  at  Stanford. 
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Fig.  4  Interface  Profile  Measuring 
Equipment 


Fig.  5  Correction  for  Refraction  Used 

in  Reducing  Meniscus  Shape  Data 


The  liquids  used  were  water,  methanol,  and  carbon  tetrachloride.  The  water  was  ob¬ 
tained  from  an  ion-exchange  purifier  and  exceeded  reagent  grade  in  purity.  The  carbon 
chemicals  used  were  of  reagent  grade. 

The  experimental  procedure  was  simply  to  take  relatively  slow-speed  movies  ot  the 
specimen  partially  filled  with  liquid.  The  movie  films  were  examined  on  a  16x  mag¬ 
nification  Vanguard  film  reader.  Information  on  the  x-y  coordinates  of  points  along 
the  meniscus  were  tabulated  and  entered  In  punch  cards  for  later  correction  for  refrac¬ 
tion  error. 

I 

The  cylindrical  hole  filled  with  liquid  acts  as  a  lens:  therefore,  a  correction  had  to  be 
made  for  the  error  introduced  by  the  difference  in  refractive  index  of  the  plastic  speci¬ 
men  and  the  liquid.  The  nature  of  the  correction  is  shown  In  Fig.  5.  The  Image  of  a 
point  on  the  edge  of  the  shadow  of  the  meniscus  appears  closer  to  the  centerline  of  the 
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tube  than  it  really  la.  The  distance  from  camera  lens  to  subject,  although  small,  was 
large  enough  that  rays  entering  the  camera  lens  were  assumed  parallel,  considering 
the  size  of  the  largest  meniscus.  Shell's  law,  then,  provided  a  correction  (actor 


where  and  are  the  indices  of  refraction  for  the  plat*ic  and  the  liquid,  respec¬ 
tively.  The  correction  of  the  x-y  coordinates  of  the  menisci  to  r-y  coordinates  was 
facilitated  by  use  of  a  small  digital  compiler  program. 

The  correction  was  tested  by  reading  the  photographs  of  bearing  balls  and  applying  the 
correction  factor.  The  rem  its  agreed  with  the  known  shape  of  the  ball  very  well  ex¬ 
cept  at  the  very  ends  of  the  curve  where  the  profile  Is  net  as  distinct  as  In  the  center 
of  the  tube.  The  bearing  ball  experiment  provided  experience  that  facilitated  Interpre¬ 
tation  of  the  Images  of  the  liquid  menisci. 

Two  methods  were  used  to  measure  the  contact  angle.  The  first  Involved  passing  a 
quadratic  through  the  coordinates  of  the  last  three  points  on  each  end  of  the  meniscus. 
The  second  made  use  of  the  known  relation  between  the  zero-g  meniscus  rise  height 
at  the  cylinder  wall  with  contact  angle  { Eq.  (IS) ) . 

The  former  method  Invariably  yielded  contact  angles  greater  than  those  visually  ob¬ 
served  for  the  measurements  using  methanol  and  carbon  tetrachloride.  The  latter 
method  yielded  values  that  agreed  with  the  results  of  visual  examination  of  the  speci¬ 
mens.  Therefore,  values  of  the  contact  angle  obtained  in  zero-g  drop  tests  were  used 
In  theoretical  calculation  of  meniscus  shape,  even  through  the  meniscus  shape  experi¬ 
ments  were  performed  under  normal-gt.  vlty  conditions.  The  contact  angles  measured 
for  methanol  and  carbon  tetrachloride  were  about  4.  S  deg,  and  that  for  water  was 
about  60  deg. 
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The  uncertainty  in  contact  angle  determinations  waa  examined  using  the  root-sum- 
square  of  error  contribution  technique  described  by  Kline  and  McClintock.  *  Uncer¬ 
tainty  In  contact  angles  for  methanol  and  carbon  tetrachloride  (1.  e. ,  small  contact 
angles/  was  estimated  st  2  deg,  and  that  for  water  was  about  8  deg. 

4. 2  Results  and  Comparison  with  Theoretical  Calculations 


Representative  data  obtained  for  the  free-surfece  shape  of  liquids  in  cylindrical  con¬ 
tainers  are  compared  with  the  calculated  results  in  Figs.  6,  7,  and  8.  Figure  6  com¬ 
pares  the  corrected  experimental  data  for  carbon  tetrachloride  with  the  meniscus 
shapes  obtained  by  the  exact  solution  for  three  different  values  of  contact  angle.  It 
can  be  seen  that  the  shape  very  near  the  wall  is  sensitive  to  the  value  of  the  assumed 

contact  angle.  Figures  7  and  8  compare 

S  8,4itcoNtACf  angu  ;*"r"r  .  ^  o,e  experimental  meniscu5  shape  with 

*  -  '  I  that  obtained  by  the  exact  solution  and 

jj;  •  i  from  the  ellipsoidal  approximation.  The 

g  u"  !  I  results  from  the  exact  solution  are  seen 

|  -'b  iono  Nu*wci  •  u.ij  h**n  a  to  agree  very  well  with  the  data,  whereas 

2  \  0*37  wn* in  a4,  'run  /  the  results  from  the  ellipsoidal  approxi- 

^  o.i  -  V  of  matlon  are  satisfactory  only  for  low  Bond 

|  or  numbers  (B  *10). 


In  Fig.  9,  e:v*rlmental  data  for  the 
meniscus  height  are  compared  with  theo¬ 
retical  predictions.  The  failure  of  the 
rise  height  of  the  low-contact-angle  liquids 
to  agree  well  with  the  theoretical  rise 
heights  is  attributed  to  the  difficulty  expe¬ 
rienced  in  reading  the  vertical  coordinates 
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DATA  TO*  CCI4  IN 
0.37J4N.-OIA.  TUN 


DIMfNSIONUSS  IAIMAL  DISTANCI,  r  •*/» 

Fig.  6  Comporlion  of  Exoct  Solutions 
with  Meniscus  Shops  Data 


*3.  J.  Kline  and  F.  A.  McClintock,  'Describing  Uncertainties  in  81ngle  Sample 
Experiments.”  Mech,  Eng. .  Jsn  1953  I 
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DiMtNStONttss  axial  distance. 


DIMtNSIONlISS  RAOtAl  OISTANCI,  r  *7/*  DIMtNilONUSS  RADIAL  tXSTANCf,  r  *7/» 


Fig.  7  Comparison  of  Exact  and  Approxi-  Fig.  8  Comparison  of  Exact  ond  Approxi- 

mat#  Solution*  with  Meniscus  Shop#  mote  Solutions  with  Meniscus  Shape 

Data  (Various  Bond  Numbers)  Data  (Two  Contact  Angle*) 


of  the  meniscus  close  to  the  cylinder  wall.  Elsewhere,  the  measured  coordinates 
agree  very  well  with  the  theoretical  shape.  The  rise  heights  of  the  water  menisci  are 
in  better  agreement  with  theory  . - 

5  CONCLUSIONS 

The  derivation  of  the  differential  equation  for  free-surface  shape  of  liquid  in  a  cylin¬ 
drical  container  has  been  presented.  This  equation  was  integrated  exactly  by  two 
numerical  methods:  the  integral  method  ai  d  the  Runge-Kutta  method.  The  integral 
method  yields  a  solution  at  low  Bond  numbers  (e.g. ,  B  <  10)  rresents  divergent 
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*  Rood  Number  end  Coo  oct  Angle 

^  the  Runge-Kutta  method,  the  Iteration  converges  for 
results  at  large  Bend  numbers,  it  th^' *  ■  ^  ^  mcnl9ruB  shape. 

all  Bond  numbers.  An  approx  i«»  *  •  ^  8emlminor  axes  of  the  ellipsoid 

is  also  presented.  Tht  dlmens  o  u  volume  above  the  meniscus  and  the 

-  — ’  -  —  — 

dimensionless  free  surface,  are  Well  with  the  exact  solution 

-  —  «*-  r  T<To  tTZ  c—  by  S.  ■— 

for  small  Bond  numbers  B  s  10 ).  Tfe  g™P" 
are  therefore  useful  tor  engineering  purposes. 

.  .  rsoorted  !-re  are  satisfactory  for  determl»U«K  the  shape  of 

Experimental  procedures  r  po  near  th?  wall.  There,  lighting 

•—W  i«  «r»ww*  Cy"”dC''  ”"^ur.  the  precise  ««Uct  point  •*•*  «“> 

,ed  retraction  JUllcoWc.  ccmbtne  to  obKore 

angle  Is  small. 
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Experimental  data,  on  meniscus  shape,  obtained  with  different  liquids  anil  different 
size  containers  (which  correspond  to  a  range  pf  Bond  numbers  and  contact  angles 
simulating  liquid  in  a  rocket  tank  under  reduced  j/avities)  are  found  to  agree  with 
the  .'esulta  obtained  by  the  exact  solution ,  generally ,  sod  with  the  results  obtained 
by  the  ellipsoidal  api'roximation  t-  ?  small  Bond  numbers. 
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DISCUSSION  1 ' 

I.  C.  Statler.  Cornell  Aeronautical  li-joratory 

How  do  your  results  agree  with  W.  E.  Jahsman'a  series  expansion  for  small  Bond 
number  and  asymntotic  expansion  for  large  Bond  number? 

Satterlee 

Comparisons  have  been  made  in  the  past.  Although  we  did  not  include  such  compari 
sons  in  the  paper,  the  methods  do  agree. 
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LIQUID  SETTLING  IN  LARGE  TANKS 


If  T.  I.  Bum 
MARI  ill  COMPART 


ABSTRACT 

The  problem  of  propellent  settling  ( repositioning  from  forward  to  aft  orientation'  in 
large  orbiting  tanks,  in  which  the  liquid-vapor  interface  is  Initially  flat,  has  been 
studied  experimentally  using  scale  models  in  a  75-foot  drop  tower.  Accelerations  up 
to  0.025  g,  test  cylinders  up  to  one  foot  diameter,  and  Bond  numbers  up  to  390  hare 
been  investigated  within  the  limitation  of  a  2. 16-second  drop  test.  Several  different 
types  of  flow  were  observed,  not  normally  encountered  in  settling  from  a  meniscus¬ 
shaped  (rero- gravity  configuration)  surface;  all  can  be  explained  on  die  basis  of  foe 
initial  Taylor  Instability.  Except  for  certain  secondary  phenomena.  Bond  number  was 
found  to  be  a  valid  scaling  parameter  within  foe  range  studied. 

Although  Initial  flow  characteristics  were  studied  rather  extensively,  no  conclusions 
can  be  drawn  ( from  these  drop  tower  studies )  about  long-term  aspects  of  settling, 
such  as  foe  time  required  before  quiescent  conditions  are  attained. 


NOMENCLATURE 

a  acceleration 

a_  acceleration  ratio,  model  to  prototype 
g  acceleration  due  to  normal  gravity.  980  cm/aec 
T  unit  vector  in  vertical  direction 
Lr  ratio  of  typical  lengths .  model  to  prototype 
p  pressure 

<f  velocity 

R  tank  radius 

t  time 

tf  ratio  of  time  scales,  model  to  prototype 

p  liquid  density  minus  gas  density 

<r  surface  tension 

_  o  a  R2 
o 


Bond  number 
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j  1  INTRODUCTIOIL— -o—  - 

•3 

j  The  general  problem  of  interest  concerns  a  large  tank  of  liquid  hydrogen  coasting  in 
j  low  earth  orbit,  subject  to  a  small  aerodynamic  drag.  The  carrier  vehicle  is  oriented 
i  parallel  to  its  velocity  vector  (nose  flnt)  at  all  times.  Part  of  the  hydrogen  has  been 
j  consumed,  leaving  the  tank  slightly  more  than  half  fall.  During  the  zero-thrust  coast 
j  periods ,  Bond  number  in  the  hydrogen  tank*  is  probably  somewhere  between  4  and  20 , 

|  based  on  tank  radius.  In  the  absence  of  large  perturbations  to  the  vehicle  attitude  or 
j  motion,  the  hydrogen  would  be  located  in  the  forward  end  of  the  tank,  with  a  generally 
I  flat  free  surface.  Since  the  static  shape  of  a  free  surface  is  determined  entirely  by 

'■V 

|  Bond  number  and  contact  angle  at  the  wall,  it  can  be  shown  by  scaling  on  the  basis  of 

t 

it  Bond  number  that  the  free  surface  of  the  hydrogen  is  slmllcr  to  the  interface  between 
1  water  and  air  in  a  clean  glass  cylinder,  1,0  to  2.5  cm  diameter,  subject  to  normal 
\  gravity. 

3 

l 

j  Because  of  the  nature  of  liquid  hydrogen  and  of  die  tank  insulation,  it  is  necessary  to 
)  vent  the  tank  to  keep  the  ullage  pressure  within  design  limits.  One  venting  technique 
■;  -  involves  periodically  firing  small  ullaglng  rockets  to  accelerate  the  vehicle  forward, 

|  settling  die  hydrogen  in  order  to  clear  a  vent  at  the  forward  end  of  the  tank.  The  in¬ 
vestigation  described  here  was  concerned  in  particular  with  the  fluid  behavior  following 
application  of  this  ullaglng  thrust. 


•Bond  number  in  this  case  is  defined  as  the  dimensionless  ratio  (Fy  -  F|g)/Fs  where 
Fk  and  Fjg  are  the  inertial  forces  in  the  liquid  and  gas,  respectively,  and  Fs  is  the 
j  surface  tension  force  at  the  interface  between  liquid  and  gas.  Inertial  forces  arise 
from  vehicle/tank  deceleration  caused  by  aerodynamic  drag.  Thus,  die  Bond  number 
\  can  be  expressed  as  p  a  R2/<t  ,  where  p  is  the  difference  in  density  between  liquid 

l  and  gas,  and  a  is  the  deceleration.  The  range  of  values  of  Bond  number  indicated 

;  here  reflects  the  range  of  values  of  the  drag-inducing  particle  density  which  might 
be  encountered  in  a  low  orbit. 
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2  HYDRODYNAMICS  OF  LIQUID  SETTLING 

Ignoring  surface  tension  effects ,  the  Interface  between  two  stationary,  superposed 
fluids  has  long  been  known  to  be  unstable  if  die  upper  fluid  is  more  dense  than  the 
lower  one  (Ref.  1.  pp. 370-372,458-40! ).  Only  In  the  past  two  decades,  however, 
has  the  logical  extension  of  this  stability  criterion,  from  fluids  in  a  stationary  system 
under  the  influence  of  gravity  to  fluids  in  an  accelerating  system ,  been  explicitly 
spelled  out. 

On  die  basis  of  the  well-known  equivalence*  between  uniformly  accelerating  systems 
and  systems  at  rest  In  a  gravitational  field,  G.  I.  Taylor  in  1950  extended  this  stability 
criterion  to  die  case  of  accelerating  systems  by  stating  that  the  interface  between  the 
two  fluids  should  be  stable  If  the  systems  are  accelerated  (relative  to  free  fall)  In  a 
direction  from  die  more  dense  to  the  less  dense  fluid,  and  unstable  (again  neglecting 
surface  tension  effects)  if  the  acceleration  is  in  the  opposite  direction  (Ref.  2).  This 
observation,  along  with  Taylor's  theoretical  treatment  of  initial  growth  rates  of  the 
predicted  Instabilities,  has  given  rise  to  the  term  "Taylor  instability"  which  is 

♦Consider,  for  example,  the  transformation  of  the  equations  of  motion  of  an  ideal  fluid 
to  a  moving  system  of  coordinates.  If  f  is  the  external  body  force  per  unit  mass,  and 
primed  variables  refer  to  a  coordinate  system  translating  (without  rotation)  relative  to 
the  fixed  (unprimed)  coordinate  system  with  a  velocity  v  ,  then  Euler's  equation 
transforms  from 

(q  •  V)q  -  -  Jvp  +  T 
to 

•»•)■?  •  -  jvp.r-^iy 

^jtaetthe  exercise  has  demonstrated  that,  in  a  system  which  is  being  accelerated  fay  a 
constant  amount 

8t’V  Ro 

the  fluid  motion  relative  to  coordinates  fixed  in  the  accelerating  system  is  the  same  as 
it  would  be  if  the  system  were  at  rest  and  the  gravitational  body  force  T  »  -  g~J  were 
replaced  by  -  g"T  -  *o  •  <T1,e  re8ult  iB  the  same  if  the  Navier-Stokes  equation  is  used.) 
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commonly  appied  to  instabilities  of  an  interface  between  two  stationary  liquids  of 
different  density.  In  a  companion  paper  to  Taylov's,  Lewis  performed  a  series  of 
experiments  in  which  test  vessels  were  accelerated  downward  for  short  distances  at 
high  (SO  g)  accelerations;  the  results  confirmed  Taylor's  observations  (Ref.  3). 

Perhaps  the  most  interesting  of  the  many  extensions  of  Taylor's  theory  which  have 
appeared  in  the  intervening  yeaxe-is  the  work  of  Bellman  and  Pennington  (Ref.  4)  who 
found  that  the  effect  of  surface  tension  is  to  remove  the  Taylor  Instability  for  sufficiently 
small  wavelengths,  and  that  viscous  effects,  while  never  removing  the  instability,  reduce 
the  growth  rate  of  the  amplitude  of  die  disturbance  for  all  wavelengths.  Also  of  Interest 
to  the  work  of  Fermi  (Ref.  5),  and  Fermi  and  von  Neumann  (Ref.  6),  who  attempted  to 
extend  the  analysts  of  the  growth  of  Taylor  Instabilities  beyond  the  Initial  growth  period- 
that  is,  beyond  the  point  where  the  amplitude  becomes  comparable  to  the  wavelength. 

If  the  hydrodynamic  theory  reviewed  above  is  now  applied  to  die  physical  situation  de¬ 
scribed  in  Section  1,  the  general  nature  of  the  initial  fluid  flow  in  the  hydrogen  tank  can 
be  predicted  to  a  certain  extent.  Immediately  following  application  of  the  settling  accel¬ 
eration,  the  interface  la  flat  except  for  possible  waves  on  its  surface  and  a  relatively 
large  meniscus  adjacent  to  the  walla.  The  more  dense  fluid  (liquid  hydrogen)  is  "on 
top  of  the  less  dense  fluid  (hydrogen  vapor  mixed  with  some  gaseoua  helium).  Ullage 
pressure  would  be  sufficient  to  support  the  liquid  If  the  Interface  were  rigid;  since  the 
Interface  ia  not  rigid,  the  problem  is  Initially  one  of  tnterfaclal  equilibrium  and  stabil¬ 
ity.  For  certain  lour  values  of  the  Bond  number,  there  exists  a  curved  Interface  which 
is  a  position  of  stsble  equilibrium;  die  interface  therefore  assumes  this  shape  and 
settling  does  not  occur.  *  In  practical  problems  associated  with  settling,  however, 

Bond  numbers  based  on  the -vehicle  acceleration  are  always  greater  than  the  critical 
value,  and  there  Is  no  stable  equilibrium  position  for  the  Interface  with  liquid  above  and 
gas  below.  Perturbations  of  the  interface  will  therefore  grow  if  their  wavelengths  are 


•For  the  case  of  vertical,  cylindrical  walla  and  aero  contact  angle,  analyses  of  this 
hydrostatio  stability  condition  have  been  made  fay  Bretherton  (Ref.  7)  and  Gluck  and 
GUIs  (Ref.  8).  In  each  case,  numerical  solution  gave  the  result  p  a  Rvr  <  0.842 
for  stability.  Experimental  Investigations  fay  Maslca  et  al  (Refs.  (9, 10;  verity  this 
result. 
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sufficiently  large,  even  though  amplitudes  might  initially  be  microscopic.  For  this 
reason,  a  meniscus  grows  when  subjected  to  a  settling  acceleration,  so  that  wetting 
liquids  are  observed  to  flow  down  the  walls  of  their  containers  if  the  settling  acceler¬ 
ation  is  large  enough.  In  addition,  when  the  Bond  number  is  somewhat  greater  than 
the  critical  value,  there  is  a  possibility  of  liquid  settling  in  the  central  region  of  a  tank 
as  well  as  along  the  walls.  As  a  result  of  the  initial  Taylor  instability,  waves  on  the 
liquid  surface  are  expected  to  grow,  forming  (for  example)  a  liquid  spike  along  the  tank 
centerline,  a  broader,  rising  liquid  dome  in  the  conter  of  the  tank,  a  hollow  cylinder 

around  the  centerline  of  a  cylindrical  tank,  or  even  a  number  of  concentric  hollow 

1 

cylinders.  In  addition  to  these  flows  in  the  central  part  of  a  tank,  in  the  case  of  wetting 
liquids,  the  initial  meniscus  is  always  expected  to  result  in  flow  along  the  walls.  If  for 
some  reason  the  liquid  is  initially  in  the  zero-gravity  configuration  where  the  entire 
surface  is  a  meniscus,  extending  from  wall  to  wall  with  uniform  curvature,  it  is  to  be 
expected  that  the  entire  flow  would  be  along  the  walls,  since  there  would  be  no  flat 
region  on  the  interface  from  which  other  flows,  separate  from  the  flow  along  the  walls, 
could  grow.  \\ 

Once  the  liquid  begins  to  flow,  there  are  at  least  two  other  stability  considerations 
which  must  be  taken  into  account.  First,  as  the  dense  liquid  flows  past  the  less  dense 
gas,  the  interface  is  subject  to  Helmholtz  instability,  as  pointed  out  by  Fermi  and  von 
Neumann.  The  effects  of  this  Instability  would  be  especially  pronounced  in  the  case 
of  a  thin  spike,  which  would  tend  to  break  up  into  discrete  masses  of  liquid  as  a  result 
of  the  surface  pinching  in  at  regular  intervals.  Second,  the  base  of  a  spike  (where  the 
spike  is  attached  to  the  bulk  of  the  liquid)  would  be  attracted  to  the  wells  of  the  tank  fay 
surface  tension.  The  centerline  of  the  tank  would  in  this  case  be  a  location  of  unstable 
equilibrium  for  the  base  region  of  the  spike.  If  the  base  were  to  move  toward  one  side 
of  the  tank,  the  tank  ullage  pressure  acting  on  the  remaining  lower  part  of  the  interface, 
where  ullage  pressure  is  higher  than  pressure  in  the  liquid,  would  be  expected  to  de¬ 
form  the  bulk  of  the  liquid  in  the  direction  of  the  moving  spike,  causing  the  major  por¬ 
tion  of  the  settling  flow  to  occur  along  the  side  of  the  tank  toward  which  the  spike  moved. 
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This  description  of  the  hydrodynamics  of  liquid  settling  Is  Intentionally  based  entirely 
on  abstract  analysis  and  previous  theoretical  work,  rather  than  on  the  experimental 
results  of  the  present  investigation.  The  purpose  of  such  approach  is  to  emphasize  its 
physical  reasonableness.  The  description  was  originally  formulated,  nevertheless,  on 
the  basis  of  the  experimental  results.  The  remainder  of  this  paper  describes  the  ex¬ 
perimental  program  which  was  carried  out,  and  presents  results  of  that  program  which 
substantiate  the  physical  description  developed  above. 

3  EXPERIMENTAL  TROGRAM 

Experiments  were  performed  In  Martin-Denver's  75-fool  drop  tower,  using  oonatant 
force  springs  or  cables  from  constant-torque  motors,  extended  between  the  experimental 
package  and  the  outercapsule,  to  accelerate  die  experimental  package  downward  relative 
to  free  fall.  The  device  la  shown  In  Fig.  1  and  described  in  more  detail  by  Paynter 
(Ref.  11).  Test  vessels  were  transparent  cylinders  with  Inside  diameters  of  2.3,  4.7, 
7.6.  9.5,  12.8,  13.2,  15.2,  18.7,  and  29.2  cm,  arranged  In  various  combinations  In¬ 
side  the  experimental  package.  The  12. 8,  15. 2.  and  29. 2- cm  cylinders  were  Plexiglas 
because  of  the  breakage  problem  encountered  with  glass  specimens  of  this  size.  The 
smaller  cylinders  were  glass:  the  13. 2  and  18. 7-cm  cylinders  were  glass  while  they 
lasted.  Initial  accelerations  ranged  from  0. 002  g  to  0. 027  g.  Test  liquids  were  carbon 
tetrachloride,  chloroform.  Freon  TF  (trichlorotrlfluoroethane),  and  methanol,  with  the 
bulk  of  the  work  being  done  with  Freon  TF  because  of  Its  low  specific  surface  tension 
(e/p )  with  air,  and  Its  desirable  handling  properties.  Bond  numbers,  based  on  speci¬ 
men  radius  and  Initial  acceleration,  ranged  from  suberitieal  to  390. 

Data  were  reoorded  using  a  Millikan  camera  operating  at  213  frames  per  second. 

Films  used  were  Kodak  Plus-X  and  Ektachrome  MS;  the  oolor  film  was  used  for  most 
tests  because  !t  facilitated  visual  Identification  of  many  aspects  of  the  complex  flow 
patterns,  Mlante  amounts  of  dye  were  used  for  the  same  reason;  It  wurn  found  that  If 
Just  enough  dye  was  used  to  gtve  a  barely  discernible  amount  of  color  In  the  laboratory, 
the  picture*  would  show  a  quite  satisfactory  liquid  color. 
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Experiment  technique  assured  that  the  wire  supporting  the  experimental  package  was 
fused  immediately  after  release  of  the  outer  capsule.  Otherwise,  the  liquid  surface 
would  have  tended  toward  Its  usual  free  fa)’,  shape  before  the  fusing  of  the  wire,  and 
the  type  of  flow  being  studied  would  not  have  been  able  to  develop.  Since  the  Interface 
Is  initially  rather  flat  in  the  full-scale  case  being  studied,  it  was  essential  (hat  these 
settling  experiments  begin  with  a  flat  Interface. 

The  Bond  numbers  and  accelerations  stated  herein  are  valid  only  during  the  initial  part 
of  the  drop,  because  the  system  did  not  actually  accelerate  the  experimental  package 
at  a  constant  rate.  Acceleration  of  the  test  package  decreased  with  time  after  capsule 
release,  apparently  due  to  a  velocity  dependence  of  the  force  delivered  by  the  "constant 
torque"  motors.  (The  advertised  constancy  of  the  springs  which  make  up  the  motor  is 
with  respect  to  extension  rather  than  rate  of  extension. )  This  force  variation  was  not 
felt  to  be  a  major  disadvantage,  however,  since  quantitative  values  of  Bond  number  are 
of  primary  importance  in  this  investigation  only  during  the  formation  of  the  various 
flow  features  reBultlngJrom -the- initial  instability.  Indeed,  the  question  of  the  physical 
significance  of  the  Bond  number  arises  as  soon  as  the  liquid  begins  to  flow. 

4  EXPERIMENTAL  RESULTS 

Results  of  the  experimental  program  are  summarized  in  Fig.  2,  with  some  typical 
examples  shown  in  Figs.  3  through  5. 

All  of  the  settling  tests  which  have  been  performed  to  date  are  listed  in  Fig.  2a, 
according  to  Bond  number  at  start  of  test.  The  horizontal  position  of  the  line  corre¬ 
sponding  to  each  Bond  number  Indicates  which  of  the  five  flow  regimes  described  at 
the  rlgut  side  of  the  page  applies  to  the  observed  phenomena.  Each  of  the  lines  shown 
in  Fig.  2a  represents  from  one  to  six  tests.  The  number  of  tests  made  at  many  of  the 
listed  Bond  numbers  is  due  in  part  to  an  attempt  to  find  an  influence,  if  any,  of  liquid 
filling  level  on  the  settling  phenomena.  No  such  influence  was  found.  In  several  cases, 
the  same  Bond  number  (to  two  significant  figures)  was  studied  at  two  different  acceler¬ 
ation  levels,  using  test  cylinders  of  different  sizes  or  differert  test  liquids.  A  more 
0 
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100 


FLOW  REGIMES 


1 .  Mo  flow. 

2.  Flow  along  the  walls 
only. 

3.  Dome  of  liquid  forms  In 
the  center,  then  recedes, 

4 .  Dome  forms  in  Ifae 
center,  grows  to  a 
certain  size,  then  stops 
growing  and  remains 
virtually  stationary 
until  the  liquid  below  is 
depleted  due  to  flow 
along  the  walls. 

5.  Done  or  cylinder  forms 
in  the  center,  continues 
to  grow  until  it  hits  the 
top  or  Joins  the  flow 
along  one  wall. 


0.1  I _ I _ I _ I _ L _ 1 - I _ L 

1  2  2  or  3  3  3  or  4  4  5 

FLOW  REGIME 


Fig.  2a  Summary  of  Test  Results;  General  Classification  of  the  Observed  Flow* 
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common  occurrence  was  for  the  Bond  number  studied  In  one  test  to  be  within  the  range 
of  Bond  numbers  studied  in  tests  of  a  different  series. 

Figure  2b  presents  more  detailed  descriptions  of  the  rather  wide  range  of  fluid  behavior 
which  was  grouped  together  as  regime  5  In  Fig.  2a.  Analyses  of  only  the  best  of  the 
drop  records  have  been  Included  In  Fig.  2b  because  of  the  more  detailed  flow  features 
which  distinguish  the  various  sub-regimes  defined  below  the  graph.  - 

Classifying  a  broad  range  of  different  flows  as  fitting  one  of  a  number  of  brief  descrip¬ 
tions,  as  in  Fig.  2,  ls  obviously  artificial.  Nevertheless,  a  grouping  such  as  Fig.  2 
seems  to  be  the  most  concise  and  understandable  presentation  of  the  experimental  pro¬ 
gram  results.  Because  of  the  large  number  of  tests  which  were  conducted  and  the 
quality  of  most  of  the  photographic  data,  the  groupings  of  Fig.  2  are  presented  with 
some  confidence.  Primary  weaknesses  In  these  groupings  are  at  the  boundaries  be¬ 
tween  the  different  types  of  flow,  as  Indicated  in  Jig.  2a. 

There  is  some  uncertainty  at  the  boundary  between  regimes  2  and  3  because  many  of 
these  tests  were  made  with  the  smallest  <2.3  cm)  test  cylinders  at  relatively  high  ac¬ 
celeration  levels.  The  liquid  domes  were  present  in  these  small  cylinders  Only  for 
extreme’/  brief  intervals  of  time*,  if  at  all;  In  addition,  photographic  resolution  was 
not  as  good  as  In  the  large-cylinders. 

As  can  be  seen  In  Fig.  2a,  the  range  of  Bond  numbers  from  13  to  20  includes  various 
types  of  behavior  interspersed  with  each  other.  At  Bond  numbers  13,  15,  and  19, 


•Time  scale  is  given  by  the  acceleration  level  and  physical  dimensions  of  die  test 
vessel, 


*r  "  <V*r>1/2 

so  that  higher  acce’ orations  and  smaller  physical  dimensions  In  the  experimental 
model  both  result  in  things  happening  faster. 


— 'it*  "*•  ,  *  -•  '?:»•/ ^  *' 
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i 
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A.  The  liquid  dome  grows  Into  a  thin  spike  which  eventually  extends  to  the  top 
of  the  tank.  Effects  of  Helmholtz  instability  are  seen  if  die  spike  L/D  be¬ 
comes  large  enough. 

B.  A  small  depression  forms  in  the  center  of  the  upper  surface  of  the  dome. 
Shortly  after  its  formation!  the  depression  "turns  inside  out."  becoming  a 
small  protuberance  on  the  top  surface  of  the  dome.  The  protuberance  grows 
rapidly  in  amplitude  and  diameter  relative  to  the  original  dome  until  the  two 
cannot  be  distinguished  from  each  other.  Together  they  form  a  column  up 
the  center  of  the  cylinder,  as  in  A. 

i 

-  \ 

C.  A  depression  forms  in  the  center  of  the  upper  surface  of  the  dome,  similar 
to  foe  depression  observed  in  B  but  somewhat  larger.  The  depression  Is 
present  only  temporarily,  leaving  behind  a  bubble  or  cavity  inside  the  dome. 
No  protuberance  is  seen  to  form  following  the  breakup  of  the  depression. 

D.  In  its  formative  stages,  the  cylinder  has  a  complex  upper  uurface  character¬ 

ized  by  concentric  waves  whose  amplitudes  become  large  with  time.  The 
eventual  result  is  a  broad  dome  with  protuberance  growing  on  its  upper 
surface  as  in  B.  >, 

E.  Same  as  D,  except  that  die  eventual  re  sult  is  a  hollow  cylinder. 


9 


a 

El 
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Fifl.  2b  Summary  of  Te*t  Results;  Additional  Feotures  of  the  Central  Flow 
Observed  In  Certain  Regime  5  Flows 
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different  tests  gave  different  types  of  behavior.  Spikes  were  formed  in  some  tests, 
while  in  others  the  dome  did  not  grow  past  a  certain  maximum  height.  Once  a  dome 
attained  a  spike-like  shape,  the  spike  always  continued  to  grow. 

Figures  3  through  5  show  some  specific  examples  of  the  various  types  of  flow  described 
as  regions  3  through  5  in  Fig.  2.  Each  of  these  illustrations  is  a  series  of  still  photos 
reproduced  from  the  motion  picture  record  of  a  typical  drop  test.  All  three  examples 
were  ctosen  from  a  series  of  drops  made  with  Freon  TF  and  an  initial  acceleration  of 
0.016  to  0.017  g. 

Figure  3  shows  a  test  specimen  containing  two  cylinders  with  Inside  diameters  of  7.6 
and  9.5  cm.  Bond  numbers  immediately  following  capsule  release  are  consequently 
20  and  31. 

At  0. 53  seconds  (Fig.  3a)  the  liquid  is  "climbing”  the  walls  of  each  tank.  In  addition, 
Taylor  instability  is  manifested  in  the  formation  of  domes  rising  in  the  central  portion 
of  each  tank.  In  the  smaller  tank,  the  dome  is  already  moving  toward  the  right-hand 
side  of  the  tank,  apparently  as  a  result  of  surface  tension. 

At  1.06  seconds  (Fig.  3b)  the  first  thin  layer  of  liquid  flowing  up  the  walls  has  reached 
the  top  of  each  tank  and  Is  beginning  to  flow  radially  inward  along  the  top.  The  dome 
in  the  smaller  tank  has  reached  the  wall  on  the  right  side,  with  the  result  that  the  major 
part  of  the  flow  is  being  established  along  that  wall.  Since  the  dome  in  the  smaller  tank 
has  moved  away  from  the  central  region  of  the  interface,  the  interface  is  free  to  assume 
a  curved  shape,  as  it  might-ia-the-csae  of  a  bubble  or  in  a  static  "zero-gravity”  situ¬ 
ation.  In  the  larger  tank,  the  spike  is  growing  almost  vertically.  In  addition, 

Helmholtz  instability  is  beginning  to  manifest  Itself  in  a  "pinching  off”  of  the  flowing 
column  of  liquid  about  1-1/2  diameters  below  the  top. 

At  1. 58  seconds  (Fig.  3c):  In  the  smaller  tank,  the  major  flow  up  the  right-hand  side 
has  reached  the  top  of  the  tank,  proceeded  across  the  top,  and  is  beginning  to  "splash" 
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Fig.  3  7.6  and  9.5  cm  Cylinders  of  0.016  g;  Freon  T> 


}*> 

back  down.  The  column  of  liquid  in  the  larger  tank  has  almost  reached  the  top  and  at 
the  same  time  its  base  is  beginning  to  move  to  the  left,  taking  a  large  amount  of  liquid 
below  with  it.  The  Helmholtz  instability  has  resulted  in  a  sphere  of  liquid  being  almost 
separated  from  the  remainder  of  the  column;  in  some  tests,  this  sphere  is  seen  to 
separate  completely.  Ripples  moving  down  the  walls  result  from  the  initial  thin 'layer 
which  flowed  up  the  walls,  hit  the  top,  rebounded,  and  Is  now  setting  up  Interference 
with  the  continuing  flow  up  the  walls. 

At  2. 11  seconds  (Fig.  3d):  In  the  smaller  vessel,  the  Interface  has  reached  the  bottom 
of  the  tank.  Considerable  turbulence  is  present  at  the  top  of  the  tank,  along  with  some 
flow  down  the  left  side  and  interference  ripples  where  this  downward-moving  flow  meets 
the  upward-moving  layer  along  the  wall.  In  the  larger  tank,  the  remainder  of  the  col¬ 
umn  which  was  formed  as  the  result  of  Taylor  instability  Is  seen  in  the  upper  left  corner. 
The  top  of  the  column  has  rebounded  from  the  tank  top.  The  bulk  of  the  liquid  is  be¬ 
ginning  to  flow  up  the  left  side  of  the  tank,  following  the  Taylor  instability. 

In  Fig.  4,  the  test  specimen  consists  of  four  cylinders  whose  Inside  diameters  are  2.3, 
4.7,  13.2,  and  15.2  cm.  Bond  numbers  immediately  following  capsule  release  are 
consequently  1.8,  7.6,  60,  and  80, 

At  0.27  seconds  (Fig.  4a)  a  dome  has  formed  In  the  4.7-cm  cylinder  and  Is  alreafy 
beginning  to  recede.  Flow  features  are  Just  beginning  to  form  in  the  two  larger 
cyclinders. 

At  0.77  seconds  (Fig.  4b)  the  dome  in  the  4.7-cm  cylinder  has  receded  into  the 
downward-flowing  liquid  below.  Broad  domes  have  formed  in  the  two  larger  cylinders; 
particular  attention  is  called  to  the  13.2-cm  cylinder,  where  the  dome  has  a  rather 
broad,  flat  upper  surface  on  which  a  small  depression  can  be  seen. 

At  0.98  seconds,  the  depression  mentioned  Immediately  above  has  "turned  Inside  out," 
becoming  a  small,  rapidly-growing  protuberance  on  the  top  surface  of  the  dome.  Most 
of  the  liquid  flow  is  now  moving  Into  this  protuberance. 
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At  2. 16  seconds,  the  flow  In  the  two  larger  cylinders  is  dominated  by  columns  which 
ha*  .  formed  for  the  entire  length  of  each  cylinder.  Very  turbulent  liquid(  mixed  with 
considerable  gas,  io  collecting  at  the  top  of  each  of  these  cylinders.  Liquid  has  also 
collected  at  the  top  of  each  of  the  smaller  cylinders.  In  the  4. 7-cm  cylinder,  consid¬ 
erable  liquid  which  had  collected  at  the  top  of  the  cylinder  has  splashed  back  down  as 
a  single  coherent  ball,  seen  moving  down  near  the  center  of  the  cylinder. 

Figure  5  shows  the  largest  test  cylinder  used,  29.2  cm.  Bond  number  is  280.  Still 
photos  probably  do  not  show  as  convincingly  as  the  motion  picture  that  the  entire  length 
of  the  cylinder  of  liquid  becomes  hollow  fay  the  end  of  the  test.  It  was  found  that  motion 
picture  projection  was  extremely  helpful  in  the  analysis  of  all  of  the  flows  of  sub-regime 
5E,  whereas  flows  at  lower  Bond  numbers  could  be  studied  more  advantageously  frame 
by  frame. 


Ft0.  5  29.2  cm  Cylinder  at  0.016  8;  Freon  TF 
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It  should  be  noted  that  the  understanding  of  liquid  settling  which  has  been  gained  In  the 
course  of  this  investigation  applies  only  to  the  flow  up  to  the  time  when  It  reaches  the 
alt  end  of  the  tank.  After  liquid  has  reached  the  end  of  the  tank,  its  motion  generally 
becomes  quite  turbulent,  with  liquid  and  gas  phases  becoming  rather  well  mixed. 
Interference  occurs  between  this  fluid  and  the  liquid  which  has  not  yet  reached  the  aft 
end  of  the  tank.  In  some  cases,  quantities  of  liquid  are  seen  to  splash  back  to  the  for¬ 
ward  portion  of  the  tank.  Even  if  sufficient  time  were  available  to  study  this  later 
phase  of  settling  to  any  extent,  it  is  doubtful  that  any  means  of  scaling  the  experimental 
results  to  a  full-scale  vehicle  tank  could  be  found.  The  data  would  probably  be  of  a 
statfattcal  nature  at  best. 


Z  CONCLUSIONS 

The  results  discussed  in  the  preceding  section  have  shown  that  primary  aspects  of  the 
settling  flow  can  be  validly  scaled  by  using  Bond  number,  at  least  within  the  range 
covered  by  this  investigation.  Liquid  level  in  the  test  vessel  was  not  found  to  have  an 
effect  on  the  initial  settling  flow.  Secondary  flow  characteristics  such  as  viscous 
effects  are  of  course  not  scaled  by  the  Bond  number.  However,  except  for  the  tend¬ 
ency  of  a  liquid  spike  to  move  to  one  side  of  the  tank,  these  secondary  flow  features 
are  of  lliutted  importance  in  understanding  the  basic  nature  of  the  flow. 

The  physical  explanation  of  the  fact  that  Bond  number  was  found  to  describe  primary 
aspects  of  the  settling  flow  for  a  wide  range  of  vessel  sizes,  acceleration  levels,  and 
test  liquids  rests  on  the  discussion  of  Taylor  instabilities  presented  in  8ect!on  n. 

Basic  characteristics  of  the  settling  flow  observed  in  the  experiments  are  In  general 
the  same  characteristics  that  were  predicted  on  the  basis  of  the  Taylor  instability. 
Within  this  general  class  of  flows,  differences  between  various  specific  types  of  flow 
have  been  shown  by  the  experiments  to  depend  on  initial  conditions  at  the  interface. 
Since  the  interface  is  essentially  static  immediately  following  capsule  release  (or  ap¬ 
plication  of  ullaging  thrust,  in  the  full-scale  case),  the  conditions  on  which  the  initial 
flow  behavior  is  based  are  determined  by  the  ratio  of  Inertial  to  surface  tension  forces, 


4 
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or  Bond  number.  Thu*  the  basic  characteristics  of  the  entire  flow  should  depend  on 
the  initial  Bond  number.,  as  was  found  experimentally. 

Although  uncertainty  Is  inherent  in  extrapolating  from  a  series  of  small-scale  tests  to 
tanks  which  are  more  than  an  order  cf  magnitude  larger,  there  is  no  apparent  reason, 
on  the  basis  of  the  understanding  gained  from  the  te  tests,  why  the  qualitative  results 
could  not  be  scaled  to  the  full-oire  tank,  using  pond  number. 
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DISCUSSION 


A.  Lytle.  Bell  Ae  rosy  stems  Company 

Your  experimental  results  show  quite  different  types  of  How  at  higher  settling  Bond 
numbers  than  at  lower  ones.  How  do  you  explain  the  fact  that  for  one  range  of  Bond 
numbers  the  experiments  show  thin  "spikes"  of  liquid  flowing  up  the  center  of  the  tank, 
whereas  for  another,  higher  range  of  Bond  numbers  the  flows  are  in  the  form  of  hollow 
cylinders  of  liquid? 

Bowman 

Perhaps  the  easiest  way  to  explain  the  differing  nature  of  the  flows  obtained  at  different 
Bond  numbers  is  through  consideration  of  the  dynamics  of  the  Initial  interface,  which 
is  very  nearly  a  plane. 

At  Bond  number  40,  for  example,  only  the  lowest  axl-symmetric  vibrational  mode  is 
unstable  and  all  higher  axl-symmetric  modes  are  stable,  so  that  a  wave  would  grow  at 
the  tank  centerline  and  result  in  liquid  flow  in  the  form  of  a  spike.  At  Bond  numbers 
around  200  r  higher,  on  the  other  hand,  the  first  four  axl-symmetric  modes  are  all 
unstable.  A  rather  simple,  linearized  examination  of  the  exponential  time  dependence 
of  eaoh  mode  indicates  that  the  second  and  third  modes  are  more  unstable  than  the  first 
(that  Is ,  initially  they  grow  faster  than  the  first) ,  so  that  some  sort  of  wave  concentric 
with  the  cylinder  would  grow  to  form  a  hollow  cylinder  of  flowing  liquid. 
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ABSTRACT 

The  Martin  Company  75-ft  drop-teat  facility  la  deacrlbed.  Thin  facility  provide  a 
repeatable  and  controllable  low-g  conditions  of  10  to  10  g  for  2. 1  aec.  The  teat 
cell  falla  Inside  an  evacuated  drag  ahleld  while  being  accelerated  at  oonatant  g-levela. 
Both  Indirect  and  planar  lighting  technique*  aro  uaed  for  16-mm  photographlo  docume¬ 
ntation  of  teat  reaults.  ! 


NOMENCLATURE 


English  Symbola 

A 

a 

CD 
8 1 

«’ 

»" 

X 

m 


Area,  ft4 

2 

Acceleration,  ft/aec 

Drag  coefficient 

Gravitational  acceleration  (local),  ft/aec 

2 

Acceleration  (gj-a^),  ft/tec 

Acceleration  (g,+a  J,  ft/aec^ 

1  c  , 

Drag  parameter,  lb  /ft 
n 


2 


Mean,  lb, 


m 
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tsjr: 
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t 

V 

Greek  Symbols 
At 

y 

Ay 

P 

Subscripts 

c 

d 


Time,  sec 
Velocity,  ft/eec 


Differential  velocity  (vc~vd).  ft/eec 
Vertical  distance,  ft 
Differential  vertical  distance  (yc-yd),  ft 
Mass  density,  H>m/ft3  \ 


Test  cell 
Drag  shield  ' 
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THE  MARTIN  COMPANY'S  LOW-g  EXPERIMENTAL  FACILITY 


1  INTRODUCTION 

The  Martin  Company's  free-fall  facility  was  developed  (hiring  1963  to  experimentally 
support  various  zero-g*  fluid  investigations  (Refs.  1  through  4).  The  facility's  zero-g 
testing  capability  is  described  in  Ref.  4.  An  additional  test  capability  providing  low-g 
conditions  during  the  2. 1-sec  free-fall  duration  was  developed  during  1964.  A  rela¬ 
tively  simple  method  employing  constant-force  NEG'ATOR**  springs  is  used  for  pro¬ 
viding  controllable  and  repeatable  accelerations  during  free  fall.  The  low-g  capability 
is  required  for  providing  quantitative  low-g  experimental  data,  i.e. ,  correlation  of 
model  and  prototype  Bond  numbers.  Acceleration  levels  to  0. 019  g  are  obtained  for 
the  full  free-fall  duration  while  higher  g-levels  can  be  provided  for  shorter  durations 
(less  than  2. 1  sec).  This  low-g  capability  was  used  extensively  in  support  of  the  pro¬ 
pellant  settling  study  discussed  in  Ref.  5. 

This  paper  describes  the  utdque  low-g  testing  technique,  testing  procedures,  and  in¬ 
strumentation  used  in  the  drop  tower  at  Denver,  Colorado. 

2  LOW-g  TEST  PRINCIPLE 

The  tost  principle  used  for  providing  low-g  conditions  during  free  fall  Is  illustrated 
in  Fig.  1.  The  test  cell  is  balanced  prior  to  each  tost  to  assure  that  the  NEG'ATOR 
spring  force  acta  through  its  center  of  mass.  The  space  between  the  tost  cell  and 
drag  shield  is  evacuated  to  assure  that  the  only  substantial  force  acting  on  the  tost 
oell  during  free  fall  Is  provided  by  the  NEG'ATOR  spring  arrangement,  as  shown. 

The  tost  cell  and  drag  shield  fall  unguided,  and  are  Independent  (except  for  the 
NEG'ATOR  springs).  The  capsules  fall  at  different  rates  because  of  the  spring  force 


*The  term  zero-g  Is  used  herein  to  denote  a  condition  of  zero  acceleration. 
•♦Trade  name,  Hunter  Spring  Company,  Hatfield,  Pennsylvania. 
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1)  Drop  capeule  package  Is  pictured  just  prior 
to  initiation  of  froo-fall.  The  drop  ao> 
quence  la  to  charge  the  XK/tt4  capacitor 
bank  to  260  volte j  atablUte  the  eapaula 
package j  tun  caaera  and  toat  eoll  light¬ 
ing  ajatea  on,  and  then  oeeer  aachlne  bolt. 
The  toot  eoll  la  aoparatod  froa  the  drag 
ahlold  alaoat  lnotantaneoualy  (within  13 
nilliaooonda).  A  alcroawlteh,  aonalng 
downward  notion  of  the  drag  ahlold,  actl- 
vatca  the  capacitor  bank  to  aupply  the 
energy  for  fualng  the  plono  wire. 


2)  The  capeu.’a  package  la  ahoun  during  froa 
fall.  The  HEO'ATOB  aprlnga  are  accelerat- 
ing  the  toat  eoll  (downward  with  reopoct 
to  the  drag  ahlold).  The  length  of  tho 
alualnua  tube  la  aiaod  to  provide  tho 
proper  relative  travel  dlatanee  between 
eapaulea  during  the  2.1  aee  free-fall. 


Wheat 


3)  Te  ml  rut  Ion  of  free-fall  la  ah  own.  The 
KtO'ATOR  aprlng  force  haa  bovtcsed  the 
teat  cell  in  the  drag  ahlold  (allilaeeonda) 
before  the  eapaule  package  pone tr>< tea  the 
wheat  bln.  The  caaera  and  lighting  ajatea 
are  turned  off  by  an  iapact  ewltch  during 
deceleration. 


Fig.  I  Low-g  Ta*t  Principle 


and  also  because  of  air  drag  acting  on  the  larger  capsule.  Neglecting  buoyancy,  the 


velocity  of  the  drag  shield  can  be  calculated  from: 

Td  *  iFt*nh  (JW  *) 

(1) 

where 

_ !<CDPA) 

(2) 

-  *1  -  »d 

(3) 

and  where  arf  Is  the  acceleration  (oonstant)  provided  by  the  NEQ'ATOR  springs. 

The  velocity  of  the  test  oell  is  simply: 

vc  *  *"  * 

(4) 

where 

«"  ■  *|  +  »c 

(5) 

and  where  aQ  Is  the  constant  acceleration  provided  the  test  oell  by  the  spring  foroe. 

The  drag~shleld  and  test-cell  accelerations,  a^  and  aQ ,  are  calculated  from  the 
Newtonian  force-mass  relationship  using  the  constant  force  supplied  by  the  NEQ'ATOR 
springs  and  by  the  drag  shield  and  test  cell  Individual  masses,  respectively.  The 
springs  are  calibrated  and  the  test  oell  is  accurately  weighed  prior  to  each  test. 

(There  is  no  need  to  weigh  the  drag  shield  with  each  test  since  it  is  a  constant  mass. ) 

I 

i 

\ 
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Differential  capsule  velocity  is  simply  the  dtflercnce  between  Eqs.  (1)  and  (4): 


and  integration  of  Eq.  (6)  yields  capsule  relative  travel  (vertical): 

Ay  -  |g 

The  maximum  acceleration  obtainable  using  this  low-g  testing  method  is  limited  bv 

.  I 

the  capsule  relative  travel  distance.  Ay  .  Zero-*!'  is.  of  corn's**,  the  lower  limit 
obtained  by  omitting  the  NEG'ATOR  springs.  \ 

3  APPLICATION  OF  NEG’ATOR  SPRINGS 

The  unique  feature  of  this  testing  principle  is  the  application  of  NEG'ATOR  springs 
for  providing  the  constant  force  required.  Other  acceleration  techniques,  such  as 
choked  gas  jets,  were  also  considered  but  were  not  as  attractive  tyom  simplicity  and 
cost  considerations.  Some  of  the  other  methods  considered  had  specific  shortcomings 
as  well.  For  example,  a  choked  nozzle  would  not  permit  evacuation  of  the  space 
between  the  drag  shield  and  test  cell .  . 

- Thc"NEG'ATOR  springs,  made  of  stainless  steel  or  high-carbon  spring  steel,  nrepre- 

stressed  to  provide  a  constant  resisting  force  incrementally,  rather  than  cumulatively, 
as  with  conventional  springs.  Individual  NEG'ATOR  springs  are  pictured  In  Fig.  2a: 
constant-torque  motors  are  shown  In  Fig.  2b.  The  latter  consist  of  individual  springs, 
ns  shown.  The  motors  arc  preferred  for  low-g  tests  since  they  provide  working  deflec¬ 
tions  up  to  6  ft  while  individual  springs  are  limited  to  only  about  1  ft.  Both  the  springs 
and  motors  arc  reusable  (2500  cycles  or  more). 
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a.  CONSTANT -FOtCt  SWINGS  (STAINltSS  STHl).  SWINGS  PtCTUUO  VA*V  »OM  0.*  fc,  TO  4.D  *r 


Fig.  2  Standard  Open-Stock  NEG'.'TOR  Springs  and  Motors 


Different  NEG'ATOR  spring  arrangements  are  possible  for  provldbig  low-g  test  con¬ 
ditions.  The  simplest  is  shown  in  Fig.  1,  i.e. ,  a  single  unopposed  motor,  or  spring. 
At  extremely  low  acceleration  levels  ( 10~4  g  or  so),  opposed  springs,  or  motors,  are 
more  desirable.  This  opposed  arrangement  permits  the  use  of  fairly  rugged  springs 
while  still  providing  the  small  differential  force  required. 

The  single,  unopposed,  constant-torque  motor  arrangement  was  used  for  the  majority 
of  the  settling  tests  reported  in  Ref.  5.  Standard  open-stock  NEG'ATOR  motors  rang¬ 
ing  from  9.375  to  5.0  lbj  (nominal)  were  used. 


15-7 


t 


Typical  force-versus- 
deflectlon  calibrations  for 
the  constant-torque  motors 
are  presented  in  Fig.  3. 
The  force  deviation,  as 
seen,  is  usually  less  than 
10  percent  for  the  open- 
stock  motors.  The  cali¬ 
bration  data  are  repre¬ 
sentative  of  tiie  actual  test 
usage  In  that  the  force  pre¬ 
sented  In  Fig.  3  Is  obtained 
during  recoiling  of  the 
motor. 


Fig.  3  Standard  Open-Stock  NEG’ATOR  Constant* 
Torque  Motor  Calibrations 


4  LOW-g  TESTING  CAPABILITY 


The  drop  tower  is  housed  in  the  Titan  Vertical  Test  Facility  at  Denver.  A  schematic 
of  the  facility  is  presented  in  Fig.  4.  The  maximum  drop  height  (75  ft)  affords  2. 16 
sec  of  free-fall.  The  test  duration  is  slightly  less,  about  2. 10  sec,  since  the  test  cell 
Is  arrested  In  the  drag  shield  prior  to  termination  of  free  fall. 


The  present  testing  capability  Is  limited  to  a  maximum  acceleration  level  of  0.019  g. 
This  maximum  level  Is  obtained  with  the  drag  shield  (Fig.  5)  and  the  smaller  of  the 
two  test  cells  (Fig.  6).  The  larger  test  cell  is  pictured  In  Fig.  7.  The  present  test 
capability  is  limited  to  a  negative  direction  only,  as  shown  in  Fig.  1.  A  positive  low-g 
capability  is  being  developed  and  will  be  operational  by  July  of  this  year.  In  addition, 
a  larger  drag  shield  (Fig.  8)  is  being  developed  to  Increase  the  g-level  upper  limit  to 

0.10g. 


.m 
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Fig.  4  Schematic  Drawing  of  tha  Low-g  fig.  5  Drag  Shield  ( 3— ft  Diameter  by 

Test  Facility  at  Martin-Den ver  10  ft;  1425  lb  ) 

in 


5  DATA  DOCUMENTATION 

Date  are  photographically  documented  to  provide  a  chronological  record.  The  16-mm 
Mllliken  DBM  3A  camera  prorldea  film  apeed  to  400  fpe;  the  16-mm  Fairchild  HS  401 
camera  has  a  film  apeed  up  to  7000  fpe.  Tents  are  usually  conducted  with  the  Mllliken 
camera  at  800  fpe .  Both  are  powered  by  89  vdc  supplied  by  battery  pecks  durli«  free 
fall. 

Two  lighting  techniques  are  used.  An  Indirect  method,  common  to  drop  tower  Inves¬ 
tigations,  Is  used  along  with  a  second  technique,  which  focuses  a  narrow  plana  of  light 
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Fig.  6  Smeller  of  the  Test  Cells  (128  lbm 
Empty) 


Fig.  8 


Dreg  Shield  Under  Development 
(42-in.  Diameter  by  130  in.; 


1600  lbm) 


(1/8-in.  thick)  through  the  test  specimen,  as  shown  in  Fig.  9.  The  specimen  is  housed 
In  a  plexiglass  box ,  and  the  space  between  the  two  is  filled  with  water  to  reduce  light 
dispersion  and  optical  distortion  effects .  The  camera  is  focused  on  the  plane  of  light 
to  provide  a  two-dimensional  photographic  record.  This  method  is  particularly  attrac¬ 
tive  for  quantitative  documentation  of  fluid  migration  and  liquid -vapor  interface  phe¬ 
nomena  during  low-g.  Colloidal  suspension  techniques  are  also  used  with  this  planar 
lighting  method  for  documenting  flow  patterns . 


Fig.  9  Planar  Lighting  System,  Test  tpecimen  (not  ihown)  it  positioned  within  the  plexi¬ 
glass  box. 


Data,  other  than  photographic ,  can  also  be  provided.  Cables  attached  to  the  drop-cap¬ 
sule  package  fall  with  the  package  during  test  to  provide  pressure  and  temperature 
data,  which  are  recorded  by  stationary  readout  equipment  positioned  at  the  third  level 
of  the  facility. 


6  TEST  PROCEDURE 


Laboratory  work  ia  performed  at  the  second  level  of  the  facility.  The  test  specimen 
is  positioned  in  the  test  cell  and  the  test  cell  is  balanced.  The  cell  is  sealed  and  a 
6-in. -diameter  frangible  aluminum  tube  (with  0.058-in.  wall  thickness)  is  attached  to 
its  bottom.  The  length  of  the  tube  is  sized  to  provide  the  required  capsule  relative 
travel  for  the  particular  low-g  test.  The  NEC  A  TOR  spring  motor  is  then  mounted  to 
the  cell  (Fig.  10). 


The  test  cell  is  attached  to  the  upper  segment  of  the  drag  shield  by  the  single-piano- 
wire  arrangement  (Fig.  11).  This  package  is  then  lowered  into  the  drag  shield  to  a 
position  permitting  attachment  of  the  NEG’ATOR  motor  cable  to  the  bottom  segment 


Fig.  11  Schemotic  Drawioq  of  ftrsp-Capwlo  Package  in  Teit  Condition  (Prior  to  Initiation 
of  Prevail) 
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of  the  drag  shield .  The 
latter  Is  sealed  and  the 
space  between  the  two 
capsules  Is  evacuated. 

(The  drag  shield  now  used 
provides  a  vacuum  level 
of  3.0  mm  Hg;  the  larger 
drag  shield  being  developed 
will  provide  a  level  less 
than  1.0  mm  Hg.) 

The  package  Is  hoisted  to 
the  scaffold  at  the  sixth 
level  of  the  drop  tower 
(Fig.  42),  and  the  20K  pfd 


Fig.  12  Drop-Capsule  Package  at  its  Maximum  Drop 
Height  (75  ft) 


capacitor  bank,  used  for  fusing  the  piano  wire  and  separating  the  two  capsules,  Is  then 


charged.  The  capsule  package  is  stabilized,  and  the  camera  and  Internal  lighting  sys- 


Flg.  13  Drop-Copsule  Pockage  Entering 
Wheat  Bin 


tern  are  activated. 

The  drop  test  Is  initiated  by  severing  a 
5/16-in.-dlameter  machine  bolt  that  suspends 
the  package  from  a  2-ton  overhead  hoist.  A 
microswitch,  sensing  downward  motion  of  the 
drag  shield,  activates  a  relay  that  discharges 
the  capacitor  bank.  The  piano  wire  is  fused 
within  13  msec  of  the  drag-shield  release. 

The  capsule  package  falls  unguided.  The  test 
cell  is  arrested  in  the  outer  capsule  Just  prior 
to  termination  of  free  fall.  The  package  la  de¬ 
celerated  in  a  large  conical  bln  filled  with 
13,000  lbm  of  whent  i Fig.  13).  Peakg-level 


is  less  than  25  g,  and  penetration  is  about  62  in.  The  120,000  ft-lb  are  dissipated  in 
approximately  0. 15  sec  (Fig.  14). 


The  chronological  photographic  documentation  is  terminated  by  an  impact  switch  during 
careule  deceleration. 


Fig.  14  Typical  Energy  Dissipation  During  Deceleration  of  Dr  op -Capsule  Package  in 
Wheat  Bin 

o' 

7  REFERENCES 

1.  Rocket  Propellant  and  Pressurization  Systems.  Chapter  13,  Prentice- Hall, 
Englewood  Cliffs,  N.J.,  1964 

2.  H.  Paynter,  "Capillary  Devices  for  Providing  Positive  Expulsion  of  Liquid 
Propellant  in  Zero-g"  (paper  presented  at  Symposium  on  Positive  Expulsion 
Propellant  Systems  for  Space  Vehicles,  Aerospace  Corporation,  Los  Angeles, 
California,  Mar  1964) 


15-15 


3.  - ,  "Time  for  a  Totally  Wetting  Liquid  to  Deform  From  a  Gravity-Dominated 

to  a  Nulled -Gravity  Equilibrium  State,  "  AIAA  Journal.  Sep  1964 

4.  H.  Pajmter,  R,  Marsh,  V.  Tyler,  and  C.  Mackenzie,  "Zero-g  Liquid  Propellant 
Orientation  by  Passive  Control,"  Paper  862D,  SAE/ASME  National  Air  Transport 
and  Space  Meeting,  New  York,  Apr  1964 

5.  T.  Bowman,  "Liquid  Settling  In  Large  Tanks"  (paper  presented  at  Symposium 

I 

on  Fluid  Mechanics  and  Heat  Transfer  Under  Low  Gravitational  Conditions , 
Lockheed  Missiles  ft  Space  Company,  Palo  Alto,  California,  24  -  25  Jun  1985) 


ACKNOWLEDGMENTS 

The  following  personnel,  members  of  the  Advanced  Technology  and  Development  Section. 
Propulsion  and  Mechanical  Engineering  Department,  made  significant  contributions 
during  the  development  of  die  low-g  facility:  Larry  D.  Cameron.  Dennis  E.  Gilmore, 
Ralph  Z.  Marsh,  John  N.  Smith,  and  Robert  W.  Winks. 

K.  P.  Timmons,  Manager  of  the  Propulsion  and  Mechanical  Engineering  Department, 
and  T.  R.  Heuton,  Chief  of  the  Advanced  Technology  and  Development  Section,  provided 
valuable  assistance  in  this  development  effort. 


15-16 


DISCUSSION 


H.  M.  Satterlee,  Lockheed 

You  described  two  lighting  techniques:  the  planar  method  and  the  colloidal  method. 
Your  planar  lighting  technique  is  quite  different  from  our  backlighting  method.  Ours 
gives  a  very  sharp  picture  of  the  interface  except  in  cases  where  it  is  double  valued. 
The  colloidal  technique  you  mentioned  is  useful  principally  in  flow  visualisation. 

Pavnter 

The  two  lighting  techniques  we  use  are  the  Indirect  and  planar  methods.  The  colloidal 
technique  is  Used  with  the  latter  method  for  obtaining  two-dimensional  flow  patterns. 

Satterlee 

-4 

How  do  you  measure  accelerations  as  low  as  10  and  10  gQ? 


Paynter 

We  obtain  a  chronological  record  of  test  acceleration  by  recording  relative  travel 
between  the  test  cell  srd  a  steel  ball  (0.875-in  dia)  housed  within  the  test  cell  during 
the  2. 1-sec  test  duration.  The  ball  is  constrained  to  move  freely  in  a  vertical  direc¬ 
tion  only  and  its  travel  is  recorded  chronologically  by  an  equl-spaced  photodiode  net¬ 
work.  The  system's  sensitivity  is  0. 1-in  travel.  Graphical  differentiation  of  this 
relative  travel  yellds  test  cell  acceleration  as  a  function  of  time.  The  acceleration 
profile  reflects  the  variation  in  calibrated  spring  force.  Figure  3. 
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ABSTRACT 

f  The  separation  of  liquids  and  gases  under  low-g  conditions  Is  an  Important  function 
,i  la  many  spacecraft  systems.  In  this  paper  the  authors  describe  the  use  of  hydro- 
I  phobic  (nonwetting)  and  hydrophilic  (wetting)  surfaces  to  control  the  water  and  gas 
i  phases  In  certain  life-support  equipment. 

!  The  theoretical  basis  for  the  phase  separation  process  is  described,  the  principles 
|  Involved  are  demonstrated,  a  hum lulty-control  system  embodying  these  principles  is 
j  described,  and  performance  test  data  are  presented  for  this  system. 

I  j 
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THE  APPLICATION  OF  HYDROPHILIC  AND  HYDROPHOBIC  SURFACES 
FOR  PHASE  SEPARATION  IN  A  LOW-g  ENVIRONMENT 


1  THEORETICAL  APPROACH 


Theoretical  coos lde ration  of  two  capillary  phenomena  supported  the  design  of  the 
phase-separation  equipment  described  in  this  paper.  These  processes  are:  (1)  the 
pressure  differential  existing  across  a  stable  liquid-gas  interface  In  a  porous  material, 
and  (2)  die  velocity  which  will  cause  a  liquid  droplet,  striking  a  porous  hydrophobic 
surface,  to  penetrate  that  surface. 

The  porcua  material  of  interest  is  a  fine-mesh  stainless  steel  screen.  This  material 
Is  vjrad  In  ths  uncoated  form  as  a  hydrophilic  surface;  coated  with  Teflon,  it  behaves 
as  a  hydrophobic  material.  The  liquid  of  interest  is  water. 


Analytical  models  available  for  prediction  of  the  low-gravity  phase  separation 
capabilities  of  woven  screens  are  far  from  exact.  For  this  reason  a  fairly  simple 
model  was  used,  recognizing  that  inaccuracies  in  performance  predictions  would 
result.  The  variance  between  predicted  and  actual  performance  described  in  this 
paper  shows  that  the  analytical  model  chosen  can  be  used  at  least  to  estimate  the 
order  of  magnitude  of  performance. 

1.1  Stability  of  the  Liquid -Gas  Interface 

The  conditions  for  stability  of  a  liquid-gas  Interface  in  a  porous  material  (as  shown  in 
Fig.  1)  are  of  interest  for  low -gravity  phase  separation  applications  described  here. 
For  example,  if  liquid  droplets  on  the  gas  side  of  the  porous  plate  shown  in  the 
lllustratlonrc&ch  the  stable  liquid-gas  interface  they  will  enter  the  liquid  phase.  In 
this  way  liquid  is  extracted  selectively  from  a  two-phase  medium  with  a  hydrophilic 
screen  mesh  surface. 
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The  model  uaed  for  predicting  the  pres¬ 
sure  differential  existing  across  a  sta¬ 
ble  gas-liquid  interface  is  shown  in 
Fig.  1 .  The  analytical  expression 
for  the  pressure  differential  across 
the  interface  is  given  by  the  capillary 
pressure  rise  equation  attributed  to 
Laplaoe: 


where 

Pg  *  pressure  on  gas  side 
Pj  »  pressure  on  liquid  side 
<r  *  surface  tension 

and  r2  ■  principal  radii  of 


MCnONA* 

Fig.  1  Stability  of  Liquid-Gat  Interface 
in  a  Cylindrical  Hole 


of  the  liquid-gas  interface 


For  a  cylindrical  hole  aa-ehown-irt  the  model,  the  principal  radii  of  curvature  are 
Identical  and  equal  to 


r 

cos  0 


where 

r  •  radius  of  cylindrical  hole 
0  -  contact  angle 


Substituting  r^  ■  r2  «  r/cos  0  in  Eq.  (1)  gives 


_  _  2<r  cos  0 
pg  •  pi  - 


(2) 
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The  geometry  of  interest,  a  woven  screen, 
is  roughly  approximated  by  the  square 
opening  shown  in  Fig.  2;  for  the  lack  of 
a  better  model  this  approximation  was 
used. 

To  apply  the  solution  for  the  round  opening 
to  the  square  configuration,  the  hydraulic 
radius,  r^  ,  was  substituted  for  the  term 
r/2  in  Eq.  (2),  giving 


Fig.  2  Stability  of  Liquid-Gas  Interface 
in  a  Square  Hole 


-P£  = 


-  <r  cos  i 
rL 


where  r^  -  area/wetted  perimeter.  This  approach  appears  to  be  justified  on  the 
basis  of  a  force  balance  on  the  liquid  surface  as  depicted  in  Fig.  2.  The  sum  of  the 
forces  acting  parallel  to  the  axis  of  the  opening  contributes  to  the  pressure  difference: 


iV’T1 


4r?  x  cos  fl 
2 


4cr  cos  0 


Using  Eq.  (3),  pressure  differential  calculations  were  made  for  the  hydrophilic 
(uncoated  stainless  steel)  screen  with  0  *  45  deg,  and  for  the  hydrophobic  (Teflon- 
CoatedMcreen  using  0  *  105  deg.  The  results  of  these  calculations,  for  water  in 
contact  with  several  mesh  sizes,  are  presented  in  Table  1. 


-M*Vw 


Table  1 

THEORETICAL  WATER  PRESSURE  DIFFERENTIAL 
ACROSS  HYDROPHILIC  AND  HYDROPHOBIC  SCREENS 


Screen 

Type 

Screen 
Mesh  Size 

Wire 

Diam. 

(In.) 

Pressure  Differential 
(to.  HzO) 

Hydrophilic 

400 

0.0010 

20.9 

Hydrophilic 

325 

0. 0014 

18.4 

Hydrophilic 

200  __ 

0. 0021 

10.8 

Hydrophobic 

325 

0. 0014 

-7.6 

Experimental  values  of  pressure  differential  determined  in  subsequent  experiments 
are  compared  with  these  theoretical  values  in  Section  2. 

1.2  Droplet  Penetration  Velocity 

For  a  hydrophobic  screen  it  is  interesting  to  note  that  if  gas  with  entrained  liquid 
droplets  were  to  flow  to  the  screen,  it  would  be  possible  to  stop  the  liquid  droplets 
from  passing  the  screen  mesh  while  the  air  was  allowed  to  continue  through.  One 
requirement  for  this  type  of  separation  is  that  the  droplet  must  be  larger  than  the 
screen  porosities.  Additionally,  utoen  the  liquid  droplet  contacts  the  hydrophobic 
screen,  a  liquid  stagnation  pressure  will  develop  at  the  region  of  impact.  As  long  as 
the  pressure  difference  developed  across  the  screen  results  in  a  stable  interface,  the 
liquid  droplet  will  not  pass  through  the  screen. 


To  estimate  the  maximum  velocity  that  a  droplet  may  have  and  still  be  stepped  by  a 
hydrophobic  screen,  consider  the  schematic  diagram  of  Fig.  3.  With  the  liquid 
droplets  approaching  the  hydrophobic  screen  at  a  velocity  V  ,  the  difference  between 
the  stagnation  and  static  pressures  of  the  liquid  drop  is 
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MV0*O**Ot<  VCMlN  M(Sm 


where 


=  pv2 

’’stag.  “  ^static  2g 


liquid  density 
approach  velocity 
gravitational  constant 


If  the  radii  of  the  droplets  are  large  Fi«*  3  g  Liquid  Duplet,  From 

a  Gaseous  Stream  by  a  Hyaropno- 
compared  with  the  screen  openings,  bic  Surfoce 

then  the  static  pressure  of  liquid  in  a 

drop  will  be  equal  to  the  pressure  of 

the  gas  surrounding  it;  that  is  p  .  .  ■  p  .  Hence,  the  difference  between  the 
tlon  pressure  of  the  moving  liquid  droplets  and  the  gas-stream  pressure  may  be 
expressed  by 


Hence,  the  difference  between  the  stagna- 


p  -p  =  ax! 

pstag.  pg  2g„ 


If,  as  shown  In  Fig.  3,  the  angle  between  the  normal  to  the  screen  surface  and  the 
direction  of  the  gas-liquid  droplet  flow  stream  is  <t>  ,  then  only  a  fraction  of  the 
stagnation  pressure  will  be  developed  on  the  hydrophobic  screen  as  a  liquid  droplet 
impinges.  The  difference  between  liquid  and  gas  pressures  at  the  point  of  impact 
may  be  expressed  by 


P|-Pg 


cos  $ 


The  maximum  stable  pressure  difference  ( P|  "  Pg )  that  can  be  supported  across  a 
hydrophobic  screen  can  be  estimated  from  Eq.  (3),  thereby  allowing  calculation  of 
the  Impingement  velocity  below  which  penetration  should  not  occur. 
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2  DEMONSTRATION  OF  PRINCIPLES 


Devices  have  been  constructed  and  tested  to  demonstrate  (1)  the  ability  oir  a 
hydrophilic  screen  to  allow  the  selective  transfer  of  water  from  a  two-phase  (water 
gas)  supply,  and  (2)  the  ability  of  a  hydrophobic  screen  to  allow  the  flow  of  gas  with 
very  little  resistance,  but  to  retain  water. 

These  devices  consist  of: 

•  A  hydrophilic  screen  on  the  end  of  a  fitting  equipped  with  a  delivery  tube 
(Fig.  4) 

•  A  tube  fitted  at  one  end  with  a  hydrophobic  screen 

A  brief  description  of  the  experiments  conducted  with  these  devices  follows. 

2.1  Hydrophilic  Screen 


A  sequence  of  three  photographs  demonstrate  s  that  the  hydrophilic  screen,  subjected 


Ftfl.  4  Hvdrophtllc  Screen  -  Liquid  Flow 
When  Exposed  Only  to  Liquid  Phase 


to  a  controlled*  pressure  differential, 
will  provide  a  substantial  liquid  flow 
when  it  is  fully  covered  with  water** 

(Fig.  4),  that  it  will  flow  water  selectively 
when  exposed  to  both  the  gas  and  liquid 
phases  (Fig.  5),  and  that  it  will  not  allow 
gas  to  pass  when  it  is  exposed  only  to  the 
gas  phase  (Fig.  6). 

From  Eq.  (3),  the  pressure  difference 
which  can  be  supported  by  such  a  screen 
without  breaking  the  water  screen  bond 
can  be  estimated.  Experimental  values 

*Less  than  iv  e  ml  to  the  pressure 
different!  n.  ^uired  to  produce  a 
stable  liquid-gas  interface. 

♦•Colored  slightly  to  clarify  the  picture. 
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Fiji.  5  Hydrophilic  Screen  -  Selective 
Liquid  Flow  When  Exposed  to 
Both  Gas  and  Liquid  Phases 


Fig.  6  Hydrophilic  Screen  —  Prevention 
of  Gas  Flow  When  Exposed  Or.ly 
to  Gas  Phase 


for  this  pressure  difference  were  determined  using  an  apparatus  similar  to  that  shown 
In  the  photographs. 

The  pressure  differential  across  the  screen  was  varied  by  raising  or  lowering  the 
end  of  the  delivery  tube.  In  this  manner  the  pressure  differential  required  to  break 
the  water-screen  bond  was  determined  for  three  mesh  sizes.  Table  2  shows  the 
experimental  values  and  the  percent  of  the  theoretical  values  estimated  by  means  of 
Eq.  (3). 

It  is  probable  that  the  differences  between  experimental  and  theoretical  pressure- 

difference  values  are  due  to  the  significant  deviation  of  the  woven -screen  geometry 

\ 

from  the  square-hole  model  used,  variations  in  screen  pore  dimension!:,  and 
uncertainties  in  the  contact  angle.  0 .  This  reduction  in  differential  is  not  •  serious 
problem  in  the  application  of  the  principle ;  care  is  taken  to  malntafn  a  pressure 
differential  across  the  screen  which  will  not  cause  instability  in  the  liquid-gas 
interface,  and  sufficient  screen  area  is  provided  to  handle  the  desired  flow  rate  at 
ihe  reduced  pressure  differential.  \ 
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Table  2 


PRESSURE  DIFFERENCE  REQUIRED  TO  BREAK  WATER-SCREEN  BOND 
FOR  THREE  SCREEN  MESH  SIZES  -  HYDROPHILIC  SCREEN* 


2.2  Hydrophobic  Screen 


As  shown  In  Fig.  7,  a  piece  of  tubing 
was  fitted  with  325-mesh  stainless  steel 
screen  coated  with  Teflon.  The  dry 
screen  passed  air  with  negligible  resis¬ 
tance.  The  tube,  with  the  screen  at  the 
bottom,  was  immersed  in  a  water  bath 
to  a  depth  of  5. 5  in.  before  water  flow 
through  the  screen  was  observed. 

The  theoretical  water  column  weight 
was  estimated  at  7. 6  in.  from  Eq.  (3). 
Again,  the  difference  between  theoretical 
and  actual  performance  is  probably  due 
to  the  geometrical  complexity  of  the  woven 
screen  and  uncertainty  in  the  value  of  the 
water-Teflon  contact  angle.  For  a  number 
of  applications  of  lnterestrUowe^er ,  the 
actual  performance  is  entirely  adequate. 


Fig.  7  Hydrophobic  Screen  Test 
Device 
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3  APPLICATION  OF  PRINCIPLES  TO  LIFE -SUPPORT  SUBSYSTEMS 

Man;/  life-support  processes  Involve  the  separation  of  gases  and  liquids  under  low-g 
conditions;  primary  examples  are  (1)  the  extraction  of  condensed  moisture  from  an 
alrstream  to  control  humidity,  (2)  the  collection  of  urine  and  other  liquid  wastes, 

(3)  the  distillation  of  liquid  wastes  to  obtain  usable  water,  and  (4)  the  management  of 
liquid  supplies  of  expendable  materials  such  as  water  and  oxygen. 

The  authors  have  engaged  in  laboratory  development  activities  to  explore  the  use  of 
hydrophobic  and  hydrophilic  surfaces  in  devices  to  carry  out  some  of  these  processes. 
Principles  have  been  described  and  demonstrated  in  the  previous  sections;  here,  ap¬ 
plication  of  these  principles  to  the  control  of  space-cabin  humidity  will  be  described. 

3. 1  Humidity  Control  System 

A  basic  space-cabin  atmosphere -control  problem  is  the  maintenance  of  a  physiologically 
satisfactory  humidity.  This  is  normally  accomplished  by  reducing  the  temperature  of 
the  atmosphere,  at  some  point  in  the  system,  to  the  desired  dew-point;  the  moisture 
condensed  in  this  process  is  then  separated  from  the  atmosphere  and  removed  for 
storage,  processed  for  re-use,  or  vented  overboard. 

The  process  by  which  liquid  is  removed  from  the  separator  must  allow  a  minimum  of 
atmosphere  to  be  entrained  in  the  water  -  for  two  reasons;  (1)  if  the  water  is  vented 
overboard  this  atmosphere  is  lost,  and  (2)  if  the  liquid  is  stored,  the  storage  tank 
will  have  to  be  large  enough  to  store  both  the  liquid  and  the  entrained  atmosphere. 

Based  on  the  principles  described  earlier,  a  humidity-control  system  has  been  built 
and  tested  at  Lockheed;  theoretically,  this  system  will  perform  satisfactorily  in  the 
weightless  condition,  although  proof  awaits  zero-g  testing.  The  design  concept  for 
this  system  is  described  in  the  following  paragraphs^  while  laboratory  test  results 
are  described  in  Section  4. 2.  \ 
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The  humidity  control  system  comprises  six  primary  parts;  a  heat  exchanger,  a 
coalescer,  a  hydrophobic  liquid-  separator,  a  hydrophilic  sump,  a  pressure-control 
unit,  and  a  b laddered  tank. 

Figure  8  depicts  (1)  how  the  heat  exchanger  cools  the  atmosphere  to  the  desired  dew¬ 
point,  creating  a  mist  or  fog,  (2)  how  the  coalescer  (a  woven  metal  mat)  creates 
droplets  larger  than  the  mesh  size  of  the  hydrophobic  screen,  and  (3)  how  the  droplets 
collect  in  larger  globules  at  the  base  of  the  hydrophobic  screen.  The  hydrophilic  sump 
Is  equipped  with  a  suction  system  to  maintain  a  controlled  pressure  differential  across 
the  screen.  The  tube  leading  away  from  the  sump  must  remain  full  of  liquid  to  main¬ 
tain  the  water-screen  bond  which  prevents  gas  from  passing  through  the  hydrophilic 
sump.  \ 


Fig.  8  Basic  Concept  of  Hydrophoblc/Hydrophlllc  Water  Separator 
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The  process  may  be  described  in  the  following  manner; 

•  Dew-point  control  Is  maintained  by  controlling  the  temperature  of  the 
coolant  supply  to  the  heat  exchanger. 

•  The  atmosphere,  saturated  with  water  at  the  desired  dew  point  and  containing 
entrained  moisture  in  the  form  of  a  fog  or  mist,  passes  through  the  coalescer, 
where  sizeable  droplets  are  formed. 

•  The  droplets  are  carried  by  the  alrstream  to  the  hydrophobic  cone  but  do  not 
pass  it  for  two  reasons:  (1)  their  diameter  is  larger  than  the  openings  in  the 
screen,  and  (2)  the  impact  pressure  is  less  than  or  equal  to  the  pressure  re¬ 
quired  to  maintain  a  stable  liquid-gas  interface  in  the  screen  openings.  * 

•  The  separated  liquid  collects  in  the  low-pressure  region  around  the  base  of 
the  cone.  If  there  were  no  sump  or  collector  tube,  the  liquid  would  form  a 
body  of  revolution  around  the  axis  of  flow,  due  to  aerodynamic  forces. 

- •“"The'hydrophllic  sump  draws  out  any  water  in  contact  with  it,  causing  an 

unsymmetrical  liquid  volume.  Under  such  a  condition,  aerodynamic  forces 
will  cause  liquid  to  flow  around  the  base  of  the  cone  to  the  sump. 

•  The  pressure-control  system  maintains  the  desired  pressure  differential 
across  the  hydrophilic  sump  -  i.  e. .  sufficient  to  support  the  desired  flow  rate 
but  insufficient  to  cause  instability  in  the  liquid-gas  interface. 

•  The  bladdered  tank  provides  the  necessary  liquid  storage  volume.  Liquid  is 
drawn  into  this  tank  by  reducing  the  pressure  on  the  dry  side  of  the  bladder  in 
response  to  the  pressure  controller.  When  it  is  desired  to  discharge  this 
water  for  use,  a  three-way  valve  is  sequenced  and  the  bladder  is  pressurized 
from  the  dry  side. 

A  test  model  for  demonstration  of  the  cone,  sump,  suction  control,  and  storage  tank  is 
shown  in  Fig.  9. 


♦See  the  theoretical  discussion  of  droplet  pentratton  velocity  in  Section  1. 


Fig.  9  Test  Modal  of  Zero-g  Water  Separator 


3. 2  Additional  Applications 

The  principles  described  earlier  in  this  paper  are  being  applied  also  to  the  problems 
of  collection,  measurement,  and  dlstiltation  of  urine. 

A  hydrophobic  cone  will  separate  urine  and  other  liquids  from  an  airstream.  The  use 
of  an  air  flow  to  transport  the  liquid,  combined  with  the  separator  for  Isolating  the 
liquid  at  a  desired  point,  appears  to  be  a  very  effective  way  of  collecting  liquids  in  the 
weightless  condition.  The  collection,  measurement,  and  storage  of  urine  for  biologi¬ 
cal  and  chemical  analysis  is  a  potential  area  of  application  for  the  processes  described 
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One  concept,  that  of  a  hydrophobic  screen  container  to  hold  liquid  urine  while  water 
vapor  Is  allowed  to  pass ,  is  being  explored  in  a  urine-distillation  apparatus.  Another 
approach  to  this  problem,  also  under  study,  is  that  of  bolding  the  liquid  in  the  boiler 
by  means  of  a  "minimum-energy"  geometrical  configuration  and  using  the  hydrophobic 
screen  only  to  prevent  liquid  carryover.  The  condenser  for  the  distillation  device 
uses  a  cold  hydrophilic  surface  to  condense  the  water  vapor  and  to  collect  it  for  subse¬ 
quent  filtration  and  ultimate  use  as  drinking  water. 


In  advanced  life-support  systems.  It  is  desirable  to  reclaim  oxygen  from  carbon 
dioxide.  Promising  concepts  for  this  process  involve  the  hydrogenation  of  COz  to 
water  and  carbon,  or  to  water  and  methane.  In  each  of  these  systems,  it  is  necessary 
to  separate  the  water  from  the  process  stream.  Lockheed  is  constructing  such  a  sys¬ 


tem  using  a  hydroohobic-hydrophilic  water 
described  for  humidity  control. 

4  8YSTEM  TEST  RESULTS 

4. 1  Water  Separator  and  Sump 

A  simple  test  showing  the  ability  of  the 
conical  hydrophobic  screen  to  separate 
water  from  a  flowing  air  stream  Is 
illustrated  in  Fig.  10.  In  this  test,  a 
water  Jet*  impinges  on  the  screen  with¬ 
out  passing  through.  Hie  water,  thus 
separated  from  the  air  stream,  flows 
through  the  hydrophilic  sump  until  the 
sump  runs  dry;  as  shown  in  Fig.  6.  no 
air  passes  through  the  dry  sump. 


*Colored  to  provide  contrast  In  the 
photograph. 


separation  technique  similar  to  that 


Fig.  10  Tett  Model  In  Operation, 
Showing  Liquid-Got 
Separation 
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Fig.  II  Schematic  Diagram  of  Humidity 
Control  System 


In  ft  1-f  condition,  the  sump  Is  locsted  In  the  bottom  of  the  duct;  under  the  low-g 

condition,  the  sump  location  Is  not  critical.  ' 

\ 

\ 

4. 2  Humidity  Control  System 

Similar  components.  Included  In  a  prototype  life-support  system  under  development 
at  Lockheed,  are  used  to  control  cabin  humidity.  In  these  tests,  water  is  evaporated 
Into  the  atmosphere  at  a  controlled  rate  to  simulate  the  space-cabin  humidity  toad. 
Cold  fluid,  supplied  to  a  condensing  heat  exchanger,  effects  water  condensation.  The 
separator  removes  nearly  100  percent  of  the  condensed  moisture,  as  will  be  shown 
by  subsequent  analysis  of  the  data  obtained. 

Figure  11  shows  schematically  how  the  humidity-control  system  functions,  while 
Table  3  shows  data  from  shumidtty-control  test.  The  variation  in  humidity  with 
time  Is  due  primarily  to  variations  In  the  water  introduction  rate,  and  In  the  cabin 


Table  3 

DATA  FROM  HUMIDITY  CONTROL  SYSTEM  TEST 


Time 

(A.M.) 

Cabin 

Temp. 

T10 

t'T) 

Cabin 

RH. 

RHj 

(%> 

Condena. 

Temp., 

T 

22 

CF) 

Dry  Air 
Flow  Rate. 

(Ib/min) 

Cabin 

Specific 

Humidity, 

V 

(lb  H^O/lb  air) 

Condena.  Pt. 
Specific 
Humidity 

*2 

(lb  HzO/lb  air) 

Water 

Condensed. 

*a(y,  -y2) 
Ib/mln 

10:40 

81.0 

50.0 

50 

4.9 

0.0127 

0.0077 

0.0245 

10:42 

81.0 

58.5 

S3 

4.9 

0.0133 

0.0086 

0.0230 

10:44 

81.2 

59.0 

48 

4.9 

0.0134 

0.0072 

0. 0304 

10:40 

81.0 

50.0 

49 

4.9 

0.0128 

0.0074 

0. 0265 

10:48 

82.0 

03.0 

52 

4.9 

0.0148 

0.0083 

0.0318 

10:30 

82.0 

50.0 

52 

4.9 

0,0129 

0. 0083 

0. 0225 

10:52 

82.0 

58.0 

48 

4.9 

0.0133 

0.0072 

0. 0299 

10:54 

82.0 

84.5 

50 

4.9 

0.0149 

0.0077 

0.0353 

10:58 

81.0 

58.0 

53 

4.9 

0.0133 

0.0080 

0.0230 

10:58 

-JLO- 

82.0 

50 

4.9 

0.0148 

0.0077 

0. 0328 

11:00 

81.0 

02.0 

48 

4.9 

0.0140 

0. 0072 

0. 0363 

11:02 

81.0 

57.0 

50 

4.9 

0.0128 

0.0077 

0. 0250 

11:04 

81.0 

02.5 

54 

4.9 

0.0140 

0.0080 

0.0313 

11:00 

81.0 

55. 0 

49 

4.9 

0.0120 

0.0074 

0.0225 

11:08 

81.0 

50.0 

48 

4.9 

0.0120 

0.0072 

0.0225 

11:10 

81.0 

57.0 

48 

4.9 

0.0121 

0.0072 

0. 0240 

Average  Rate  of  Water  Condensation 


0.0277 


and  condensing  temperature a._  The  sys¬ 
tem  was  designed  to  maintain  relative 
humidity  between  30  and  70  percent  over 
the  entire  range  of  load  conditions  expected. 
Under  the  conditions  prevailing  in  this  test, 
humidity  varied  from  53  to  63  percent,  as 
shown  in  Fig.  12. 

The  water  separator  efficiency-i.e. ,  the 
percent  of  entrained  moisture  removed 
from  the  atmosphere  as  it  passes  through 
the  separator  -  can  be  determined  from 
Eq.  (5),  assuming  that  cabin  humidity  is 
constant: 


Fig.  12  Relative  Humidity  v».  Time  for 
Conditions  Presented  In  Table  3 


whifere 


0.  =  -v— - - - - -  x  100 

*  *VY1  -  y2) 


separation  efficiency  (percent) 

water  introduction  rate  (lb  HgO/min) 

air  flow  rate  (lb  dry  air/min) 

specific  humidity  in  cabin  (lb  H20/lb  dry  air) 


Y2  -  specific  humidity  at  exit  of  condensing  heat  exchanger  (lb  H ,,0/lb  dry  air) 

Table  3  represents  data  taken  over  a  30-min  period  with  the  humidity-control  system 
in  operation.  Cabin  humidity  and  various  temperatures  in  the  system  vary  continuously; 
therefore,  average  values  of  the  pertinent  variables  were  calculated  for  this  period. 


If  the  nominal  value  of  water  Introduction  rate  is  used,  the  separation  efficiency  is  \ 
calculated  as  98.6  percent.  Since  the  water  introduction  rate  was  subject  to  a  possible' 
measurement  error  of  a  5  percent,  a  corresponding  error  may  exist  in  the  calculated 
removal  efficiencies  shown  In  Table  4. 
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Table  4 

SEPARATION  EFFICIENCY  BASED  ON  MINIMUM,  NOMINAL,,  AND 
MAXIMUM  WATER  INPUT  RATES 


Water  Input,  Ai 
(lb/min) 

Ave.  Water  Condens.  Rate, 
(>i  "  V2).(lb/mln) 

- ( . . . 

Separation  Efficiency,!) 

(%)  * 

| 

.0260  (minimum) 

0.0277 

93.8 

.0273  (nominal) 

0. 0277 

98.6 

1 

.0288  (maximum) 

0.0277 

>100 

5  CONCLUSIONS  AND  RECOMMENDATIONS  \ 

The  application  of  hydrophobic  and  hydrophilic  materials  to  low-g  liquid-gas  phase 
separation  has  been  demonstrated  in  1-g  tests  of  the  humidity-control  system  described 
here,  as  well  as  in  other  elements  of  life-support  equipment  where  phase  separation 
plays  an  importahrrole.  While  the  teats  were  not  conducted  under  low-g  conditions, 
there  is  no  reason  to  suspect  that  the  equipment  would  not  function  properly  under  such 
conditions;  aircraft  low-g  flight  experiments  are  planned  to  confirm  that  it  will. 

As  with  any  new  development,  these  techniques  are  not  without  their  potential  problems; 
several  areas  where  further  work  is  needed  arc  •  follows: 

•  Analytical  work  to  allow  better  prediction  of  the  performance  of  complex 
geometrical  shapes  -  e.  g. ,  woven  screens 

•  Improvement  in  Teflon-coating  techniques  to  ensure  complete  and  uniform 
coverage  of  a  screen  or  other  support  structure 

•  Development  of  perforated  and/or  foamed  Teflon  to  eliminate  the  need  for 
coating  a  support  structure 

•  "Tnvestfgation  of  hydrophobic  materials  other  than  Teflon 

•  Laboratory  tests  of  extended  duration  to  explore  possible  degradation  of  the 
system  -  e.  g. ,  changes  in  the  contact  angle  of  the  hydrophobic  surface  due 
to  adsorption  of  liquids  and/or  impurities, and  clogging  problems  encountered 
with  the  fine-mesh  hydrophilic  sump 

•  Determination  of  the  effects  of  coalescer  porosity  and  thickness  on  the  water- 
separation  efficiency  (The  coalescer  pressure  drop  can  be  significant.) 

•  Investigation  of  the  effect  on  separation  efficiency  of  hydrophobic  cone  size 
and  angle,  and  screen  mesh  size. 
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DISCUSSION 


Unknown  questioner  _ ~  — 

Have  you  tried  your  scheme  with  other  liquids  than  water  or  with  other  nonwetting 
coatings? 

Smith 

We  have  been  concerned  only  with  urine.  It  is  satisfactorily  separated  by  the  hydro- 
phobic  materials  we've  used.  Urine  particles  will  eventually  coat  the  screen  and  cause 
problems.  We've  Investigated  no  other  nonwetting  materials  (than  teflon)  however. 

Milton  Rogers.  AFOSR 

The  effectiveness  of  your  nonwetting  teflon  surfaces  might  be  increased  by  using  polar¬ 
ised  teflon  as  opposed  to  nonpolarized  teflon.  Which  did  you  use? 


Smith 

We  u=ted  commercial  Dupont  teflon.  I'm  not  sure  which  it  is. 

Milton  Rogers.  AFOSR 

How  do  y«n  make  the  collected  material  potable? 

Smith 

It's  easy  to  separate  urine  from  an  alrstream  as  we've  shown.  Purifying  the  urine  is 
another  matter.  In  principle,  it  is  possible  to  hold  a  bit  of  urine  by  capillary  action  in 
these  nonwetting  materials  and  evaporate  the  water  by  adding  heat.  The  concentrations 
of  salts  and  urea  Increase  with  time,  however,  and  cause  fouling  problems. 


*«*,  w-v  */w* 


J.  M.  Robinson,  TRW  Space  Systems  Group 

1  was  involved  in  the  design  of  some  of  the  boilers  and  condensers  used  or  the  Apollo 
which  you  mentioned.  The  cicklng  materials  (Refrasll  and  fritted  glass)  used  In  these 
were  hydrophilic  materials.  Their  wetting  characteristics  change  with  time,  and  this 

is  a  function  of  the  solid  material  U3ed  and  the  puritv  of  the  water  used. 

I 

\ 

Robert  Johnson,  NA3A  Langley  \ 

Have  you  had  a  cleaning  problem  once  the  syr'eit.  :ias  been  wetted? 

Smith 

We  have  had  no  problem  of  this  sort  ,/iih  the  hydrophobic.  We  have  occasionally 
experienced  plugging  of  the  hydrophilic  screens.  This  situation  can  usually  be  cleared 
up  by  back-purging  water  tlirocgh  the  screens.  The  hydrophilic  screens  tire  also 
easily  replaced. 
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